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On Symmetric Functions and Seminvariants. 


By Pror. CAYLey. 


The principal object of the present memoir is to further develop the theory 
of seminvariants, but in connection therewith I was led to some investigations on 
symmetric functions, and I have consequently included this subject in the title. 
The two theories, if we adopt the MacMahon form of equation, 


may be regarded as identical; but there are still two branches of the theory, viz. 
we may seek to obtain for the symmetric functions of the roots expressions in 
terms of the coefficients (which expressions, in the case of nonunitary symmetric 
functions, are in fact seminvariants), or we may attend to the properties of the 
functions of the coefficients thus obtained and which we call seminvariants. But 
I do not in the first instance use the MacMahon form, but retain the ordinary 
form of equation 0= 1+ dz?+...., and we have thus only a 
parallelism of the two theories, and in place of seminvariants we have functions 
which I call nonunitariants. In regard as well to these as to unitariant functions, 
I consider certain operators 9,, A, P — 66, and Q — 2b, which under altered 
forms present themselves also in the theory of seminvariants. 

As regards seminvariants, I consider what I call the blunt and sharp forms 
respectively : the great problem is, it appears to me, that of sharp seminvariants, 
otherwise the /-and-/' problem—viz. for any given weight we have to determine 
the correspondence between the initial and final terms in such wise as to obtain 
a system of sharp seminvariants. I obtain a “square diagram” solution, which 
is so far theoretically complete that for any given weight I can, without any 


1 


2 CayLEY: On Symmetric Functions and Seminvariants. 


tentative operation, determine by a laborious process the correspondence in 
question: but I am not thereby enabled to establish or enunciate for successive 
weights any general rule of correspondence; and my process is in fact as regards 
practicability far inferior to that which I call the MacMahon linkage, but of the 
validity of this I have not succeeded in obtaining any satisfactory proof. 

I establish an umbral theory of seminvariants which will be presently again 
referred to, and I consider the question of the reduction of seminvariants. ‘The 
final term of a seminvariant may be composite (that is, the product of two or 
more final terms), and that in one way only or in two or more ways, or it may be 
non-composite. In the case of a composite final term the seminvariant is redu- 
cible, but the converse theorem that a seminvariant with a non-composite final 
term is irreducible is in nowise true; the reason of this is explained. An irre- 
ducible seminvariant is a perpetuant. In regard to perpetuants I reproduce and 
simplify a demonstration recently obtained by Dr. Stroh as to the perpetuants 
for any given degree whatever: viz. the generating function for perpetuants of 


degree n is= g@-lt1—2?.1—2....1— x"; the theorem was previously 
known, and more or less completely proved, for the values n = 4, 5, 6, and 7. 
Dr. Stroh’s investigation is conducted by an umbral representation, 


(ax + By 


of the blunt seminvariants of a given weight. 
I consider in regard to seminvariants the theory of the symbols P — 06 and 


Q — 2ab, and the derived symbols Y and Z, each of which operating on a sem- 
invariant gives a seminvariant. These are in fact connected with the derivatives 
(f, F) of a quantic f and any covariant thereof F, but except to point out this 
connexion | do not in the present memoir consider the theory of covariants. 


The Coefficients (a, b, c,d, e,....)or (1, b,c, d,e,....). Article Nos. 1 to 9. 


1. I consider the series (a, b,c,d,e,....), or putting as we most fre- 
quently do a= 1, say the series (1, 6, c,d, e, ....) of coefficients, the several 
terms whereof are taken to be of the weights 0, 1, 2,3, 4, .... respectively. 
We form with these sets of isobaric terms, or say columns of the weights 0, 1, 2, 


3, 4,.... respectively, for instance, 


| 

| 
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cd ce 
ad 
bt be? be 
bed 
Be? 


and generally a set or column of any given weight. In each term the letters are 
written in alphabetical order. 

Taking the whole or any part of a column, for instance the whole column 
(d, bc, 6°), or the part (e, bd, c’) of the next column, we may by supplying 
powers of a in such wise as to leave unaltered the terms of the highest degree, 
that is by reading these as (a’d, abc, b*) and (ae, bd, c’) respectively, regard them 
as homogeneous sets of a given degree in (a, b, c, d, e,....); and thus generally 
we may speak of the degree of a set of terms. 

The terms of the several columns as above written down are in alphabetical 
order, AO; viz. we supply as above the proper powers of a, reading for instance 
col. 4 as a’e, a*bd, a’c’, ab’c, b*, where the terms are in alphabetical or dictionary 
order. 

Each column is derived from the preceding one by Arbogast’s rule, it being 
understood, for instance, that 6‘, that is ab‘, gives the two terms ab’c and 6’, that 
is 6’c and 6°; and so in other cases. 3 

2. We attend in particular to the nonunitary terms, or nonunitaries, e. g. in 
col. 5, f, ed, which contain no 6; and to the power-ending terms or power-enders, 
bc’, 6°, which end in a power. It will be observed that whenever by Arbogast’s 
rule a term in one column gives two terms in the next column, the second of 
these is a power-ender ; and thus in any column the excess of the number of terms 
above that in the preceding column is equal to the number of power-enders. 


3 
0 1 2 3 a 5 6 
1 b d g 
b? be bd be bf 
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3. I consider the notion of conjugate terms: representing, for instance, the 
terms St be cd 
by dotsinthe form ..... 
and reading the number of dots in columns instead of in lines we derive the con- 
jugate terms be’, 
and so in other cases. It is clear that the relation is a reciprocal one (thus the 
conjugates of b°, b’c, bc’ are f, be, cd respectively). Moreover, a term may be its 
own conjugate; thus cd’, arranging the dots in lines and reading them in 
columns, : : : is again cd’. 

It is at once seen that nonunitaries and power-enders are conjugate to each 
other ; hence in any column the nonunitaries and the power-enders are equal in 
number, and a preceding result may be stated in the more complete form: in 
any column the excess of the number of terms above that in the preceding 
column is equal to the number of nonunitaries or to the number of power-enders. 

4. The terms of the several columns may be arranged in counter-order CO, 
thus : 


Bd = 
bt 
bed 
bd 
3 
bc? 


viz. we arrange here according to the highest letters. The counter-order is in 
fact the alphabetical order with the reversed arrangement (....g, /, e, d, c, 6, a) 
of the alphabet, but in the separate terms we retain the alphabetical order, thus 
writing as before bf and not fb. Observe that the difference between the two 
arrangements, AO and CO, first presents itself in the col. 6. 

In this CO arrangement each column is derived from the next preceding one 
by a rule as follows: We operate on the lowest letter of each term, being a 


0 1 2 3 4 5 6 | 
1 b d g 
b? be bd be bf 
cd ce 
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simple letter, not a power, by changing it into the next highest letter, and we 
further operate upon each term by multiplying it by 4, the operation or (as the 
case may be) two operations upon any term being performed before operating 
upon the next term. 

5. If we compare a column in AO with the same column in CO, for instance 


AO CO AO CO rev. 
g g g 
bf bf bf bie 
ce ce ce Bc? 
ad? be a? 
be Be bd 
bed bed bed bed 
a? 
bd bd 
bc? Bc? ce 
bie bf 
b° bf g 


it will be seen that the terms are conjugates of each other, the first and last, the 
second and last but one terms, and so on; or. what is the same thing, if we 
reverse the order of either column, then the pairs of conjugate terms will appear 
each in the same line; of course, here a self-conjugate term such as bcd is put in 
evidence. 

6. By writing a, b, c, d,....=@, a, Gg, ag,+---, OF more simply 
0,1, 2, 3,...., we connect the theory with that of the partition of numbers: 
in particular the terms of a given weight correspond to the partitions of that 
weight, or number of ways in which that weight can be made up with the parts 
1,2,3,.... It may be remarked that in a partition the parts are usually 
written in decreasing order, whereas (as remarked above) in a literal term the 
letters are written in alphabetical order. Thus we have 321 and bed; it would 
be more correct to write the partition as 123. 

It is frequently convenient, retaining the létters b,c, d,...., to write for 
instance g = a, (o a numerical suffix), meaning thereby that q is the letter cor- 
responding to the place o in the series 1, 2,3,.... If instead of the indefinite 
series (1, b, c, d,....) we consider, as is sometimes convenient, a definite series 


5 
| 
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of terms (1, b, c, ....q=a,), then oa is said to be the “extent” of the system. 
The next preceding letter p will naturally be =a,_,; and if increasing the 
extent by unity we introduce a new letter 7, this will be a,,,, and so in other 
cases, the notation being for the most part used merely as a convenient way of 
showing the place of a letter in the series. 

7. Considering the terms of a given weight, or say a column, in AO or CO, 
we may represent any portion of the column by means of its initial and final 
terms, say J and Ff’, by the notations JaoF and JcoF respectively. But a much 
more important notation is Jcaf’; viz. this represents the series of terms of given 
weight which are in CO not superior to J, and in AO not inferior to F (a like 
notation, which however I do not employ, would be /acF’; viz. this would denote 
the series of terms which are in AO not superior to J and in CO not inferior to F). 
The definition of JcaF has been given in the above general form, but we are in — 
fact exclusively or chiefly concerned with the case where J is a nonunitary and 
F a power-ender. It is to be observed that considering the AO column as given, 
then to form from it the set or interval JeaF we may disregard altogether the 
terms which are in the AO column inferior (posterior) to F’, for by the definition 
none of these enter into Jca/’, but it may very well be that there are in /caF 
terms which are in the AO column superior (anterior) to J. An instance of this 
first presents itself for the weight 11; viz. here a portion of the AO column is 
(fg, 6%, bei, bdh, beg, bf*, eh, cdg, ....): hence in IcaF, if the initial term be 
ch, for instance in c*hcab¥e’, we have terms /g, beg, bf? which are in AO anterior 
to the initial term eh. In order therefore to form JcaF¥ from the AO column we 
must first take the terms (if any) which being in CO posterior to J are in the AO 
column anterior to J, and then from the portion JaoF of the AO column reject the 
terms (if any) which are in CO anterior to/. In particular, starting from the AO 
column, and arranging the non-unitaries thereof in CO and the power-enders in 


AO, for instance, weight 12, these are 


m 
ck cf” 
dj 
et b?f? 
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There is no difficulty in writing down the terms of the:several sets or intervals 
mcag’, mcacf*, mcae®, .... ckcag*, ckcacf*, .... 


Instead of ca we may, if we please, use, and in fact I generally use the conven- 
tional symbol «, or write mag’, mwcf*, etc. In any such set the terms need 
not be arranged in AO; if for any purpose it is more convenient they may be 
arranged in CO; but of course the definition of the meaning must not be departed 
from. The expressed initial is the highest term in CO, and the expressed final 
the lowest term in AO. 

8. I diminish a term by replacing successively each letter thereof: by the 
next inferior letter; for instance, if the term is cdf, then the diminished terms 
are Dedf, = bdf, cf, cde, and so Db*df, = bdf, b’cf, b’de (where the diminished 
bisa, that is 1). Conversely we may augment a term by replacing successively 
each letter thereof by the next superior letter; for instance, Abd/, = b’d/, cdf, 
bef, bdg, where the first augmentation b’dfis obtained from the a (which may 
be regarded as latent in the term operated upon). Operating upon the letters in 
order beginning with the lowest, the several diminutions may be called 
D,, D,, D3, .... and the several augmentations Ay, A,, A,,.... (where A, is in 
fact multiplication by 6). We diminish a set by diminishing successively the 
several terms thereof (the diminished terms being taken without repetition ; that 
is, each such term once only). Similarly we may augment a set by augmenting 
successively the several terms thereof (the augmented terms being taken without 
repetition). It is to be noticed that the two operations are not reciprocal to 
each other; if we diminish a set, and then augment the diminished set, we 
obtain indeed all the terms of the original set, but in general we obtain also 
terms which are not included in the original set. 

9. It requires some consideration to see that we have D/[o F’) = (Dla D,F), 
where D,F is the diminution performed upon the highest letter of F. Take any 
term M of D(I« F’), the several diminutions D,M, D,M, ....D,M are arranged 
in descending order: D,¥ the highest and D,M the lowest, as well in CO asin AO. 
If then D,M is in CO not superior to D,J, then all the DM’s will be in CO not 
superior to D,J; and similarly if D,M is in AO not inferior to D,F, then all the 
DM’s will be in AO not inferior to D,F. And this being seen, then if we take 
N a term of (D,J« D,F), and consider the successive augmentations A,N, 
A,N,....A,Nof N, then these will be in ascending order A,N the lowest and 
A,N the highest in CO as well as in AO. It may happen that A,N or this and 
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neighboring terms are in CO higher than J, and that A,N or this and neighboring 
terms are in AO lower than /’, but there will always be a term or terms which is 
or are in CO lower than Jand in AO higher than F; and thus not only every term 
of DiI 00 F) will be a term of (DJo D,F), but conversely every term of 
(DI D,F) will be a term of D([o F), and we thus have the required relation 
F) = (DI D,F). 


Symmetric Functions of the Roots. Article Nos. 10 to 31. 


10. We consider a set of roots a, 8, y, 6, e,.... either indefinite in 
number, or else definite, for instance a, @, y, 6. The symmetric functions 
(rational and integral functions) are in the first instance denoted in the 
usual manner Sob =aS+ay+ Cy+...., 
al? +ay+ay+ Oy + By +...., viz. the § refers to all the 
distinct combinations of like form with the combination (a, a8, or a’@, 
as the case may be) to which it is prefixed. By omitting the S and instead 
of the roots considering merely their indices, these same symmetric functions 
would be 1, 11 (or 1°), 21, etc, and then if instead of the numbers 
1, 2, 3, etc, we introduce the symbolic capital letters B, C, D, .... the 
same symmetric functions will be represented as B, B’, BC, etc. (21, that is 
12 is written as BC, and so in other cases, the letters in alphabetical order). 
The letters B, C, D,.... are considered as being of the weights 1, 2, 3,.... 
respectively, and thus the symmetric functions of a given degree in the roots are 
represented by the terms of that weight in the symbolic letters B, C, D,.... 
thus the symmetric functions of the degree 4 are H, BD, C’, B’C, B*; of course 
these terms may be arranged in AO or in CO as may be most convenient for the 
purpose in hand. The capital letters B, C, D,.... are in fact umbre, but to 
avoid confusion with subsequent notations I do not in general thus speak of them. 
A form such as Sa? or Sa‘*@?,....in which there is no index 1 is said to be non- 
unitary, but a form Sa or Sa’@ in which there is an index = 1 or two or more 
indices each = 1 is said to be unitary: or what is the same thing, in the symbolic 
representation by capital letters, the form is nonunitary or unitary according as 
it does not or does contain the letter B. 

11. In the ordinary theory of symmetric functions we connect the coefi- 
cients (1, b,c, d,....) with the roots (a, 0, y, ....) by the equation 


1+ 
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and we thus have 


—b=a +68 +7 +....,=8&, =1, =B, 

+e=a8 +ay+Pyt+...., =P, =1,=P, 

—d=aSy+.... , = =, =P, 
etc., etc. ; 


and it is to be remarked, that for any given number of roots there will be this 
same number of coefficients: we may for instance have 
1+ + dv =1—ax.1—Px.1—yz, thatis—b=a +86 +y, 
+ce=a8+ay+ By, 
—d=apy, 
and similarly if the number of roots be = 4, or any larger number. 
12. The symmetric functions of a given degree, say 4, in the roots, viz. 
Sa‘, Sa?B?, Sa®By, SaByd, or 
E, BD, C, Bd, 
are equal in number to the combinations of the weight 4 in the coefficients, viz. 
and the terms of the one set are in fact linear combinations (with mere numerical 
multipliers) of the terms of the other set; but more than this, we have for 
instance 
thatise= Bt. 
bd=(atB+yts....)(aBby +485 + ayd + Byd....) contains only terms 
a’ By, and a@yd, that is dd is a linear function of B’C and B*. 
?=(aB+ay+ad+ Py + contains only terms and 
a3yd, that is c’ is a linear function of C?, B’C and B'; and so on. 
13. We have in fact the Table IV(a) which I quote from my paper 
‘“A Memoir on the Symmetric Functions of the Roots of an Equation,” Phil. 
Trans. t. 147 (1857), pp. 489-496; Coll. Math. Papers, 147, 


|| e bd Be 


Sat= | + 1 
31=BD) | + 4 
| | +1/+ 24+ 6 
= 27 | +1) 5412 

| +4) +6/+12+4+24 


9 
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inserting on the left-hand outside margin the new symbols H, BD, etc., with 
their explanations: the || indicates that the table is to be read according to the 
columns, e=+1B', dd=+1B8°C+4B', etc. This table gives conversely a 
table IV() read according to the lines and serving to express the symmetric 
functions #, BD, etc., as linear functions of the combinations e, bd, c’, b’c, b* of 
the coefficients. 

14. The (a) and (8) tables are given in the Memoir up to X(a) and X(8): it 
is proper to quote here the (6) tables up to VI(6) with only the change of sub- 
stituting on the outside left-hand margins the literal terms such as #, BD, etc., 
instead of the symbols 4, 31, etc., originally used to denote these symmetric 
functions—it is to be observed that the left-hand symbols are in AO, the upper 
symbols in CO, this distinction first manifesting itself in the table VI(0), so 
that it was necessary to go as far as this in order to put in evidence the true 


form of the tables. 


ITI(8). IV(d). 

C}—2|+1 D |—3|+3|-—-1| E | 

BC | BD| +4|—1|—2/ +1) 

—4| +1 | 

| 

V(d). 


F 


| 
| 
BC 
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VI(8). 
= g bf co We ted VA Ue 
G |— 
BF 
CE 6) —6 +2|+2|—3/+ 4|—2|—2/ +1] 

D 3) 0 | +1 
BE 6 3) 
BCD |\—12 +7| +4|—3/—3/+ 1 | 
|— |+1 | | 
BD |+ 6 —1|—2|+1 | 
BC |+ 9|—4| +1 | 
|— 6| +1 | 
| 


It is hardly necessary to remark in relation to these tables that if there are 
only two roots, then d= 0, etce., viz. Table II is not affected but all the subse- 
quent tables assume a simplified form; if there are only three roots, then 
e= 0, etc., viz. Tables II] and III are not affected but all the subsequent tables 
assume a simplified form ; and so on. 

15. We have between the differential symbols 0,, 0,, 0g,.... 
certain relations which it is interesting to develop: it will be 


convenient to consider successively the cases, three roots, four roots, etc. 
In the case of three roots, starting from 


c= a8 + ay + By, 
—d=a By, 


we have 


Os 
d, 


equations which give conversely 0,, d,, 0; as linear functions of 0,, 0, 0,: 
I write down the three equations thus obtained together with a fourth equation 
The four equations are 


which I will explain. 


=—0,+ (8+ y)0.— 
(y+ a)O, yadq, 
=—d, + (a + 
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3 


a 0, + + d,, 
a—B.a—y B—y.B—a 


2 2 2 
— d, a y? 

a—B.a—y"' y—a.y—B 

1 1 1 


In verification of the last three equations observe that they give 


a —a(8 + y)+ P—BB+y)+t bye +7) + Bra 


a—B.a—y B—y.B—«a 


that is —0,+ (6+ y)0, — Gy0,=0,: and similarly from the same three equa- 
tions we deduce the values of d, and d,; the three equations are thus equivalent 
to the foregoing three equations for 0,, 0, 0,. 

As to the first equation, to avoid confusion with a root 6, I have written 
therein 6! (afterwards replaced by 6) to denote the degree of a function homo- 
geneous in (a, 6, c, d), upon which the symbols are supposed to operate; this is 
also the degree in the roots a, 8, y. The four equations give 

a—B.a—y 
since a° + ba? +ca+d=0, 68?+cB+d=0, 
The equations thus give 


ad, + bd, + cd. + dd,= 4, 


which is right, and the first equation is thus verified. 
16. From the last three equations for 0,, 0,, dg we deduce 


30, 2b0, C04 


a—P.a—y 
= 0. + Oz + 
a result more easily deducible from the first set of three equations for 0,, 0,, 0,: 
but I have preferred to obtain it in this manner for the sake of the remark that 
it is a peculiarity of this combination of 0,, 0,, 0, that the coefficients of 


—0,+ (0+ ¥)0,— 
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0., 0s, 0, become integral functions of the roots (in the actual case constants 
and = 1): for a somewhat similar form 
+ da cB? + dB cy’ + dy 
(oh + dd), = a, + a 
the coefficients are fractional. 
We at once have 


ad, + 80, + yd, = bd, + 2cd, + 3dd,, 


viz. these symbols operating upon a function of the roots of the degree a, or 
what is the same thing, a function of the coefficients of the weight a, are each of 
them equivalent to a constant factor a. 
Again we have 
a0, + 80, + = — (b? — 2c)d, — (be — 3d)0, — bdd,, 
= — b(bd, + cd, + ddz) + 2cd, + 3dd,, 


or since ad, + 60, + cd, + dd, = (if as before d/ is the degree of the function 
operated upon) and therefore 60, + cd, + dd, = 6! — ad, or say = 6! — 0,, this is 


a3, + +70, = — bs + + 


so that we have here another form — 65! + bd, + 2cd, + 3dd,, for which the 
coefficients of 0,, d,, 0, are integral functions of the roots. 
17. In the case of four roots, the corresponding equations are 


—b=e +8 +y +6, 

+e=a8 +ay +ad + 854+ y6, 
+aBd + ayd + 


and we then have 
+y — (By + + 
0,= —O,+(y +5 +4)0,— (yd + ya + + ydad,, 
(56 +a + 8)0,— (da + +48)0, + 
A= (a +8+7)0,— (a8 + ay + aBy?,, 
and the converse set of equations which for shortness I write in the form 
4, 3, 2,1, 0 4, 3,2,1,0 4, 3, 2,1, 0 3,2, 0 


a 


‘a 

gay 

4 

et 
i 
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We have in like manner as in the former case 
— 40, — 3b0, —2cd0; — dd,= A+ 2, 
+ dd,+ a0, + yd,+ =o, 
— bd! + + 2c0, + 3c0, + = + 80, + 70, + ; 


and similarly in the case of five or more roots. 
18. In the case of o/ roots, I write m =a,,, and for shortness 


P= 6b0,+ 2cd, +3dd,.... +0'md,, 
so that besides the equation 60, + cd,.... + md,,= Sad, =a, the foregoing 


investigations show that we have 
—— Sd,; 
P—bd= 


The operand for these symbols is a symmetric function of the roots, which is 
thus also a function of the coefficients: it is of the degree @ in the roots, and 
consequently of the weight in the coefficients, and its degree in the coefficients 
is taken to be =d. It is sometimes convenient to represent this operand, qua 
function of the roots by Y and qua function of the coefficients by U, so that we 
have in general Y= U. If YT be a nonunitary function of the roots then we 
may say that Y, = U, is a nonunitariant. 
19. I give some illustrations of the equation 0, = — Sd,. Suppose 

YT = U= Sat = E=— 4e + 4bd + 2c? — + bt (Table IV(d)); o’ must be 
= 4 at least and I take it to be 4 and 5 successively; we thus have 

©, = 40, + 3b0, + 2cd,+ dd,, 

©; = 50, + 460, + 3cd, + 2dd,, 
omitting from ©, the term ed, which is obviously inoperative. For any number 
whatever of roots we have — Sd,. Sat= — 483 = — 4(— 3d + 3be — 8°), 
= 12d — 12bce + 48°, and this should therefore be the value as well of 0,£ as of 
©,£. The calculations may be arranged as follows: 


4 . 4d— 8be + 40° d+ 16 12 
3b. 4c — 40° be — 32+124+8 
2c. 46 6? +16— 12 + 4 


d.—4 
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5 . 4d—8be+ d— 20 
4b. 4¢c— 4h be — 40 +16+412 
8c. 4b + 20 —16 


d.—4 


giving in each case the right result. 

20. In the foregoing example Sa* was a nonunitary function of the roots, 
but I take the case of a unitary function. Suppose T=U == Sa"8 = BD = 
4e — bd — 2c? + b’c. Here — SO, . Sa?8 is not independent of the number of 


the roots; in the case of 4 roots we have —Sd, . Sa33 = — 38a’8 — 38a, 
= — 3(3d — be) — 3(— 3d + 3bc — b*), = 0d — 6be + 30°; and in the case of 5 
roots we have — Sd, . Sa®B = — 38a?B — 4S8a3, = — 3(3d — bc) 


— 4(— 3d + 3bce — b*), = 3d — 9bc + 46°; and these should therefore be the 
values of 0,BD and ©,BD respectively. The calculations are 


©0,BD 
4 .— d+ 2be d—4 iui 0 
38b.—4ce+ 6B be + 8 —12— 2 —6 
%.— + 3 | +3 
d.+4 

0;BD 
5 .— d + 2be d—5 
i & be + 10 — 16—3 
38c.— + 4 +4 
Wd.+ b 


giving in each case the correct result. We have 0, — 0,=0,+ b0,+ ¢cd,+ dd,, 
and the examples show that performing this operation on the nonunitariant 
Sa‘, = E we obtain a result = 0; whereas for the unitary function Sa’8, = BD, 
the result is not = 0. 

21. Considering the question generally, I take the highest coefficient in U 
to be g=a,, (o equal to or less than w) or what is the same thing the extent of 
U to be =o;; this implies that o’ is at least =o; and taking it to be first =o, 
and then to be any number greater than o, we have 


0,=—S2d,, 9,=— Sd, 


15 
{ 
} 
4 
4 
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where the function U operated upon by ©, and @,, respectively is in each case 
the same function of the coefficients. It is easy to see that if Y is a nonunitary 
function of the roots, then whatever be the number of the roots we have 
Sd, . T= a determinate symmetric function of the roots, and consequently = a 
determinate function of the coefficients. We thus have 90,,U and 0,U equal to 
each other ; that is (O,,—-90,) U= 0; we may write 


0,= 00, + (6 —1)b0,....+4+ 
= + (o’—1)bd,.... + —o + 1)pd,, 


for the subsequent terms of 0, as involving 0,, 0,, etc., are inoperative ; hence 
writing 


A= 9, + b0,+ cd, + pd,, 


or as we may more simply express it 
A=0,+ 60,+¢c0,+..:., 


we have 9,,— ©, = (co! —o)A, and consequently AU= 0; A is thus an annihi- 
lator of any function U of the coefficients which is equal to a nonunitary 
function of the roots; or more shortly A is an annihilator of any nonunitariant. 

22. Similarly from the two equations 0, = — Sd,, and 0, = Sd, regarded 
as-operating upon a nonunitary function, we deduce — oO,, =(o —o’)SO,: 
the left-hand side is here = (o —o’)A,, if 


A, = 60, + 2cd, + 3cd,.... + (o—1)pd,, 
or say 
A, = 60, + 2cd, + 8c0,+.... 
viz. we have A, = Sd,; for instance, if as before =U = Sat = — 4e+ 4bd + 2c’ 
— 4b’c + b', then (60, + 2cd, + 3dd,)(—4e + 4bd + 2c? — 4b%c + b*) = Sd, . Sa‘, 
= 48a’, = 4(— 3d + 3bc — b*), as can be at once verified. It is to be noticed, 
however, that SO, operating upon a nonunitary function of the roots does not in 
every case give a nonunitary function; and thus successive operations with A, 
will not give a succession of nonunitariants. 

23. I investigate the foregoing result in regard to A in a different manner; 
suppose for instance T =U is the nonunitary function Sa* of the roots, 
(= — 4e + 4bd + 2c? — 4b’c + b*). The number of roots is at least = 4, and I 
take it to be = 4, say the roots area, @, y, 6. Consider a fifth root 6, and let 
YT, =U, = Sa‘ be the like function for the five roots, we have YT, =YT+ @, or 
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say U,=U+6. Write —2,, c,, —d,, ¢,—jf, for the symmetric functions of 
the five roots, U, will not involve f, and it will be the same function of },, c,, dy, & 
that U is of b, c, d, e, say we have U,=U(b,, q, d,, &%). But we have 
b, = b—0,¢q=c— d,=d—cO, e, =e—d6; and thus the foregoing equa- 
tion U; =U + & becomes 

6, c—b0, d— cb, e— dd) =U + &; 


it is in fact easy to verify, that for the foregoing value of U, the terms in 
6, &, @ all vanish, and that the expression on the left hand becomes =U+ @. 
But attending only to the term in 0, this is = — 6(0, + 60,+ cd, + dd,)U, 
= — 0AU;; viz. this term vanishing we have AU= 0, the result which was to 
be proved. 

In the case of a unitary function, for instance T= U= Sa3G, here intro- 
ducing the new root 6 we have U, = U+ 0Sa’ + Sa; or there is here a term in 
6, and instead of AU=0, we have AU= Sa’, or the unitary function is not 
annihilated by A. 

The foregoing investigation is really quite general, and establishes the con- 
clusion that A is an annihilator of every nonunitariant. 

It is to be noticed that ©, and A are operators which leave each of them 
the degree unaltered but diminish the weight by unity: the operator P—bé, 
and another operator 44 — bo which will be considered, increase each of them 
the degree by unity and also the weight by unity. 

24. Coming now to the equation 


P—b6= Sa’9, 


it is to be remarked that if o’ =o, the expression for P ends in gd,, where as 

before g = a, is the highest coefficient in the operand; since the operand thus 

contains g, the next succeeding term in 7d, would be not inoperative, and in 

order to include it in the expression of.P we may take o/=o+1; we thu 

have 
P= bd, + 2cd, + 3dd,.... + (6 +1)rd,, 

or as we may more simply write it 


P= 60, + 20, +3d0,+.... 


the operation thus increases the extent by unity. The symbol Sa’d, operating 
upon a symmetric function of the roots, gives, whatever may be the number of 
3 


4 
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roots, the same symmetric function of the roots: and we see further that 
operating upon a nonunitary function it gives a nonunitary function of the roots. 
Hence P — 66 operating upon a nonunitariant gives a nonunitariant. I give 
an example. 

25. Suppose as before T= U= HL = — 4e + 4bd+ 2c?— + b*, here 
6 = 4 and therefore P — bd = bd, + 2cd, + 3dd, + 4e0, + 5f0,— 4b. We have 
Sad, . Sat = 4805, = 4(— 5f+ 5be + 5ced — — dbc’ + 5b°c — 5°), and this 
should therefore be the result of the operation P — 0d: the calculation is 


b. —12c + 8bd + 4c? — 46’c f — 20 — 20 
2c. 4d — 8be + 46° be | —12 +16 +16/+20 
3d . 4c — 4b? cd + 8+12 + 20 
4e . 4b bd} + 8 —12 —16|—20 
5f.— 4 be?| + 4—16 — 8|—20 
—4b.— 4e+ 4bd+ 2°— +b 44 8 +16) +20 
— 4 


which is the right result. 

We have seen that every nonunitariant is annihilated by A; it at once 
appears that conversely every function of the coefficients which is annihilated by 
A is a nonunitariant: it is in fact a symmetric function of the roots, and unless 
it were a nonunitary function of the roots it would not be annihilated by A. 
Nonunitariants are analogous to seminvariants; the precise relation between 
them will be shown further on. 

26. We can by an investigation similar to that for seminvariants, show that 
P— 66 operating upon a nonunitariant gives a nonunitariant. In fact con- 
sidering the two operations A and P — 6d, we have 


A(P — bd) += A(P— bd) +A. (P—BS), 


the meaning being that if upon any operand U we perform first the operation 
P— 66 and then the operation A, this is equivalent to operating on U with the 
sum of the two operations A(P— 6d), and A. P— 6d, the first of these symbols 
denoting the mere algebraical product of A and P—065d, the second of them 
the result of the operation A performed upon. P—6d. We have similarly 
(P — bd)At = (P— + (P— Bd). A. 


i 
id 
i 
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Hence observing that A(P— 6d) and (P — 6d)A are equal to each other, 
and subtracting, we have 


A(P — 63) + —(P— Bd)At+=A. (P—b3)—(P— 0d) . A. 


But from the values 


A=ad, + b60,+cdg+.... 


and 
we find 
A . (P — bs) = ad, + 260, + 3c0, +....—4, 
(P—6bs).A= bd, + 2cd. +...., 


and thence 
A .(P — bd) —(P — bs). A=ad, + 60, + 
since 6 is the degree in the coefficients. Hence writing down the operand JU, 
A .(P—6s)U—(P— bs). AU=0 


where for greater clearness I have inserted the dots, to show that A operates on 
(P — bd) U, and (P— 6d) on AU. Taking U to be a nonunitariant we have 
AU = 0, and this being so the equation gives A . (P— 6d) U=0, viz. this shows 
that (P — 66) U is a nonunitariant. 

27. There is another symbol 4Q—ba, which is precisely analogous to 
P — 66, viz. operating upon a nonunitariant, it gives a nonunitariant: @ is as 
before the weight of the function operated upon, and the expression of @ is 


$Q =cd, + 3dd, + + .... +40(0 + 1)rd,, 
or say 4Q= cd, + 3d0,+ 6ed, +.... 


The proof is exactly similar, viz. we have to show that 


A. — bo) —(4Q —bo) . A=0. 
We have 
A . (4Q— ba) = bd, + 3cd0, + 6dd,....—o 
A= cd, + 3dd,.. 


and the difference of the two expressions is 


bd, + 2cd, + 38dd,+....—o, =0 


i 

4 

a 
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since @ is the weight of the function operated upon. Hence as before if Ube a 
nonunitariant and therefore AU=0, we have A. (4Q—bo)U=0, that is 
(4Q — ba) U is also a nonunitariant. 

28. The symbol 4Q— ba has no simple expression in terms of 0,, 0g, 0,,..-. 
and the form varies with the number of the roots: thus for 3 roots it is 


ca? + 8da + ete}, 


a—B.a— 


for 4 roots it is 


for 5 roots it is 


and so on. It is not easy to find the effect of such a symbol upon a given 
symmetric function of the roots, nor in particular when the function is nonunitary 
is it easy to show generally that the result is nonunitary. 

It is to be remarked that if the function operated upon is of the degree 4 in 
the roots, then we must for }@— bo take the expression with 6+ 1 roots; for 
instance, if the function be of the degree 5 in the roots, then qua function of 
the coefficients this contains f, and it must be operated on with 4Q— ba, 
= cd, + 3dd, + 6cd;, + 10/0, + 15g0f — ab, viz. this expression, as containing g, 
gives the 6-root expression for 4Q—ab. 

29. Suppose for instance the function operated upon is F= Sa*; here 
taking the 6-root expression this gives 


54 ( ca’ + 3da* + 6ea® + 10fa? + ete.| 


a—@B.a—y.a—d.a—e.a—¢ 


or omitting for the moment the outside factor — 5, the expression in {} is easily 
seen to be | 
= cH, + 3dH,; + 6eH, +10fH, +159 + 


where H,, H;, H,, H, denote the homogeneous functions of the degrees 
4, 8, 2, 1 respectively: the values of these are obtained by adding together all 


4 
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the lines of the Table IV(d), all the lines of the Table III(d), etc.: the terms 
exclusive of 6Sa° thus are 
e(—e + 2bd + — 3b’c + 
+ 3d(—d-+ 2be — 


+ 6e(—c+ 
+10f(—d) 
+159. 1 


and these are = Sa°@ + Sa‘*G? + Sa’Q%, as appears by the following calculation : 
| 


g +15)4+15/+6 +6 +3/+15 
bf — 10 
ce|—1 — 6 7/—6 +2 7 
+6 +2 +3\/+ 6 
bed| + 2+ 6 i+ +4 —3/+ 8 
i+ —2 +1/+ 1 
Be? | — 3 3|—4 +1 — 3 
+ 1 | + | 
bs | 


The omitted term 5Sa’, that is — Sa . Sa®, is — Sa® — Sa°@; the addition 
hereof destroys therefore the nonunitary term Sa°@, and thus the required 
expression, restoring the omitted factor — 5 is —5(— Sa®+ Sa‘@? + Sa38°), 
or say = 5G — 5CH— 5D’, a nonunitary form: this then should be the result 
of the operation — ba, = cd, + 3dd, + + 10/0, + 15g0,— 5b performed 
upon Soa’ = F=— 5f-+ 5be + 5ced — — + 5b°c — Performing the 
calculation so as to omit on each side a factor 5, it is to be shown that 
G—CE—D is= 

e — 2bd—c* + — 
+ 38d(d— 2be + 
+ 6e(c— 6’) 
+ 10f(d) 
+ 159(— 1) 


— 5b(—f+ be+cd — b'd — + — 36°). 


é 
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Collecting the terms, and comparing the result with the expression for 
G — CE — D’, we have 


G— CE— P 
g — 15 —15|— 6 —6 —8 
bf + 10 +5|/+15/+ 6 +6 +8 
ce} +1 +6 +7/+6 —2 +8 
6 6 —2 —8 
+3 + 3/+3 +3 —8 
bed| — 2— 6 —5|—138;—12 —4 +48 
+3 8|\+ 6 +2 0 
—1;—2 4+2 —1 
3 +5/+ 9 —1 
bie} —1 —5|— 6/— 6 
1 


and the two expressions are thus identical. 
30. Suppose again, 6 roots as before, that the function operated upon is 
we find 0,8a°* = 3a*Sa® + 2aSa* — 5a‘, and the general term is 


3( ca> + 3dat + 6ea? + 10fa? + ba Ja? Sa? 


a—B.a—y.a—d.a—ée.a— 


2( ca® + 3da‘ + 6ea? + 10fa? + ba. a 


ca® + 3da* + 6ea? + 10fa? + 15ga 4 
This gives 
— 3(CH, + 3dH, + 6e + bS8a*)Sa?* 
— 2(CH, + 3d + bSa’) Sa? 
+ 5( CH, + 3dH; + 6eH, + 10fH, + 15g + bSa5) 


which is found to be 


= —3(BD+C + b8a3)So? 
— ABO + b8a*) Sa? 
+ 5(BF+CE+ D+ bSa'). 


Here 68a’ = — SaSa* = — Sa*— So38, = — EH — BD; — = 
— So’ — = — D— BC; and bSa5=— = — =— G—BF; 
the expression thus is 
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= — 0’) .C that is — 3(—Sa* + Sa? 
— 2—D ).D — 2(—Sa? )Sa3 
+ 5(—G+CE+ D’) + 5(—Sa® + + 


Here Sa?Sat = Sa’ + =G+ CE; Sa’ + 28036?, G+ 
= + =CH+ 3C*; and the whole is 


— 3{—G@—CE+(CE+30%)} 


— G— 2D") 
+5(—@+ CE + 


which is = 5CH+ 9D? — 9C® (a nonunitary form). This then should be the 
value of $Q— ba, = cd, + 3dd, + 6e0, + 1070, + 15g0,— 56 operating upon 
Sai = CD = 5f — + cd + — be’. 

31. There is for nonunitariants a theorem which is a much more simple 
form than the transformation of it afterwards obtained for seminvariants: viz. 
for any nonunitariant we hve AU=0= (0,+ 60,+cd,+ ....)U; attending 
only to the portion U’ of U which is of the highest degree, it is clear that we 
have eg a ....)U'=0, and if we herein diminish the letters then 
(0, + 60,4. ju'= = 0, where U” is what U’ becomes by a diminution of the 
letters; that is U" is a nonunitariant, viz. in any seminvariant, the terms of 
highest degree U’ are obtained from a nonunitariant U” by a mere augmenta- 
tion of the letters: e. g. 2e— 2bd + c’ is a nonunitariant weight 4; augmenting 
the letters we have 2b/— 2ce + d’ which with a change of sign is the portion 
of highest degree of the nonunitariant 2g — 2bf + 2ce—d?. 


The MacMahon Form of Equatwn. Article Nos. 32 to 34. 


32. The equation arene the coefficients and the roots.is here taken to be 


b 


As to this it may be remarked that if we had started with a form of the n™ order 
with binomial coefficients, 


1.2.3 


= 1—axz.1— Bx.1—yax....(n factors), 


i 
i 
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then writing herein for x, and also na, nG,ny,...., fora, 6, y,.... and 
putting ultimately n = we have the form in question. 
We pass from the ordinary form to the MacMahon form, by writing for 


All the results obtained for the ordinary form will, after making therein this 
change, apply to the new form. We thus find 
©, = 00, + (6 — 1) 260, + (o — 2)8c0, .... + 1lopd,, 
= 0'0,+(o/— 1)2bd, + (o' — 2)3cd, .... +(o'—o + 1)opd,, 
0, — 9,,= (o' —o)A where 
A= 0, + 260, + 3cd,.... + opd,, or say 
= 0, + 2b0,+ 


Also 
P=bd,+cd,+dd, .... +70,, or say 


= 60, + cd, + dd, 
cd, + 2dd,.... +o7d,, or say 


The change a, 3, y, .... into na, nB, ny, .... would change Sad,, Sa?d, 
into n—180,, Sad,, nSa’*d, respectively (n= ©): but this change is in fact 
compensated for by the introduction into the formule of the binomial coefficients 
as above; it is—Sa, Sa@,.... not —nSa, n*Saf,.... which are equal to 
b, $c, ....; and the conclusion is that we have to retain without alteration the 
symbols Sd,, Sad,, Sa*d,: thus in the new form as in the old one we have 
0,Sat = — Sd, . Sat = — 48a3, see the example ante No. 238. 

33. In the new form, a nonunitariant is annihilated by the operator 
A, = 0, + 2b0, + 3cd, + ...., and conversely any function annihilated by Aisa 
nonunitariant; comparing herewith the subsequent theory of seminvariants, this 
is in fact the theorem that a nonunitariant is the same thing as a seminvariant ; or 
to state this more explicitly: for the MacMahon form of equation, a function of the 
coefficients which is a nonunitary symmetric function of the roots is a semin- 


variant. 
I consider for instance the Table VI(6), but attend only to the nonunitary 


portions thereof, viz. the lines G, CH, D’, C*?: I convert these into columns, at 
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the same time changing the arrangement of the headings g, Of, ce, etc., from CO 
d 


6’ 
24’ 190' 790" but to avoid fractions multiplying the whole by 720, I form the table 
+720 CO PP CGE G 
| 


to AO: and then making the foregoing change b,c, d,e,f,g into |, 


1 g |—2|/+3|/+6/— 6 
6 bf |+2|/—3|/—6/+ 6 
15 ce | 6 
20 | 8 
30 +3; +2\— 6 
60 bed —3;+4/—12 
90 +1/—2/— 2 
120 bd 6 
180 Be? 9 
860 dtc — 6 
+ 1 


which is to be read according to the columns: and observe that the outside left- 
hand numbers are to be multiplied into the numbers of each column: thus the 


first column is to be read (= S0’@*,/’? = a5(— 2bf + 12ce — 30ce + 20d”) : 
the second column is to be read D? = = (29 — .... + 90c*), and 


so on. 

By what precedes the columns are seminvariants,—as afterwards explained, 
“blunt” seminvariants; and they are named as such by the outside bottom 
line of symbols with a []; viz. [d’] =(— 2g + 12f— 30ce + 20d’), [c7] = 
(83g — 188f.... + 90c’), etc., where it will be observed that the symbol within 
the [ ] is in fact the power-ender which is in AO the lowest term of the column ; 
and further that this is also the conjugate of the capital letter symbol at the 
head of the column. 


The (b) Tables I to X, with only the change b,c, d,¢,.... into}, =, 


mn .... are given in my paper, Tables of the Symmetric Functions of the Roots 
4 


‘ 


i 

| 
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to the degree 10, for the form 1 + dx + = +...=(1—azx)(1—@Bx)(1—ya)... 


Amer. Math. Jour., t. VII (1885), pp. 47-56. 


34. By what precedes it appears that P — 6d operating on a seminvariant 
gives a seminvariant, and that Q@—-2b# operating on a seminvariant gives a 
seminvariant: these operators will be further considered in the development of 
the theory of seminvariants. Wesee further that 3A, = 60, + 3cd, + 6dd,+.... 
operating on a seminvariant gives sometimes but not always a seminvariant, 


e. g. (b0, + 8cd, + 6dd,)(e — 4bd — 3c? + 12b’c — 6b*) = 6(d — 3be + 20°). 


Seminvariants—the I-and-F Problem, and Solution by Square Diagrams. 
Article Nos. 35 to 47. 


35. Writing 
= 
bh=b+ 6, 


q=—c+2b0+ 
d,=d+ 6, 
=e + 4d0 + 6c? + + 6, 


etc., 


then there are functions of the unsuffixed letters which remain unaltered if for 
these we substitute the suffixed letters: any such function is termed a semin- 
variant. We have for instance 


c+ 200+ @, i. e. ec, — bj =c— 
—bi=— 200— F, 
d+ 3d@, d, — 8b,c, + 2b} = d — 3be + 26°, 


— — 667 — 36°, 
+ 6670+ 6b0? + 26°, 


and thus e—b’, d— 3bc + 26° are seminvariants; they are in fact the first and 
second terms of the series | 


| 
¥ 
, 
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c— 

d— 3be+ 26’, 

e—4bd+ 6b’c — 36%, 

f— 5bc + 100’d — 1008e + 405, 

g — 6bf + — 20b8d + — 


where the law is obvious; the numbers in each line are binomial coefficients 
except the last number, which is the next binomial coefficient diminished by 
unity. The successive terms are in fact what ¢,, d,, &, A, 91, +--+ become upon 
writing therein 

36. Any rational and integral function of these forms is a seminvariant, and 
it is to be observed that we can form functions for which (by the destruction 
of terms of a higher degree) there is a diminution of degree; for instance 
(e — 4bd + 6b’c — + 3(c — gives a seminvariant e — 4bd + 3c’. 

It'is important to remark that a seminvariant is completely determined by 
its nonunitary terms, thus for e— 4bd + 3c’, the nonunitary terms are e+ 3c’, 
and for this writing e, + 3c{, and for e,, c, substituting their above values for 
6 = — b, we reproduce the original value e — 4bd + 3c’. 

37. It is at once seen that a seminvariant is reduced to zero by the operation 
A, = 0; + 2b0, + 38cd0,+...., or say that A is an annihilator of a seminvariant; 
in fact, if in any function of 6, c, d,.... we write for these the suffixed letters 
bi, ¢, dy, .... then the coefficient of 6 herein is at once found by operating on 
the function of (b,c, d,....) with A, and therefore in the case of a semin- 
variant the result of this operation must be = 0. And conversely every function 
of (b, c, d, ....) which is reduced to zero by the operation A is a seminvariant. 

38. For a given weight the number of seminvariants is equal to the excess 
of the number of terms of that weight above the number of terms of the next 
preceding weight, or what is the same thing it is equal to the number.of power- 
enders of the given weight. More definitely, considering the terms of a semin- 
variant as arranged in AO, we have seminvariants the finals whereof are the 
several power-enders of the given weight: and we. arrange the seminvariants 
inter se by taking these power-enders in AO: thus for the weight 6 we have 
seminvariants [d*], [c*], [6’c*], [6°] ending in these terms respectively. We may 
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if we please consider all these seminvariants as beginning with g, or say the 
forms may be taken to be g(ao)d’, g(ao)c*, g(ao)b’c’, g(ao)b°. Such forms are in 
fact furnished by the MacMahon equation: viz. up to the weight 6 we thus have 


+3 | +6 +24 +120 +720 
lc |—2\1d |—3| le |+2/—4| IW | +5/—5) 1g |—2/+3/+6|— 6 
+1) +3] 4bd|—2/+4| 5be 6 
[a7] 6c? | +1/ +2 10cd | +1/ +5} 15ce | —2}—3/+2/+ 6 
[a8] 122% —4| 200%) 20d? | +1)/+3]—3\+ 3 
+1] 300% |+3/+4+2/— 6 
60b%c +5 | 60bcd —3|+4|—12 
1200° 90? 
[be?] 1200%d 6 
180% 9 
360b'c — 6 
7200° +1 


[2°] 


for the present purpose read for instance 


[d?] = — 29g + 12bf— 30ce + 20d’, 
 89—18bf— 45ce + + 90b%e — 180bcd + 90c*, 
etc. 


and I say that [d*], [c*], [0°c*], [6°] are “specific” when théy are regarded as 
standing for these tabulated functions; but in general I take them to be 
“indefinite,” that is I regard them as denoting (as above) any seminvariants 
ending in b° respectively. 

39. The seminvariant [d*] is of the form (gd), including those terms 
which are in CO not superior to g and in AO not inferior to d’: by a combina- 
tion of [d*] and [c*] we obtain a seminvariant (ce » c*) containing terms which are 


- in CO not superior to ce and in AO not inferior to c*: similarly from [d’], [c’], 


[G’c?] we obtain a seminvariant (d* « b’c*); and from the four forms a semin- 
variant (c* 5°): these four seminvariants 


4 
of 
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bf| — 6 

ce} +15 ri 

ad? —10 —1 +1 

—1 
bed +2 

—1 +4 +1 
+4 
Be? —$ —3 
b*c | +3 


(gad*) (cenc’) (8 ob) 


are ‘said to be “sharp” seminvariants: viz. considering the final as given, a 
sharp seminvariant is one having an initial which is in CO as low as possible ; 
or considering the final as given, it is one having a final which is in AO as high 
as possible. A seminvariant which is not sharp is said to be ‘“ blunt.” 

40. The sharp seminvariants are in general designated as above, (g « d’), etc. : 
but it is sometimes convenient to give the numerical coefficients of the initial 
and final terms respectively: as to this it is to be noticed that the coefficient of 
the initial term is in most cases, but not always = 1, — we might of course take 
it to be always = 1, but we should then in the excepted cases have fractional 
coefficients, and it is better to avoid this by giving a proper value to the 
numerical coefficient of the initial term; the numerical coefficient of the final 
term is in general different from +1, and it is not in general a multiple of the 
numerical coefficient of the initial term. As an instance take dh » b’e’, the more 
complete expression of which is 4dh « — 356’e’. The sharp seminvariants up to 
the weight 12 are designated in this more complete form in the table post No. 62. 

41. In the calculation of the sharp seminvariants by elimination as above, it 
will be noticed how unitary terms disappear: thus in combining [d*] and [e*] 
so as to get rid of g, the term bf disappears of itself, and we have as above the 
form (ce « c*) beginning with the nonunitary term ce. We may in fact writeb= 0, 
we thus have 

[d?] = — 2g — 30ce + 20d”, 
45ce + 60d? + 90c’, 


if 

ij 

29 

{ 
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giving 3[d*] + 2[c*] = — 180(ce—d’—c*), and then ce—d’—c’, putting 
therein for c, d, e the values c — 6’, d— 3bc + 20°, e— 4bd + 6b’c — 30', gives 
the complete value wt supra, ce — d*? — Be + 2bcd — c*, and we thus see & priorz 
that this contains no term 0/, but in fact begins with ce. And in carrying out 
this process for any higher given weight, it is proper also to arrange the non- 
unitary terms not in AO but in CO, and then in each case beginning with the 
terms highest in CO and eliminating as many as possible of these terms we 
obtain the sharp seminvariant. Consider for instance the weight 12: taking 
the finals in AO we have here (m og’), (m cf”), (m we’), (mob?f*),.... the 
initials in CO are m, ck, dj, e,.... and it might at first sight appear that the 
foregoing process of elimination would lead to the forms (m og’), (ck oc"), 
(dj we), (ei o b?f*),....; we in fact have the form (mog’); and if from 
(m og*) and (m ocf*) we eliminate m, we obtain the form (ck ocf*); but 
we cannot have a form (dj « e’) (for a form beginning with dj is of necessity of 
the degree 4 at least); what happens is that when from (m ~ g’), (m cf”) and 
(m « e*) we eliminate m and ck, the next term dj disappears of itself, and (the 
following term ez not disappearing) the resulting form is (e «e*): to obtain a 
form beginning with dj we must use the fourth form (m o b?/*), and we thence 
obtain (dj 0 b?/?). Arranging the initials in CO and the finals in AO we thus 


have 
2 


m g 
ck 


dj. é 
et 


and then arranging the finals in AO we thus have the sharp seminvariants 
moog’, chaocf*, awe, djobf*,...; these are the results given by the 
MacMahon linkage as will be explained further on, but I will first approach the 
question from a different side. 

42. It has been seen. that we have A, =0, + 260,+ 3cd, +.... as the 
annihilator of a seminvariant. Considering in the first place the entire set of terms, 
say for the weight 6; g(ao)b’, we assume for a seminvariant the sum of these each 
multiplied by an arbitrary coefficient, the number of coefficients is equal to the 
number of terms of g(ao)b®. Operating with A we obtain a function of the next 
inferior weight 5, containing all the terms of Dg(ao)b®, that is of f(ao)b’, each 
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term multiplied by a linear function (with mere numerical factors) of the 
arbitrary coefficients: the expression thus obtained must be identically = 0; and 
we thus find between the arbitrary coefficients a number of linear relations equal 
to the number of terms /(ao)b°: these relations are independent; for it is only 
on the supposition that they are so, that the number of coefficients which remain 
arbitrary will be 11—7, = 4, agreeing with the number of the seminvariants 
[d?], [c*], [0°]; whereas if the relations were not independent there would 
be a larger number of seminvariants. 

But if instead of the whole set g(ao)b® we consider a set (g od’) or say 
(ce « c*) and assume for a seminvariant the sum of these terms each multiplied 
by an arbitrary coefficient, then operating as before with A we obtain between 
the arbitrary coefficients a number of relations equal to that of the terms 
D(ce « c*), and if this be less by unity than the number of the terms of ce wc’, 
say if we have (1 — D)(ce oc*)=1, then there will be a single seminvariant 
ceoc®. We in fact find (1— D):(g od’), (ce wc’), b’c’), b), each =1 
and thus establish the existence of the foregoing seminvariants g  d’, ce oc’, 
b’c?, And similarly if in any case we have (1— D)(Io F)=2 or 
any larger number, then we have 2 or more seminvariants J 0 F. 

43. It will be convenient to write down at once the system of square 
diagrams for the several weights 2 to 16; each of these may theoretically be 
obtained by a direct process of calculation such as I exhibit for the weight 10, 
but the labor would be very great indeed, and I have in fact formed the squares 
for the weights 11 to 16, not in this manner but by the MacMahon linkage. 


waz w—4 == § 
| 1 | | e| 1 Fr 
53 1 cd 1 
be? 
w— 6 w=7 
g| 1 hj 1 
ce 1 cf 1 
| i de 1 
| 1 ed 1 


bd? be® 
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w=—9 


j\ 1 


db bed? Bd? bet Be 


nm § 


| w= 8 
i} 1 | 
| 
3 
se 
ce eae 
| 
BPS SPSS 
| 
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The subsequent squares w= 11 to 16 are for convenience given in the 
plates at the end of the present memoir. 


44. It is to be observed that in each square the outside left-hand terms are 
the nonunitaries in CO and the outside bottom terms are the power-enders in 
AO. I have inside each square written down only the significant numbers, but 
we might fill up the whole square. For instance w=7, the filled-up square 
would be 


of| 1 
de|—1 | 0 i [2 
ed} 0; 1 

Be 


where in the first column the numbers relate to the sets h bd’, cf x bd’, 
de « bd? and c*d ~ bd? (this last set c’d bd? is non-existent since cd is in AO 
inferior to bd’, i. e. as well for the set as for the diminished set, number of 
terms is =0, and we have for the compartment 0—0,=0). And similarly 
for the remaining three columns. The process of thus filling up the whole 
square is a direct and non-tentative one, and the conclusions to which the 
numbers lead are as follows: col. 1, the final being dd’, the initial cannot be c’d, de 
or cf, but taking it to be A, we have the seminvariant h o bd?. Col. 2, the final 
being dc’ the initial cannot be cd or de, but taking it to be cf we have the 
seminvariant cf  bc*®: it may be added that the top number 2 shows that there 
are two seminvariants h » bc’, these are of course the foregoing ones h « bd? and 
cf obc®. Similarly col. 3, the final being 6%’, the initial cannot be cd, but 
taking it to be de, we have the seminvariant de « bc’, and col. 4, we have the 
seminvariant c’d « 

For the several weights up to 9 we have simply units in the dexter diagonal 
of each square, viz. the nonunitaries in CO correspond to the power-enders in AO, 
or the sharp seminvariants are c 0 b’,d ob’, etc. See post, Table of Reductions, 
No. 62, which exhibits these correspondences. 


« 
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45. For the weight 10 we have deviations: the figures 1 and 2 denote as 
follows : 


1—D Lm 
di“ “4 

cg bed? 2 
we “2 
“ 2 
re" “4 
“1 
oe 


and they indicate the sharp seminvariants k  f*, ci ce’, etc.: where observe 
that the power-enders being in AO as before, the nonunitaries are not in CO, 
but we have inversions and (cdf, ce’). 

In particular (1 — D)(/* © ¢d’)=1 indicates the seminvariant /? 0 cd’; 
(1 — D)(c’g ~ b’cd’) = 2, means in the first instance that there are 2 semin- 
variants c’g « bcd’, but here the set c’g « b’cd? includes as part of itself the set 
f* ocd’; so that if cg ~ b’cd’ is used to denote any particular form, then the 
general form is c’g  b’cd’ plus arbitrary multiple of /? « cd’, and we have thus 
virtually a single form c’g ~ b’cd?. And similarly the set cdf o b‘d’ includes as 
part of itself the set ce? «c*, and thus the general form cdf « b‘d’ is = particular 
form plus arbitrary multiple of ce? oc, or we have virtually a single form 
cdf b'd?. 

I remark that it would be allowable to take as a standard form of 
c’g « b’cd’, a form not containing any term in /’, and similarly for the standard 
form of cdf o b’d’ a form not containing any term in ce’; but this is not done in 
the tables. 

46. The diagram for weight 10 is constructed by the following calculation ; 
viz. in col. 1 we calculate (1-— D) (ko /*) and for this purpose write down the 
terms of ko f*, and Dik /*) in CO: in col. 2 we calculate (1 — D)(ci 0 ce’), 
and for this purpose write down the terms of k ce and D(k  ce*) in CO, the 
terms of ci « ce* and D(ci » ce’) being thence found by rejecting the terms k, bj 
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So in col. 3 we 


calculate (1— D)(dh o b*e*), and for this purpose write down the terms of 
be’) and D(k b’e*) in CO, and for dh and D(dh — reject the terms 
k, bj, ct, Bt and 7, bt at the head of the two halves of the column. 


the remaining columns. 


And so for 


It is to be remarked that there is in each successive 


column a continually increasing number of terms to be rejected; by a properly 
devised variation of the algorithm it would have been possible to avoid writing 
down these terms at all, but for greater clearness I have inserted them. 


2 3 4 5 6 cj 8 9 10 11 12 
| | | | 
je jk ik ii jk iit j 
bj bilby bibj bibj bibj bibj bilby bilbj bi 
a af” aa chet chict chici chick chici chici chici chici ch 
eg efdh dgdh dgdh [ dgdh dgidh dgdh dgdh dg\dh dgidh dg 
f? beh begibch beg beh | begbch begbch begibch begbch —_begibch begbch beg beh begbch beg 
eg ef bg oh | bgbth  vgbh big 
bdg bdfieg io ef eg ef eg efieg ef eg ef efeg efieg ef 
eg cfibdg bd ifbdg bdfbdg | bdf\bdg odg bdfibdg bdjbdg bdf bdg bdj\bdg bdf 
cdf be’ if? be? f? be?) b'g b*f b*f| bY b*fib‘g b*f 
ce? bef ede bef cde bef edef? 2 | be? f? f2 f? be? 
cdf Udeedf vrdecdf b'debef cdebef | caebef | ede bef | ede bef edejbef cdebef ede 
df d'bdf bdecdf | cdf b'de led Lf if UWdecdf b'de 
ce? bef b'df bereb*df bere b*df df beeb’df bee 
de ce® bed?ce? bicebe'f | Bicebe’f | 
b*e* b%e? be? | be ped cf De 
| | bd? bede b*e*dibede ‘de edd@e | cdde ed 
| | ca? ide belbede vedbede |vretdbede prtabede 
bide b'edb'de biedib'de | b'edib'de | b'edb*de 
| ic’e beilc’e betlee b’d 
| ba? bd? be'lb’c’e | bet 
ed ed bice | | bic? 
| bed? bd? bd? bie | Dic? 
| | | be'd ed ed bd? | biebd® | bie 
| bcd? b*cd? cd? ced? ed? b? 
ba? bia? bed? bed? 
| bid? bid? bid? 
be'd be'd be'd 
be! bied 
bret 
bie? 
bs 
19—17=| 12-—11=| 19-17=| 14-18=| 14—18=| 11-—10= 6—-5= 


1 


1 


1 


1 


|_| 
|_| 
|_| 
|_| 
= 

1 : eres | | | 2 1 2 1 1 | 1 
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47. As to the first of the foregoing inversions c’g, f’, it is proper to remark, 
that filling up two compartments of the square we have 


ee. 
cd? bed? 


-where the meaning of the numbers (1,1) has to be considered: the first (1) 


seems to indicate a seminvariant cg «c’d’, but there is in fact no such form, 
what it really indicates is a form 0c’g + f? 0 cd’, that is f* © ed’; and similarly 
the second (1) seems to indicate a seminvariant /? o 6’cd*, but there is in fact no 
such form, what it really indicates is /? 0 c’d? + 0b’cd’, that is f? ocd’. The 
explanation is correct, but to make it perfectly clear some further developments 
would be required. The like remarks apply to the inversion cdf, ce’. 


The MacMahon Linkage. Art. Nos. 48 to 52. 


48. We require the two theorems: 

The first is: if a seminvariant S has q for its highest letter, then 0,8 is also 
a seminvariant. 

The second has presented itself for unitariants (ante No. 31); for semin- 
variants the form is less simple, viz. If in any seminvariant, attending only to 
the terms of the highest degree, we therein change b, c, d, e, .... into 
b, 2c, 6d, 24e, .... and then diminish the letters (that is replace each letter by 
the next preceding letter) and in the result so obtained change b,c,d,e,.... into 

in the terms of degree 2, making the numerical change we have —7200/+ 
720ce — 360d", and then diminishing the letters and making the numerical 
bd 


v1 + 720—- 3607, that is — 30(e — 4bd + 3c’), a 


... we obtain a seminvariant. For instance g — 6b/+15ce —10d”, 


change, we obtain — 720 


seminvariant. 

For the proof observe that the equation AS= 0, attending therein only to 
the terms of the highest degree gives (2b0, + 3cd,+....)S'’=0, if S’ denote 
the terms of the highest degree: making the numerical change, this is 
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(b0, + cdg +....)S", if 8” is what S’ becomes thereby ; diminishing the letters 
this is (0, + 60,+....)S! = 0, if is the diminished value of §", and finally 
making the numerical change, if 7 be what S’” becomes on writing therein 


b, =, .... for b,c, d,.... this gives (0,-+ 2b0,+....) T=0, viz. T is a 
seminvariant. 


49. Assume that for the weights up to a certain weight w the forms of the 
sharp seminvariants are known: and for the weight w consider a seminvariant 
I(ca)F: here if J be given, the first theorem establishes a limit F’ such that F is 
in AO not higher than F’. For instance w=12, if [= dj, the coefficient of j as 
being a seminvariant can only be d 8’, and thus the seminvariant contains a 
term 6°, or the final term F must be in AO not higher than 0%); the degree is 
thus = 4 at least. 

Similarly if #' be given, then the second theorem determines a limit J’ such 
that J isin CO not lower than J’. Thus w= 12, as before, if = b‘cd’, then 
diminishing the letters we have bc’, a term belonging to fo be’; the diminished 
form has thus terms a‘(a?/, bc’), so that augmenting these the seminvariant has 
terms 64(6?9, cd’) and thus the initial term J is in CO not lower than 6°g. 


50. A limit for J or F when the other is given can also in some cases be 
found as follows: Considering a seminvariant of the weight w as before, and 
denoting its extent and degree by o and 6 respectively, then we have od — 2w = 0 


or positive ; that is od = 2w at least; here given J, we have o, and then 6 = ” 


at least; and given F’ we have 4, and then o = 2W atleast. 


51. We may now explain the MacMahon linkage; for a given weight we 
write down in two columns the initials or nonunitaries in CO, and the finals or 
power-enders in AO: by what precedes it appears that we cannot combine the 
terms of the one column each with the term opposite to it in the other column ; 
what we do is: beginning with the top of the column of initials we combine 
successively each term with the highest admissible term in the column of finals: 
or beginning with the bottom of the column of finals, we combine successively 
each term with the lowest admissible term in the column of initials. 


4 
3 
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52. For the weight 12, the linkage is 


read downwards. 


tin AO 
than 
m g bl ko f? 
(co B)k bk ck cf” ji be 
By dj é bdi 
(e “ey et bef? i“¢ 
(f Sh ee df ‘bd? 
(cd bh cdh d* bf? 
(ce “ c*)g ceg bed b'dg cf be 
(P d’g ed? bef de 
(cf be*)f bef cf” bidf ce 
(de be’)f Bef def | 
B)d bd ed bd 


read upwards. 


Thus, beginning at the top of the column of initials, m is to be linked with g’, 
that is we have (m g’); ck with cf*, that is we have (ck cf”); dj cannot be 
linked with ¢’, for the final must be in AO not higher than 6%), but it is linked 
with the highest term °f? for which this condition is satisfied, that is we have 
(dj « bf?) ; ei is then linked with the highest admissible term ¢, that is we have 


(et and so on. 
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Or beginning at the bottom of the column of finals 6” is linked with c*, that 
is we have (c* 0”), with c’d’, that is we have (cd? cannot be 
linked with d‘, for the initial must be in CO not lower than b%e, but it is linked 
with the lowest term c‘e for which this condition is satisfied, that is we have 
oo ; and so on. 


The Umbral Notation. Stroh’s Theory. Art. Nos. 53 to 56. 


53. Employing the umbre a, @, y, 4, .... which are such that 
then for instance (a — 8)? = a? — 2a8 + 6, =c— 26? + c, = 2(c — 6’), a semin- 
variant ; (a — — y) = a3 — 20°78 + a? — + 2aBy — By, =d— 2be + 
be — be + 26° — be, = d — 3bc + 26’, a seminvariant: and so in general any 
rational and integral function of the differences of the umbre developed and 
interpreted is a seminvariant. For the seminvariants of a given weight e. g. 
w= 6, Dr. Stroh* considers the function Q°= (ax + By + yz+ dw + et + Gu)® 
where x, y, z, w, ¢, w are numbers the sum of which is = 0, or we may if we 
please have more than 6 such numbers: the expression is obviously a function of 
the differences of the umbrez and it is thus aseminvariant. To develop its value 
observe that after expansion of the sixth power we have sets of similar terms, for 
instance + + .... which putting thereina’= =y*, .... = g become 
=g. Sax, and generally each set becomes equal to a literal term multiplied by a 
symmetric function of the x, y, z, w,....; introducing capital letters to denote 
the elementary symmetric functions of these quantities, and recollecting that 
their sum is assumed to be = 0, say we have 


1+ De + Fst 


(that is O= Sx, + C= Sxy, — D= Szyz, etc.) then by aid of the Table VI(d) 
writing therein 0, C, D, #, F, @ for b, c, d, e, f, g we find 


*See the paper ‘‘ Ueber die Symbolische Darstellung der Grundsyzyganten einer bindren Form 
sechster Ordnung und eine Erweiterung der Symbolik von Clebsch,’’ Math. Ann. t. XXXVI, 1890, pp. 
263-303, in particular 210, Das Formensystem einer Form unbegrenzt hoher Ordnung. 
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OS = By t+ yz.. 


lowing table: 


the numbers whereof are it will be observed identical with those of the fore- 


lg 

6 bf 
15 ce 
20 & 
30 
60 bed 
90 
+120 
+180 Be? 
+360 
+720 


++++4+4 


. aS + 6a°BSa*y + etc., as shown in the fol- 


Ci 
Sx? =|—2|/+8/+6/— 6 
Satyy =|—2 —3/+2/+ 6 
Say’ =/+1 43 —3|+ 3 
Say = +3/+2— 6 
= —3/+4/—12 
Saye = +1/—2\— 2 
= |—2/+ 6 
= 41+ 9 
Sa?yzwt | i— 6 
Sayzwtu = | +1 


going table No. 33, relating to the MacMahon equation. 
This is to be read 


= Ca] + + + 


viz. 0% is a linear function of C*?, D’, CE and G,, the coefficients of these, being 
given functions of (b, c, d, e, f, g), which given functions are the specific blunt 
seminvariants which have been already called [d*], [c*], [6°c*] and [6°]. 
in general the developed value of Q” affords a complete definition of these 
specific blunt seminvariants of the weight w. 
umbre in nowise connected with the roots a, @, y,4, . 


and that B, C, D,.... are actual quantities in nowise connected with the 


symbolic capitals B, C, D, .... before made use of. 


54, The capital and small letter symbols are conjugate to each other. 
will be convenient to give here, in reference to subsequent investigations a table 


of these conjugate forms up to the degree 6 and weight 15. 


Observe thata, y,4,.... 
... before made use of, 


| 
4 
4 
| 
t 
| 
i 
H 
3 
4 


Table of Conjugates. 


7 9 10 11 13 


C?D 0! be} 0% f?|C'D of?| g| bg? bh? 
DE ce’ | CD? of af? dg 
bd'| DH bd’ | | DE be | CoH ODE beg? 
DF cd bde|CDE? bdf?|CD*H bef? 


hG bet | be? | DEF  bed*| H? F DF 
CF? ed? | DF? DF beef? 
Be | |CDEF bede| DHF  bce® 
DG DEG | C2 F? ce|CH*F 
CEG Bed|CFG _be'd?| HF? ede? 
Bde def? 
DFG dbead|C?FG 
CG? | HFG bed* 
D@ ed’ 


= 
| 
+) 
4 
4 
& 
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55. We can by means of the umbral notation write down for the blunt 
seminvariants of a given weight (indefinite forms, not the above mentioned 
specific forms) expressions far more simple than those which are given by the 
foregoing theories: we can in fact find without difficulty monomial umbral 
expressions ; and in many cases obtain also the sharp forms. To illustrate this, 
I consider the weight 10: I write down for convenience the symbols of the 
sharp forms (though the knowledge of these is in nowise required) and I form a 


table as follows: 


Sharp forms, 
finals in AO. 
ko f? 1 
2 (a—6)(a—y) 
| 3 
og 
pied | 6 
eg“ 6 (a— — e) 
ce 5 7 
cdf | 8 (a—B)(a—y) (a— 8) (a — e)(a — 
@e“ Bet | 9 — —Z) 
ce“ 9) (a —e)(a — n) 
“be (a—6)(a—y) (a — 8) (a —e)(a —Z)(a— n)(a — 8) 
& 112 (a—B)(a—y) (a — 9d) (a—e)(a —7)(a —0)(a — t)(a—x) 


It will be observed that all the differences used are a—(,a—y,.... con- 
taining each of them an a; hence in all the forms we have a”, =k; in (a — 8)” 


the lowest term (in AO) is a°@°, =/*; in (4 —8)*(a — y)’, the lowest term is 
a43*.y*, = ce*; and so on, viz. in each case the lowest term is the final term of 


the sharp form set down in the same line. 
56. The form (a — 8)” on at once the sharp form ko/f*; we thus 
develop it: 
a3 a3? a! 
a ae a® 3" a! 


+45 —120 +210 — 252 
10 +45 —120 +210 
+45ci  —120dh +210eg —126/%) 
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(a — 6)*"(a—y)? contains a term a”, = and thus gives a blunt form kaoce’; 

"if instead of it we employ the form (a — @)*(a -- y)(@ — y), then here as before 
the lowest term is a‘(*.7*, = ce’, but there is no term a”: there is a term 
a8, = bj, but as this cannot appear, we must have terms of this form destroying 
each other. The simplest mode of effecting the development is to write 
(a—B)(a — y) = (a—B)'{a8 —y(a + B) + we may herein put at 
once y=b, y*=c, and thus the form is (a—@)*{aB—b(a+ +e}; I 
develop thus: 


(a — B)° 1, — 8, + 28, — 56, + 70, — 56, + 28, — 8, +1, 
+1,— 8, + 28, —56, + 70, — 56, + 28, —8, +1 


(a — B)"(a + B) 1, — 7, + 20, — 28, + 14, + 14, — 28, + 20, —7, +1 


+—14 
k | 
2-2 | 
ci]— 16 + 2)— 14/+1 
1bj— 8ci + 28dh—56eg + 70/ chi + 66 
f?|+ 70 + 70|—5 
17 — + 20ch — 28dg + 14ef 414 
+1—7 +20 —28 +14 heh 
1i— 8bh+ bdg +56 + 56 —4 
+1—8 +28 —56 bef —28 — 28) +2 
eg + 56) + 56, —4 
cd f  —112/—112/ +8 
ce + 70 —5 
+ 23 


which in fact exhibits the calculation of the sharp form ci oce*. The disap- 
pearance of the term in 7 will be noticed. 

Instead of (a — ()*(a — y)(@ — 8) which contains a” that is &, we may take 
(a — 8)*(y — that is (¢— 8bh + 28cg — 56df + 35e)(c — this is ciaol*e’, 
a blunt form; by subtracting from it ci «ce*, we could obtain the next sharp 
form dh  b’é ; but this in passing; it does not appear that there is any monomial 
umbral expression for the last-mentioned form. 
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I do not stop to examine the next following forms, but pass on at once to_ 
the last of them; instead of the expression given we may take the expression 
(a — (vy — 8)? (e— — 0)? — that is (¢ — which is in fact the 
sharp form 


Seminvariants of a given Degree: Generating Functions. Art. Nos. 57 to 59. 


57. We may consider the seminvariants of a given degree, and arrange them 
according to their weights: thus in each case writing down the series of finals, 
and for a reason that will appear also the conjugates of these finals (see Table of 
Conjugates, ante No. 54). 

For degree 2, or quadric seminvariants, we have 


2 3 + 5 ee 
there is here for every even weight (beginning with 2) a single form, and for 
every odd weight no form: the number of forms of the weight w is thus 
= coeff. of 2” in 2? +(1— 2’), or writing for shortness 2 to denote 1 — 2’, (and 
similarly 3, 4, .... to denote 1—a’, 1— a‘, ....) say that for degree 2, 
Generating Function, G. F., is = 2° + Q. 
For degree 3, or cubic seminvariants, we have 
3 4 5 6 7 


the counting is most easily effected by means of the conjugate forms; these 
contain all of them the factor D, and omitting this factor we have all the com- 
binations of C, D which make up the weight w— 8, viz. for weight w, we have 
number of ways in which w— 3 can be made up with the parts 2, 3: that is, 


for degree 3, G. F. is =a? +Q. 8. 
Similarly for degree 4 or quartic seminvariants, we have terms each con- 
taining #, and removing this factor, we have all the combinations of C, D, EL 
which make up the weight w— 4, viz. 


for degree 4, G. Fiis=a2'+Q2.8.4. 


Thus for degrees 
2, 3, 4, 5, 6, 
the G. F.’s are 
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i 
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58. We may analyse these results by separating the finals into classes. I 
use the expression 6, c,d,.... are discrete letters, meaning thereby that they 
are distinct letters, not of necessity consecutive but with any intervals between 
them. Thus deg. 3, if (6, c) are discrete letters, then the finals are 0°, and dc’; 
deg. 4, if b, c, d are discrete letters then the finals are b*, bc*, bc?, and bed*; and 
so on, the number of classes being doubled at each step, as will presently appear 
for the weights 5 and 6 respectively. 

I notice also a property of the conjugates of these classes; for 6® and be 
themselves the conjugates are D, and CD, and these occur as factors, D in the 
conjugate of every form of the class 4° (for instance conjugates of c’, d’ are D”, 
D*) and CD in the conjugate of every form of the class bc’ (for instance con- 
jugates of bd’, ce? are CD, C*D*); and the like in other cases, viz. for any class 
whatever the conjugate of the first or representative form occurs as a factor in 
the conjugates of the several other forms belonging to the same class. 

59. With these explanations, the expressions for the several G. F.’s are 
obtained without difficulty, and we have 

deg. 2, class C, G. 
deg. 3, class D, G. +§ 


“ OD, be 
we ought here to have 


2+3+2°+Q. 8 viz. in verification 


= 
+ 2° 
deg. 4, class 


we ought here to have 


viz. in verification 


= 
+2'.9 + — 2? 
+2°.3 + 2° — x 


+2 +2? 


= 


4 


cp 
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deg. 5, class F, 
EF, 

DF, 

CF, 

DEF, 

CEF, 

CDF, 

CDEF, 


and for the sum of the eight terms 


G6: +h 


G. F.= 2° +9.3.4.5, which may be verified as before. 


deg. 6, class G, 
FG, 
EG, 
DG, 
CG, 
EFG, 
DFG, 
CFG, 
DEG, 
CEG, 
CDG, 
DEFG, 
CEFG, 
CDFG, 
CDEG, 

CDEFG, 


and for the sum of the sixteen terms 


-6 
a® +2.6 
3.5.6 
2.5.6 
a? +3.4.6 
ae +2.4.6 
a+2.3-6 
3.4.5.6 
a+ 2.4.5.6 
a’+2.3.5-6 
a? +2.3.4.6 


G. F.=a°+2.3.4.5.6, which may be verified as before. 


Reducible Seminvariants—Perpetuanits. 


Art. Nos. 60 to 64. 


60. Seminvariants of the degrees 2 and 3 are irreducible—or say they are 
perpetuants. Hence by what precedes, as regards perpetuants 
for degree 2, G. F. = for degree 3, G. F. = 2° +Q.8. 
For the degree 4 (if as before 6, c, d denote discrete letters) then the finals are 
bf, bc®, bc? and bed’. For a final = 0°. or b’c? = we have evidently a 
product of two quadric seminvariants ending in 6’ and 8’, or in 0’ and c’, with the 


= 
| 
bet +4.5 
bc? gi + 9 5 
bed? 
bord? 
if Bcd? g¥+-9.9.4 
| bode 
| 
YG. F. = 
be? 
a 
be*d? 
bed? 
Bcd? 
bed 
bedef* 
1 
| al 
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same final term as the quartic seminvariant ; so that considering the quartic semin- 
variants arranged with their finals in AO, and adding to such quartic semin- 
variant a proper numerical multiple of the product in question, we obtain a 
quartic seminvariant the final term whereof is in AO higher than the original 
final term 6' or 6°c’, and such quartic seminvariant is thus said to be reducible ; a 
quartic seminvariant not thus reducible is a perpetuant. The quartic perpetuants 
are consequently those which end in bc’ or bed’. The lowest form is that ending 
in bc’, of the weight 7. Taking the sum of the @./.’s for the forms bc* and 
bcd’ respectively, the @. F. for quartic perpetuants is 

viz. this is 2’) + 2°+2.3.4 or finally 

G. Fiscal 

As an instance of a reduction we have (d?  b°c”) — (¢ « = (ce wc’), viz. 
this is (d b’c’) = (c — — 4bd + 3c’) — (ce — B’e + 2bcd — c*). We 
have also b°c’) = (d « b°)?-+-4(c viz. (dao b’c*) = (d —3bc+ 26°)? 
but this is no¢ a reduction, there are on the right-hand side terms of the degree 6, 
which is higher than the degree of the seminvariant d’ « bc’. In general we say 
that a seminvariant of any given degree is reducible when we can by adding to 
it products of tts own degree of seminvariants of inferior degrees reduce it to a 
seminvariant the final of which is in AO higher than the original final. 

61. For the degree 5 (taking b, c, d, e to denote discrete letters) if the final 
be 55, bet, b’c’, be’d? or b’cd?, then the seminvariant will be reducible ; a per- 
petuant must have therefore a final bcd’ or bede*. But it is not true that every 
quintic seminvariant with either of these finals is a perpetuant. To explain 
this observe that the first mentioned six finals are some of them in one way only, 
some of them in two ways, expressible as a product of power-enders, or say they 
are singly, or else doubly, composite: viz. we have bet=e. be’; 
a doubly composite form for instance 6’c’, forming first the product of the quadric 
and cubic seminvariants ending in c’, b* respectively, and secondly the product 
of the quadric and cubic seminvariants ending in 8’ and bc’ respectively, we have 
two products each with the final b’c’, and forming a linear combination so as to 
eliminate this term °c’, we have thus it may be a quintic seminvariant with a 
final such as bcd? or bcde*, and the process then furnishes a reduction of such a 
quintic seminvariant. Or on the other hand it may be that the finals of the 
degree 5 all of them disappear, and we have a relation between products of the 
form in question (i. e. of a quadric and a cubic seminvariant) and seminvariants 
of a degree inferior to 5, say this is a quintic syzygy. 


H 
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In particular a noncomposite final first presents itself for the weight 12, viz. 
here the finals are b’ce*, bed’, c’d’, the last of these is doubly composite, and it 
furnishes a reduction of bcd’. For the weight 13, the finals are b°/*, b’de’, be’e’, 
bd', cd? which are each of them singly or doubly composite: for the weight 14 
they are b’cf*, b’c®, bede’, and cd‘, and here the doubly composite form 
furnishes a reduction of bede®. For the weight 15 we have a final dbce* which 
gives a quintic perpetuant. I have in fact in my paper ‘A Memoir on Semin- 
variants,” Amer. Math. Jour. t. VII (1885), pp. 1-25, worked out the theory 
of quintic syzygies and perpetuants, and subsequently connecting this with the 
present theory of finals, I succeeded in showing that when the doubly composite 
final contains a } then there is not a reduction but a syzygy; we thus have 


G. F. for finals Ud’, ....=2' +9 
whence for the two forms 
or say for S;, the number of quintic syzygies G. F. 


I further satisfied myself that the finals for the quintic perpetuants are bc0e’, 
and bc0cf*, viz. the 6, c, e, f being discrete letters, the interposed 0 denotes that 
the c and e are not consecutive letters. The conjugates of these forms contain 
the factors D’EF and CD’EF respectively and it hence appears that the G. F’s 
are adding these we find 

for quintic perpetuants G. F. is = 2° +9.3.4.5, 
which expression was given in the memoir just referred to: the result was obtained 
by investigating in the first instance an expression for S;, the number of quintic 
syzygies of a given weight. The course of Stroh’s investigation to be presently 
given is different; he determines directly the number of perpetuants, and we 
may if we please use conversely this result to obtain the number of syzygies. 

62. The foregoing theory of reduction is independent of the form of the 
seminvariants, which may be blunt or sharp at pleasure: the actual formule will 
of course be different, and they are very much more simple for the sharp semin- 
variants, viz. here in many cases a seminvariant is found to be equal to a product 
of seminvariants of inferior degrees. I subjoin the following table of the reduc- 
tion of the several sharp seminvariants up to the weight 12; the forms referred 
to are the tabulated forms, and to mark that this is so I write down in each case 
the numerical coefficients of the initial and final terms, viz. instead of c » 6, 
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d wb’, etc. I write co — B’, do 2b%, etc. As appears by the table these are for 
shortness denoted by C, D respectively, and so for weight 4, the forms are called 
EH, £,, for weight 5, F, F,, for weight 6, G, G,, G;, G,, and so on, the un- 


suffixed letters having thus an implied suffix, not 0 but 1. 


Table of Reductions. 


The table is 


2| co—bs? 11} %02520f2 |Z 
di‘ 10bce? 
4| eh 20ed? | Ly 
c2 E, —70b%¢2 L; =|— DI+ L;+2L, 
5 fo—6be? Sg 16002d* |\L, =8CJ,—L, 
— 2° |F, =0D cef —2be?d? |L, 
cdg 4b8cd? |L, = DI, 
a2 |G. =\0n—@, 1 20654 10 D 3+3L, 
of |, etd 9511 =|04D 
eg 15dj “ 37802f? |M, =3C0K—M, 
sdf 10874? I, =CG—I, 25fh 175bde? 
e? I, g? |M, =|},(25HI— 25M, —4M,) 
I, =C@, cog M, — Me) 
cd? ** 3b4¢2 I, c24 
ct I, =|C, 20bed? \M, =|\—3@G,+5HI, —2M, 
2 cf? Rf d? GG,—HUH, 
— Abed? (7, | |M,,=| 32M, +540) 
3 — 
ede J, —DG, 
d3 J, cde“ 3b%e5 |M, — 
— 959 7. 10b'd? M,,—\CK, 
10 ko—12bf? K | cte  —3b%e3 |M,,=|0°G, 
ci |K, | |M,,.=|0°G 
4dh —35b7e?|K, — CI—K, Ma, 
l6eg |K, | 
f? K, | 


—2b*cd? 


ce? — 3¢5 K, = EG, | 
Sedf —104d?|K, = (CI, 
—9b%et |K, = EG, 
07G, 
| | 


Where no reduction is given, the form is irreducible, i. e. it is a perpetuant. 
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63. As to these reductions it may be observed that in very many cases we 
have the sharp seminvariant given as an actual product #,=C’, F,=CD, 
4== C®, etc. We have next other reductions such as G, = CH — G, where on 
the right-hand side there is a single product; this has a final the same as that of 
the seminvariant which is to be reduced, so that eliminating this term from the 
seminvariant and product in question we have an expression which must be a 
linear combination (with numerical coefficients) of the preceding seminvariants 
of the same weight. To take a less simple example, L,=— DJ+L1,+ 2,; 
here L, = — fg + 160h.... — 700%, and DI= (d— 3be + 20°)(i.... + 
has the final + 700%’. The verification is 


— DI — 
+ 2L,= 2eh — 2fg 
— fg ....— 


The only case in which we have on the right-hand side two products is 
bed’), My = — 3GG, + — 2M,; viz. here the final of is bed’ which 
is incomposite (viz. it is not the product of two power-enders), this is in fact the 
first instance of a quintic seminvariant with an incomposite final and which is 
nevertheless reducible. For observe the next seminvariant MV, has the final 
c'd?, which is a product in the two ways c.cd® and c*.d’; we have thus the 
two products « c*)(cg cd*) and (ce  c*)(g d’) that is HZ, and GG, with the 
same final c’d’, and combining them so as to eliminate this term we have an 
expression having the final bcd’, and which is thus expressible in terms of M, and 
preceding seminvariants: the verification is 


— 3464, = — 8ceg + 8d’g.... + 60bced® — 30c*d? 
+ 5HI, =-+ 5ceg — 40bcd* + 30c%d? 
—2M, =— 2«eg + 2xf* + 

= + bg... . + 20bed! 


64. I annex to this a table (taken from the square diagrams) for the initials 
and finals of the sharp seminvariants for the weights 13, 14, 15, and 16. 
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= v= 
18 | n bg? N 5 | pooch? 16 | 
df? | em ** dg? co ** ch? 
| dk bef? a | 3 em ‘* eg? 3 
ej 4 4 dm beg" | dn b2h? 
a 
6 9) if 6 g 
gh b*de? 7 cej de® | cek ** 
bd+ a?j b*df? } q2 a*f? 9 
cfg ord’ 10 | hi be2f?2 | 0 cgi et 
| 2 3 2 66 
| dep preae | | | 
df? | | 1s dej bedf? 
| ctef * |. det ** | 16 | ch? 
| | b%ede2 | a1 dgh“edte? | 
* | | dg? a8 | b4g? ag 
| | 4, efg bed* 19 dej b8df? 
14 och? | O cdf? “betd? a, ce*g 
h? de” 8 de® | 45 33 
c*k b2cf? 9 2de2 ** c2dj be f2 
2g 66 34 f 34 
e8dg b7cd? | ath b>de2 ‘ 
cdj 14 ctde b%e8 | $9 et 39 
25 c ¢ 
are 96 | ctdf 510g? 
ota? 51092 
34 


It would be interesting to complete this into a table of reductions as given 
for the weights 2 to 12. 
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The Strohian Theory Resuwmed: Application to Perpetuants. Art. Nos. 65 to 71. 


65. We can by means hereof establish in regard to the specific blunt semin- 
variants, a general theory of reduction, or say a theory of the relations which 
exist between the seminvariants of a given degree and the powers and products 
of seminvariants of inferior degrees. To exhibit the form of these it will be 
sufficient to take Q a sum of two parts, = Q/+Q", but the more general 
assumption is a sum of any number of parts, = 0”.... Taking 
then OQ = Q'+ Q", where for the 0’ and Q” separately the sum of the(x,y,2... -) 


- is =0, suppose that to the (0, C, D, H,....) of Q there correspond 


(0, OC’, D', E',....) for Q’ and (0, C”, D”, H",....) for Q”. We have 


C= C'+0", 
D=D'+D", 
E=E+E"+0'0", 

P= 

G = G’+ + C"H'+D'D", 


the law of which is obvious. 
66. We have for instance 


Of = (O'+ = Of + QO" (since O'’=0, Q”=0), that is 

('+ = + + 

+ + + E"b' 

where, and in what follows, c’, 6‘, 6? are for shortness written instead of 
[c?], [04], [0°] to denote the specific blunt seminvariants ending in c’, dt, 
respectively. 

The terms in C”, C”’, #’, HE’ are identical on each side of the equation and 
destroy each other: omitting these we have only the terms in C’C” which must 
be equivalent on the two sides of the equation, and comparing coefficients we 


find the relation 
2°? + 


which of course means 2[c*] + [b*] = 6[6°][8"], viz. this is 
2( 2e — 8bd + 6c*) + (— 4e + 16bd + — 48b’c + 24b*) = 6(— 2c + 26°)’. 
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In like manner for 0°, = (O’+ Q)° we have 


Here omitting the terms which destroy each other and comparing the 
coefficients of the remaining terms, viz. D'D' and C'E'+ C"E' we 
find the relations 

+ = 15.c° . 
= 


which may be easily verified. There are on the right-hand side only products 
of two parts, but this is on account of the special assumption Q = Q’+ Q”, a sum 
of two parts. 

67. I write now 


Q, = aa + By 0, 
= ax + By + yz Sa = 0, 
aa + By + yz + bw , 
Q;= ax + By + yz + dw + et , 


Q,=ax+ By + y2+ c+ Gu, Sx=0, 


and I say that Q, and Q, cannot break up: but that Q, breaks up if it becomes a 
sum of 2 + 2 terms (i. e. a sum of two parts Q, for each of which S,r = 0, and 
so in other cases): that Q,; breaks up if it becomes a sum of 2+ 3 terms, Q, 
breaks up if it becomes a sum of 2+ 4 or 2+ 2+ 2 terms, or if it becomes a 
sum of 3+ 3 terms: and similarly for any higher suffix. 

The condition that Q, may break up isa+y=0,x2+2=0, ory+2=0, 
or what is the same thing it is II,(a + y) = 0, where II;(a + y) is the product of 


(C’+-0") 
+(D'+D") 
+(C'+ Be? 
+(G'+G"+ C'E" + O"E'+D'D") .b 
equal to 
C8 + ) C".6+20D'.b*. ) + Ce 
+ C" FB". bc? 
. +G" 
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the three sums each containing x; this is a symmetric function, we in fact have 


+ y) = t2+w)t yw +2w)+ yew, = 


The condition in order that Q, may break up isw7+y=0,....orw+t=0, 
say this is II,)(2 + y) = 0, where II,,(x + y) denotes the product of the ten sums 
aty,....,w+t. Itwill be shown that we have y)= CDF—F’. 

The condition in order that Q, may break up is, ~+y=0,....or¢é+u=0, 
or again if x+y+z=0,.... ora+i+u=0, viz. it is 
where II,,(~ + y) is the product of the fifteen sums x+y,...., ¢+u, and 
+ y+ 2) is the product of the ten sums 4, each 
containing «x: II,,(~ + y) and II,)(2 + y + z) are symmetric functions, the expres- 
sions for which will be given further on: the weights in the capital letters are 15 
and 10 respectively. And similarly for Q with any higher suffix, we have the 
condition that this may break up. 

I introduce the factors #, fF, Iaw=G,.... respectively 
and write for Q, M, = TaIl,(2 + y) = — DE as above, 
QO; M,; = WaT y(x + y) = — F(— DE + CDF — F”) as above, 
Q, Ms, = + + y + 2), 


where observe that for the even suffixes of ©, the last factors II,(x + y), 
denote the products of the sums 
which contain x, that is in each case the products of only half the whole number of 
such linear factors. The suffixes of M show the weights in the capital letters 
C,D, F, G,.... viz. these are4+3,=7: 5+10, =15,6+15+10, =31, 
and so on; the law is obvious, and for 0, the weight is = 2”~!— 1. 
68. To explain the Strohian theory of perpetuants, I assume. explicitly as 
presently appears. For perpetuants of any given degree 3, we consider in 
”(w = 6 at least) the terms containing seminvariants of the given degree: for 
instance 6 = 4, w= 12 these are CH Bf? 
+ CDE. 
.cé 
+E .d 
where the capital expressions all contain as factor the letter H of the weight 4. 
By making Q to break up it is assumed that we obtain all the reductions of the 
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seminvariants of the degree and weight in question ; and every such seminvariant, if 
it be reducible, will be reduced by means of the resulting formule. Now there are 
seminvariants which are not reducible by these formule: in the example just 
considered, the seminvariant bddeé* has the coefficient CD*E which contains the 
factor DE, = xyzw(x + y)(«@ +2)(2-+w) which vanishes when Q, breaks up; 
so that supposing Q, to break up, the seminvariant bde? disappears from the 
formule, and we have no reduction of this seminvariant. And again it is 
assumed that every seminvariant which does not in this way disappear from the 
equation is reducible. The irreducible seminvariants are thus the seminvariants 
which when © breaks up into a sum of two or more parts disappear from the 
formule ; viz. the seminvariants which thus disappear are the perpetuants. 

69. In the case considered of quartic seminvariants it has just been seen 
that, for the weight 12, bde’ is a perpetuant; and so in general for the weight 
w, every quartic seminvariant multiplied into a product of capitals which contains 
the factor DE is a perpetuant: for the weight 7 the only term is DE. bc’, viz. 
the product of capitals is here = DH; and for any higher weight w we have 
products which are equal to D£ into products of the weight w— 7 in C, D, E: 
and we thus see that the G. F. for quartic perpetuants is = 2’+92.3.4. 

70. For quintic perpetuants we consider in QO¥(w= 5 at least) the terms 
which contain quintic perpetuants, for instance w= 15 the terms are 


OF 
+ ODF . df? 
+ OEF . 
+ DEF . bee 
+ CDF? . 
+F? 


where the functions of the capitals all contain the factor F; the finals 5%’, 
b’df*, .... are arranged in AO. Supposing Q, to break up, we have an expres- 
sion M, = — PEF + CDF’ — F’, which is = 0, and using this value of UM to 
eliminate the term D*HF which belongs to the seminvariant bce’ the final whereof 
is highest in AO, viz. writing DHF = — M+ CDF? — F* the expression is 


4 
a 
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b'df? +CDPF.bdf* 
+CEF .bcf? +CEF .bef? 

+ (— M+ CDF’ — F*) . bee —M bce’ 
+CEHF .bd'é +CEHF .bdé 
+CDF* .cdé + CDF? . + bce’) 
+F° +F%  .(d’ — bce) 


and here when Q, breaks up we have M= 0, that is the seminvariant bce® dis- 
appears from the equation, and it is thus a perpetuant: but b’g’, b’df’, bc?f*? and 
the combinations c*de’ + bce*, and d° — bce’ are severally reducible. 

The degree 15 is evidently the lowest degree for which there is an irre- 
ducible quintic seminvariant, and for any higher weight w the number of such 
seminvariants is equal to the number of capital terms which have the factor 
DEF, viz. this is equal to the number of terms weight w— 15 which can be 
made up with C, D, £, F; and hence 

for quintic perpetuants G. F. = 2° +9.3.4.5. 

71. For the degree 6, M= II ,aIl,,(x + y)II,(x + y + z) is a function of the 

capitals of the weight 31, and we thence at once infer that 


for sextic perpetuants G. F.= 2 +92.3.4.5.6. 
But it is worth while to write down the expression for M/: I do this annexing to 
each term the seminvariant (i. e. final term) which belongs to it, arranging these 
final terms in AO; the value thus arranged is 


i= finals in AO 
+1 bcei? 
—2 CBEF*G 
+1 CD EG be* gt” 
+2 DBPEF*G bef h 
—2 CDF'G bf? gh? 
+1 FG bg? 
—1 DEC edi? 
+1 CDFG cl hi? 
+1 CPEF@ cdegi? 
—4 DPE FG cdf 
—1 CDFG 
—1 
+4 CDEF*G cefgh® 
+1 CEG ofl? 
+4 EEG cfg 
—1 CDBG 
+4 DEG 


i 
| 
4 
; 
ae 
{ 
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It thus appears that the single sextic perpetuant of the weight 31 is bcei?, and 
generally that for any higher weight the sextic perpetuants are such that the 
conjugate capital terms contain each of them the factor DE’ FG. 

The like reasoning shows that 


for perpetuants of degree n, G. F. is = 


Investigation of the Values of the Foregoing Functions T(x + y), T(x + y) and 
IIy(2+y+2). Art. Nos. 72 to 74. 


72. Ifa, y, z, w, t are the roots of a quintic equation, say 
B, C,D, EF, F{A, 1P=0 
we require the product II,,(«+y), of the sum of two roots in the particular case 
B=0. But in order to the determination of the expression for IT,(x + y.+ z), 
we require the value of II,(~ + y) in the general case, B any value whatever. 
Writing x= —4(0+ 0), 


6+a+ty=—O0, 


and therefore 


we have 
(0+) — 2B(6+ a)* + 40(6 + wo)? — 8D(6 + a) + + o) — 32F=0, 
and the like equation with —o fora. Hence writing o* = M, we have 
— 2BH + 408 — 8D + 16H0— 32F)+ 
M(106 — 12B + 12C6— 8D) + M’*(50— 2B)=0, 

— 8 BO + 1206 —16D0 + 16£) + M?.1=0, 
which are of the form A+ CM’*=0, A+ BM+ =0 and give 
therefore by elimination of M the equation 

— (CA'— CA) + (BC'— AB'— =0; 

the left-hand side is here a function of 6 of the degree 10 vanishing when 
6+2-+y= 0, and which must therefore be, save as to a numerical factor, the 
product II,,(6-+ y). And we thus find 


+x+y)= 

+ 40 — 8C re 8D 406'— 112B6°+/136C 
+16B}) +80B 

—200BO +192BD (—64Bz ) (+128 02) —128DE/ 

+128 —526CD —128D? 


8 


58 CayLey: On Symmetric Functions and Seminvarianis. 


which is 
= 10246....+1024(— + CDF + 2BEF— BC’F— BCDE), 
and which therefore for B= 0 gives 
(a+y)=— F? + CDF— DE. 

73. Suppose now z, y, z, w, t, u are the roots of a sextic equation, say 
Considering here the product IJ,,(x+y-+ 2) of the sums of 3 roots, if B=0, 
this will be a perfect square (for each sum x+y-+z is equal to — a sum 
(w+t-+ u)) say it is the square of II,o(a + y +2), where the «+ y + z refers to 
the ten sums each containing x, and we wish to find this function II,o(# + y + 2). 
Writing for the equation whose roots are y, 2, w, ¢, u, 

B,C’, D', 1), 

we have by what precedes II,,(6 + y + z) =a function (# {6, 1)", viz. this is the 

above-mentioned function with B’, C’, D', E', F' in place of the unaccented letters. 

Introducing a new root «x and for A writing as we may do 0, we have 

B’, C’, D’, E', F'%0, 1) 
(1, B, C, D, E, F, 1); 

that is we have 

B=B'— 6 orconversely B+ 6, 


C=C'— Bd C= C+ 

D=D'— D=D+ C+ BP+ 

DO E=E+D0+ CP + G 
F=F — F=E+ + DP + 6,=—> 
G= 


where I have retained B, but the value hereof is in fact =0. In the foregoing 
function (#{6, 1) with the accented letters, writing for these their values 
B'=0,07°=C+, D=D+C0+@, etc., which belong to B= 0, we find 
+ y + 2) = — (486 + 5608 + 24D6 + 6420+ 
+ (166+ 8 C+ D)§ 1446"+ 26400+72D6'+ 128(C?-+ E)6 
+192F6 + 128 CHO+ 128(CF— DE)}, 


which equation divides by 64. Writing herein 6=2, we have 
+ y + z) = —(6a° + + + 8Ex + 4F)? 
+ (203+ Ca+D)j}18a'+ 33 9Dxt + 
16(C?+ + 24F2?+ 16 +16(CF—DE)} 
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where Cat + Dx’? + Ex’? + Fx + G is=0: the value ought in virtue of this 
equation to reduce itself to a mere function of the coefficients, and we in fact 
find that the equation is 


1611, (2+ y +2) = 
(16 C? — + Cx! + D2? + Ee’? + Fx) + 16CDF— —16F’, 
reducing itself to 
—(16 0? — 64E)G + 
viz. dividing each side by 16, we have 
+ y +2) —C’G— + CDF— PE, 
which is the required result. The equation (6? — 1)?=0, for which a, y, z, w, 
t,u= 1, 1, 1,—1,— 1, —1 gives a numerical verification. 
74. I find also, for the same value B = 0, the function II,,(% + y). Writing 
as before x= — (0+), 
y = —3(9—@), 


and therefore 


we have 


(6+ o) + 4C(6 + o)'— 8D(0 + + 16H(6 + o) — 32F(6 + o) + 6446 =0, 


and the like equation with —@ for@. Hence writing o = M, we have 


(65 + — + 1626? — 32.70 + + + 2406 — 24D0 +162) 
+ +40) + 
(60° +1600? — +3220 — 32F) + M(200°+16C0—8D)+ M*.60=0, 
say these equations are aM*+ 6M’?+cM+d=0, pM’+qM+r=0. Elimin- 
ating M we have 


ans I, 
—ab.qr b= 40, 
+ ac(—2pr?+ c= 150+ 2400 — 24D0 + 168, 
+0. pr d= 406 — — 32F0 + 64G, 
+ ad(3pqr — 
+ be(— pqr) p= 68, 
+ bd(— 2p*r + pq’) g= 200 +16C6— 8D, 
+c .pr r= 66+ — + 32H0 — 32F, 
—cd.p*q 


+@.p?=0 


i 
t 
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The equation as far as I have calculated it is 
— 327686"... — 32768(— + ODF + PEF)=0; 
the left-hand side is here = — 32768II,;(x + y); and we have therefore 
+ y) =—DG+ F?—CDF’ + DEF, 
the required result. It may be remarked that writing G =0, and throwing out 
a factor —F’, we have — F?4+ CDF— DE, which is the expression for II,.(x + y) 


in the quintic equation. 
We have 
Tell, 
DG+ (F?’—CDF + DE)F}{ (4k — 0?)G— + CDF — DE}, 
the developed expression whereof is the foregoing value 
M= DE* FG — + etc., ante No. 71. 


The Operators P — $b and Q— 2b. Art. Nos. 75 to 84. 


75. The analogous theory for nonunitariants is established, ante Nos. 24 et seq. 
For seminvariants we have 
P= bd, + cd; +dd,+...., 
Q=cd, + 2dd,+.... 


or more definitely if the seminvariant operated upon be of the degree 4, the 
weight w and extent o, say its highest letter is a,, =p, then 

P= bd, + cd, + dd, .... + gd, 

cd, + 2dd,.... + 6,0,, 
then we have 

P — 0b, Q— 2b, 
operators each of them of the deg. weight 1.1, viz. each of them operating upon 
a seminvariant S of the deg. weight 6. gives a seminvariant S’ of the deg. 
weight 6 + 1.@-+1; moreover, a new letter q is introduced, or say the extent is 
increased from o too +1. For the proof it is only necessary to show that 
A(P — 66)S and A( Q — 2b) are each = 0, but it is unnecessary to do this, as 
the like proof has already been given for nonunitariants. 
The two seminvariant operators were first considered in my paper “On a 

Theorem Relating to Seminvariants,” Quart. Math. Jour. t. XX (1885), pp. 


212-213. 
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76. We may instead of P— 66 and Q — 2b, consider the linear com- 
bination Y= 2a(P — db) — 6(Q— 2b), that is 20P—<dQ, which is of deg. 
weight 0.1, viz. it leaves the degree unaltered, while increasing as before the 
weight, and also the extent, each by unity. And again the combination 

Z = o(P — 6b) — (Q — 206), that is cP — Q — (od — 20)b, 
where observe that cP— Q, =0b0,+(6 —1)cd,.... + 1pd, does not contain the 
new letter g, the operator Z is thus of the deg. weight 1. 1 increasing the degree 
and also the weight each by unity, but leaving the extent unaltered. 

There is a special case which it is important to attend to, we may have 
o) — 20=0, viz. this is the case when the seminvariant operated upon is in 
regard to the letters comprised therein an invariant. Here the two combinations 
Y, Z are equivalent to each other, each of them is = ob0, + (¢—1)cd,....+1pdy, 
which is an annihilator of the seminvariant (invariant) operated upon. 
Hence in this case we cannot replace the original forms by the linear combina- 
tions, but must retain one (no matter which) of the original forms P— dd, 
Q — 

77. We can by means of the foregoing operators starting from the quadric 
seminvariants c — 6”, etc., derive in order the seminvariants for the successive 
weights 3, 4, 5,.... 

Thus writing down the series of finals (in AO as before) 

cd” 
Bc? 
I proceed as follows, observing, however, that when the function operated 
upon is an invariant seminvariant we must instead of Z write P — db. 
emerges, b? = Zb’, c’ emerges, bc? = Zc’, d’ emerges, bd? = Zd’,_ emerges, 
be = 
bie? = 
= Zb' 


( 
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viz. whenever the seminvariant to be obtained has a final containing 6 it is 
obtained by means of the operator Z (or it may be P— db), but when there is no 
6 then by the operator Y. 

The seminvariants operated upon may be blunt or sharp, but there is an 
advantage in operating on the sharp forms as these are more simple and we 
thereby obtain for the next superior weight forms more nearly approximating to 
the sharp forms. We do not however by thus operating on a sharp form obtain 
directly a sharp form; to do this the form obtained must be modified by adding 
thereto a numerical multiple or multiples of a preceding sharp form: and thus 
the theory does not determine beforehand the forms of the sharp seminvariants. 
But making at each step the necessary modification (if any) we have thereby, 
when the sharp seminvariants of the next preceding weight are known, a very 
convenient process for the calculation of the sharp seminvariants of any given 
weight, in the AO arrangement of their final terms. Thus for the weight 
10; ko /f* is taken to be known, the next two forms ci « ce’ and dh  b’e’ are 
calculated each from 7 « be’, the expression for which is = j7—9bi+ 20ch—28dg+ 
14ef + 16b°h — 56bcg + 112bdf— 70be?. We have for jobe’, o=9, 
o = 9 and therefore 


4 Y= + 5cd0, + 4d0, + + 2/0, + id, — 270, — 3kd;, 
Z = 9b0, + 800, + 7dd, + 6€0, + 5f0, + 490, + 3hd, + 210, + 70, — 9b. 


78. I exhibit the calculation as follows: 


bj |— 10/+ 12 +18 + 30— 30) 0 
ci | + 45| — 45 —20 — 65+135|-+ 70) +1 
dh 120 + 80 + 80—860|—280) —4 
eg +210) — 70+630| +560) +8 
f? | —126 | + 28 + 28—878 | —350) —5 
| |- 54 —16 — 70 — —1 
beh | 04160 +280 +280} +4 
bdg | | —224 +112 —280 —280| —4 
bef | i+ 84 +836—280 +140 +140| +2 
eg | —280 —280 —280| —4 
cdf | | +560 +560 +560| +8 
ce? | — 850 
de | | 
| 
| 
| 
be? 


+28 
+256 


CayLEyY: On Symmetric Functions and Seminvarianis. 


Z(j 

k 

bj 18 o | 

ci — 72 4-40 — set sel o | 

dh +140 — 84 + §6—128|— 72) +4 
eg —168 + 56 — 112+256/+ 144] — 8 
f? | + 70 + 70—160/— +5 
b% |— 81 +82 + 8i/+ 0 0 
beh +180-+256 —168 — 180\+ 88+128|+ 216| —12 
bdg |-252  —892 +448 + 252/+ 56—128|— 72) + 4 
bef +126 +672—700 — 126/— 28+ 64/+ 36|—2 
eg —448 — 448—128|— 576/| +82 
cdf 4896 + 896-++256 | +1152) —64 
ce? —560 560—160|— 720) +40 
| 

|— 144] + 8 
b’cg + 504 i+ —28 
—1008 | —1008 '—1008| +56 
be? + 630/-+ 630 —35 

+149 


The numbers (1, 2,.... 9) and (1, 2,....10) at the head of the columns 
refer to the nine terms 640,, 5cd,,.... of 4 Y, and the ten terms 940,, 8c0,;,..-. 
of Z respectively, these several operations being performed on (7 « be’) the value 
of which is given above: the daggers + denote the additions which have to be 
made in order to obtain the proper initial term, viz. for the first + the added 
term is + 3(4 « f*) and for the second + the added term is + 32(ci ce’): the 
headings + 70 and + — 18 explain themselves, and the columns headed with an 
asterisk * give the results, viz. the first of these is (ci «ce*) and the ‘second of 
them is (dh ~ b’e*). As appears above, the value of the first of these is used in 
the second + column for obtaining that of the second of them. 

79. We may operate with P— 66 and Q@— 2ab on a product (deg. weight 
§.a) ST of two seminvariants S, 7, deg. weights 9/. a! and 8’. a! respectively, 
6= 04+ 8’, +". We have 

(P— db) ST=8.PT+ T.PS— + 6") ST, = 8(P— T+ T(P— Hb) 8, 
where (P—0/b)S and (P— 0"b) T are each of them a seminvariant. And 
similarly 
(Q—2ab) ST= 8.QT+ T.QS— 2(0'+ 0") bST= S(Q— 20"b) T+ T(Q— 2a'b) 8S, 
where (Q — 2a/b) S and (Q — 2a"b) T are each of them a seminvariant. That is, 
operating either with P—db or Q— 2b on a product we have a sum of products; 
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and therefore also operating upon a sum of products (each product being of the 
deg. weight a. 6) we have a sum of products, each product in such sum being of 
the deg. weight + 1.6-+ 1, and moreover of the extento +1. And instead 
of binary products, we may, it is clear, consider ternary, quaternary, etc., 
products. 

The like theorem applies to the derived operators Y and Z, but as to Y 
there is a specialty to be noticed. We have 
Y.ST= % (P — 6b) ST — (Q— 206) ST, 

= 20{ (P —d"b) T+ T(P—Sb)S8} —3{8(Q—2"b) T+ T(Q— 20'b) S}, 
= 20 (P — T—3(Q— 20"b) T} + T} 2a(P— (Q—20’b) S}, 

where the whole of the right-hand side as being equal to Y. S7'is of the degree 
the separate products { } 
and 7'{} which occur on the right-hand side are each of them of the degree § + 1. 

It is scarcely necessary, but it may be proper to remark that we frequently 
combine by addition a seminvariant S of the deg. weight J.@ with a seminvariant 
T deg. weight 5 —e.@ of the same weight but of an inferior degree, but when 
this is done we regard the 7’ as standing for a‘7, and as being thus of the same 
deg. weight d.w. We have 

(P—éb) at PT+ TPa‘'—(e+d—2) ba‘ T,=a‘ P—(d—e) b} T+ T(P—2b) a’, 

where (P—eb) a‘=(e— b= 0, and consequently (P—d) a‘ T=} P—(d—e) 6} 7; 
viz. for the operation upon 7’ we regard P — 0 as standing for P — (5 — e) b. 
As regards Q we have (@ — 2ab) a‘ T= (Q — 2b) T; viz. the degree of 7’ does 
not here present itself. 

80. We may write 


6, but except in the particular case (2 = 


(20P — 6Q)S= 8’, 

the new seminvariant S’ being of the weight + 1; hence also 

{(20 + 2) P—dQ}.{20P — S= 8", 
where §” is of the weight @ + 2; viz. we have an operator 

+ 2) P—dQ}.{ 20P — 

which operating on a seminvariant of the deg. weight J.@ gives a seminvariant 
of the deg. weight d.© + 2. This is 
= (40°+ 40)(P?+ P. P)—(20+ 2)5(PQ+P. Q)— 20d (QP+ Q.P)+8(G+ 9. Q), 


where P*, PQ, QP and Q are the mere algebraical squares and products, while 


¥ 
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P.@Q and Q.P denote respectively P operating on Q and Q operating on P; 
and since PQ = YP this is 


=(4a’+ 40)( P?+ P. P)—(40+ PQ—2(@+ 2)5P. Q—205Q. Q). 


Recollecting that P= 60, +cd,+dd,+....,Q@=cd,+ 2dd,+...., we have 
P.P=cd,+dda, ted, +...., 
P.Q@= dd, +...., 
Q.P=cd,+ 2dd, + 3e0, +....,.=P.P+P.Q, 
Q.Q= 1.2d0,+ 2.3e0,+...., 


and attending to the relation just obtained 9. P= P.P+ P.Q, we find that 
the operator may be written 
(4a? + 4a){ P? — (6 — 1) P.P} 
— (40+ 2)8{PQ—oP.P—3(6—3) P.Q} 
+ 3 (40 + 2) P.Q}; 
in fact here the terms in P*, PQ, Q’ are in the original form, while those in 
P.P, P.Q, Q-@Q are 


(4a? + 40)(1— 46)P.P + (40? + 20) dP.P— 3(40 + 2)(8— 36) P.9+0Q.Q 
which are 
= (407 + 40 — 20d) P.P— (40 + 2)dbP.9+ &Q.Q, 
agreeing with the original form 


+ 40) P. P — (20 + 2)8P.Q— 20) (P.P + P.Q) + 89.Q. 


81. I find that each of the three parts is separately an operator, viz. that we 
have 
P* — (6 — 1) P.P, 
PQ—oP.P— 3 — 3) P.Q, 
+ 3 (40 + 2) P.Q, 
each of them an operator, which operating on a seminvariant of deg. weight d.a 


gives a seminvariant of deg. weight d.@ + 2. 
I verify this for the first of the three operators, say 


Q= P—(§—1)P.P=P+ P.P—, 


if for a moment P.P, = cd, + de, + cd, +.... is put =O. 
9 
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Here for a seminvariant S we have 
QOS = (P?+ P.P— 60) S= P (PS) — 608. 
Writing S’ = (aP — bd) S, then S’ is a seminvariant, degree = 6 + 1, and then 
if 8” = (aP —b(5+1)) S’, S’ is a seminvariant, degree 2. We have 
PS + 688), and thence 


QS = + — 608, = — b(S' + B58) + P(S' + B58) — SON. 
Here 
P(S' + 058) = PS' + b5PS,= + + 1) + cdS + + BSS), 
and hence 

OS = 8" + 2658! + {cd + — S— JOS. 
This will be a seminvariant if A.OS = 0; we have 
A.QS= AS" + 265AS' + fed + (d? — 8 
+ 258’ + {2b5 + 26 8, 
or omitting the terms in AS”, AS’, AS which respectively vanish, this is 
= 258’ + — + A.O) S. 
But since PS = S'+ 63S, and from AS = 0 we deduce 0 = (OA + 90.A) S, the 
equation becomes 


A.OS = — — O.A)S, 
and from A= ad,+ 260, + 3cd, +....,9= cd, + dd, + €0,+.... we have 
A.O = + 3cd, + 4d0,+.... 


cd, + 2d0,+...., 
and thence 
—O0.A= + 2cd, + 2dd,4+....,= 2P, 


and we have thus the required equation A.QS= 0. 


82. If instead of P, ©, we write B, C, so that 


B= 6bd,+ cd, + dd,+.... 
C= B8B.B=c0,+ dd,+ ed, +...., and put further 
D= B.C=d0,+ fd, +.... 
E=B.D= f0,+ 90, +..-., 


f 
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then the foregoing operator is B? — (S — 1) C, or reversing the sign, say it is 
(6 — 1) C— B’, which is the first of a series of operators 


(6— 1) C— 
(5 — 1)(6 — 2) D— — 2) BC + 
(6 — 1)(6 — 2)(6 — 8) 4(5 — — 3) BD + 6 (5— 3) BC — 3B, 


which are of the deg. weights 0.2, 0.3, 0.4, etc., respectively, viz. operating upon 
a seminvariant of deg. weight d.@ they leave the degree unaltered, but increase 
the weight by 2, 3, 4,.... respectively. 

It is to be observed that B’, BC, B*, etc., denote the mere algebraical 
powers and products of the symbols B, C, D, etc., without any operation of one 
symbol on another. 

As a simple illustration take (C — B*)(ac — 6°), here: 


C(ac— =e— 2%d+ 
— B= — (2bdd,0,+ “ ) — 2bd + 2¢ 
Value is e— 4bd + 3c” 


and similarly for (C — B’) (ae — 4bd + 3c’), here: 


C (ae — 4bd + 3c?) = g —4b6f+ (6+ l1)ce — 40° 
— B= —(2bf0,0, + 2ced,d,+ ( ) — 2bf + 8ce — 6d? 
Value is g —6bf + 15ce —10@ 


A direct proof may of course be obtained for any one of the foregoing 
operators; viz. calling it O, it may be shown that AOS is=0. I have not 
considered the like question of the derivation of series of operators from the 
other two forms 


PQ—oP.P--3(5—3)P.Q and Q@+ Q.Q—3(4a+ 2) P.Q respectively. 


83. I do not wish in the present paper to go into the theory of covariants, 
but it is nevertheless proper to point out the connexion which exists between 
the covariant theory of derivation and the operators P and Q. 

Consider a quantic (a, b, c,.... a=a,\x, y)”; any covariant hereof is 
(A, B, C....%x, y)* where A is a seminvariant say of degree 4 and weight, 
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$(o'5—u), or — 2a, reduced to zero by the operation A=ad, + 260,+ 
.... +o/b'0,: and if we write 


= 0'b0, + —1)cd,.... +49, , 


then B=9,A, C=39,B, D=}49,C,... 
The derivative (f, is = 0,f.0,F—0,f.0,F 


= (aB—ubA, .... fx, 
that is A being a seminvariant, we have aB —ubA a seminvariant, or say 
(o,, —w'b)A = sem. = — 20, 
and similarly 
(>, — ub) A=sem. u = 66 — 2. 
Hence 
(u A , and {o'p, we (o'u ou! )b }.A 
are each of them a seminvariant: but 
=0'b0,+(c/—1)cd +...., 


— bo = (6 —0')(b0, +00, + ....)=(6—o')P, u—w' = —')6, 
and first form, omitting factor c—o’, is=(P—06)A: similarly 
(6 — 0’) (cd, + and 


and second form is =(Q— 2wb)A. 

We thus see that the operators P— 6b and Q@— 2b upon a seminvariant A 
depend on the derivation of f upon a covariant which has A for its leading 
coefficient: the order of / is arbitrary and we have thus two distinct forms. 

84. As an illustration consider the quantics (1, 6, c, d, e, ffx, y)*, and 
(1, 6, ¢, d, e, f, gkx, y)®: each of these has a covariant the leading coefficient of 
which is A= /f—5be + 2cd + — 6he’, viz. these are 


f+1| 5).... and f+1 g+ l1j.... 
be — ce—16| be—5| f+ 2 
cd + 2 a+ 6) cd + 2) ce — 19 
(led +8 9] { @+ 8 Ya, 
be? — 6 bed + 38 
cf — 24) ‘bed + 44 
+11 +49 | & — 30 


+55 
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and we find without difficulty 
(g © d’) (ce c*) 


(fs, Fs) —34 —16 
(P— 3ds)\A= 1 —18 — 6 
(Q—108)4= 56 —74 —20 


and thence 
(P— (f, (A, 
(Q — 106)A = 5(f,, — 


viz. we thus have P—3b, and Q—10b upon fo bc each given as a linear 
function of the derivatives and where f, are the quintic and 
the sextic function, and F,, F; are like covariants of these functions respectively. 
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Tables of Pure Reciprocants to the Weight 8. 


By Pror. 


In the tabulation of Pure Reciprocants it is convenient to write a= 1; we 
thus have for all the reciprocants of a given weight a single column of literal 
terms which (as in the Seminvariant Tables) I arrange in alphabetical order AO, 
and the several reciprocants have then each of them its own column of numerical 
coefficients: the form of the table is thus similar to that of the seminvariant 
table, the only difference being that for reciprocants the final terms are not in 
general power-enders: asin the seminvariant table, the columns of the table are 
arranged inter se with their final terms in AO. As remarked in my _ paper, 
“Corrected Seminvariant Tables for the Weights 11 and 12,” A. M.J., t. XIV 
(1892), pp. 195-200, it is not in every case the top term of a column which should 
be regarded as the initial term; but to the extent 8 to which the reciprocant 
tables are here carried this remark has no application. 

I recall that the notation is the modified one employed by Halphen, and by 
Sylvester in his 12th and subsequent lectures, viz. a, 6, c, d,.... denote 
1dy 1 dy 1 dy 
2 da®’ 6 24 da*’ 120 
put = 1, but it is to be in the several terms restored in the proper powers so as 
to obtain for the reciprocant a homogeneous expression of a degree equal to the 
original degree of the final term ; thus d — 3be + 28? is to be read as standing for 
a’d — 8abe + 2°. 

The ultimate verification of the expression for a pure reciprocant consists (as 
is known) in its annihilation by the operator 


V= 2a°0, + 5ab0, + (6ac + 36*)0, + (Tad + 7bc)0, + (8ae + 8bd + 4c’)d, + ete., 
or say 


V= 20,+ 560,+ (6c + 30°)0,-++ (74+ 7he)d, + (8¢ + 8bd + 4c*)d, + etc; 


respectively. As already noticed, a is 


i 
i 
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thus for the reciprocant 50e — 175d + 28c* + 1050%c, the result obtained is 
2(— 175d + 210bc) + 5b(56c + 1056*) + (6c + 3b*)(—175b) + (7d + 7be)(50), 


or collecting, this is 


d |— 350 + 350/+ 350 
be| + 420 + 280 — 1050 + 1050 
b° + 525— 525 525 
= 0, as it should be. 
The tables are 
|+4 d |+1 e |+ 50| |+10 
—5 be | bd | —175 be | —40 
+3 be | +105 | —40 bid | 5 
b* | + 25 be? +16 —12 
+183 +41 +23 
—175 —40 | —10 
+91 +27 
g |+ 14 7 | 
bf 63 | bg 35 
ce | —1350 + 800) of 539° B00 560 | 
| +1470) — 875) 4+ 125 de |+ 605\— 650+ 50 
be | +1782) — 1000 bf i+ 735|— 700 | 
bed | —4158| + 2450|— 750 bee + 306 290.— 150, 
| +2130) 1344/4 256 64 bd? 2975 — 
500 ed 28+ 16 
+ 35/+ 165 — 240 bie —1485 415004 100 
bie | 300 + 300 Bed +3465 — 3710+ 630. — 40 
+5576 +3250 +1018 + 364 od | | — 850+ 25 
—5508 —3254 365 + 63\— 2594152 
Bc | | + 210\—155 
a | | + 50 


+6119 +6386 +1018 +243 


—5489 
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+ 420) 

bh 2310) 

cg 32704-+ 1176 

df 57750\— 8085+ 20433 | 


+ 

|— 20460+ 7040— 21542+ 625 
+ 45500— 1470 | | | 
— 28392+ 18963— 61299 | 

bde |— 90900— 169404 69062— 4375 | 

ce |+103740— 27160+ 80248— 49700 + 3200 

c# |— 38320+ 26460— 85554+ 55125 — 3500 + 500 
— 69615— 9555+ 40866 | 

Bice |+ 83538 28098 —106218 +128625 — 8000 

bd? |+ 928204 12740— 54782— 61250 + 4375|— 625 

+ 


be’d |—102102— 52822 + 191590 —156800 9800 —3000. 
+ 21560— 73304+ 84868 — 5376 +1024 + 256 
bte _— $378— 78750 + 5000 | 
Bed | + 1176 +183750 —12250| +5750 
—102165 + 6580'— 620 —1280 
Bd | _—2500) 
bie + 175 —2025)\+ 2400 
be | +1500)—2000 
5° | + 625 


+ 383768 +116037 + 403375 +452993 +29130 +8774 +3281 
—384803 —116032 —403077 —453040 —-29126 —8750 —3280 


I remark that in the last of these tables the first column, say 7 » be’d, which 
ends in bc*d, is a more simple form than Sylvester’s P;, = 7 oc‘, (A. M. J., t. IX, 
p- 85) which ends in c*; P, is in fact a linear combination, first col. + 6 second 
col. of the first and second columns of the table: the second column, say cg « c* 
is Sylvester’s (a’cg), t. IX, p. 124. 
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On the Differential Equation Au+u= 0. 


By Maxime BocHer. 


It is well known that any solution of the differential equation 


Ou , Ou 

oy? +khu=0, (1) 
or as I will say for the sake of brevity any w-function, yields when multiplied by 
the factor e+“ a Newtonian potential function, that is a solution of the equation : 


AV, 
ae tat 2) 


It has not, however, as far as I have been able to ascertain, been noticed that 
this fact can be made use of to deduce a considerable number of the fundamental 
properties of u-functions of two variables from well known properties of the 
Newtonian potential function. It is my purpose in the following paper to show 
in some detail how this can be done. 

It is true that the method here suggested has only a limited range of appli- 
cation, and that from the point of view of the purist (I use the term in no 
invidious sense), the processes employed by H. Weber* and Pockels,+ which 
consist in generalizing the methods and formule of the theory of the two dimen- 
sional potential, are vastly to be preferred. The course pursued in the present 
article, however, has the advantage of arriving at many of the most important 
results with very little labor when once the properties of the Newtonian poten- 
tial function are premised.{ 


2 

*“ Ueber die Integration der partiellen Differentialgleichung : ter +k?u=0.’? Mathema- 
tische Annalen, Vol. I. 

‘‘ Ueber die partielle Differentialgleichung 4u + k?u=0.” Teubner, Leipzig, 1891. 

}In the present paper I shall confine my attention to u-functions with two independent variables. 
u-functions with n independent variables, i. e. solutions of the equation 

t=n 

mene, 
may, however, be treated in precisely the same way. Their properties would then be made to depend 
upon the properties of the potential in space of n + 1 dimensions. 


| 
4 
| 
| 
| 
| 
t 
| 
: 
t 
i 
4 


BécuER: On the Differential Equation Au + ?u=0. 79 


Instead of dealing with either of the Newtonian potential functions 
e+” u(x, y), it will usually be more convenient to take as our potential a com- 
bination of the two, namely 


cosh kz.u(s, y). 


One advantage of this modification is that when & has the pure imaginary value 
- tx this potential is still real, having the form 


cos xz.u(x, 


The u-functions whose & is real have in many respects different properties 
from those whose & is pure imaginary. One of the most fundamental of these 
differences is the following: 

A u-function with pure imaginary k cannot vanish at all points of the boundary 
of a region which lies in a portion of the x, y plane where the function is finite, 
continuous and single valued. When, however, k 1s real, u-functions do exist which 
vanish along the boundaries of such regions.* 

In order to establish the first part of this proposition we have merely to 
notice that any vanishing line of a w-function in the z, y plane gives a cylindrical 
surface whose elements are parallel to the axis of z, at every point of which the 
potential cos xz.u(x, y) vanishes. This potential, however, vanishes also on an 
infinite number of planes parallel to the plane x, y. Accordingly if there did 
exist a region of the nature above described on whose boundary the u-function 
vanished, the potential function would vanish on the boundary of an infinite 
number of finite solids cut out by the cylindrical surface just mentioned and by 
planes perpendicular to its elements. This, however, we know from the theory 
of the potential to be impossible. 

On the other hand when £ is real the above reasoning does not apply ; for the 
potential cosh kz. u(x, y) vanishes only on the cylindrical surfaces erected on the 
vanishing curves of the u-function, and space is not cut up into finite regions on 
whose boundaries the potential vanishes. That when & is real we actually do 
have such exceptional regionst in the x, y plane on whose boundaries the 
u-function vanishes is seen by numerous familiar examples. 

Another proposition which we can obtain with ease is that, whether & be 
real or imaginary, no point at which a u-function vanishes can be tsolated, but every 


* Pockels, p. 189; pp. 33-186. 
Tt ‘‘Ausgezeichnete Bereiche ”’; cf. Pockels, p. 222. 
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such point must lie on a curve at all of whose points the u-function vanishes.* For 
if such an isolated point existed, the potential cosh kz.u(x,y) would vanish 
along an isolated line, whereas we know that it must vanish along a whole 
surface. 

Now it is equally true that every equipotential surface V= constant (not 
merely those where V= 0) must be a real surface and not an isolated point or 
line. We cannot, however, conclude from this that the points where a wfunction 
has a given value must completely fill a line, for the surfaces along which 
cosh kz. u(x, y) is constant are not cylindrical surfaces except when this constant 
has the value zero. The sections of these equipotential surfaces with the plane 
x,y give the lines along which the w-function has constant values. It is, how- 
ever, perfectly conceivable that some of these equipotential surfaces should cut 
the plane x, y in one or more isolated points. That this really does occur is 
seen most readily by considering the w-function J,(ka/a + y”) where J, denotes 
a Bessels function of the first kind of order zero. 

It should be noticed that isolated points of this kind, at which of course the 
u-function reaches a maximum or a minimum, may occur not merely when & is 
real but also when it is pure imaginary. There is, however, an essential distinc- 
tion between the two cases which is not explicitly stated by Weber or Pockels,+ 
and which may be stated as follows: 

Within a region where a u-function is finite, continuous and single valued there 
may exist points where it reaches a maximum or a minimum. If, however, k is real, 
the ABSOLUTE VALUE of u must have a maximum at these points ; if kis pure imaginary, 
a minimum. 

To prove this proposition we may assume that the u-function has a positive 
value at the point in question, for if it had not we could get a w-function which 
would be positive there by multiplying by —1. Then we merely have to show 
that if & is real, w cannot be a minimum, and that if & is pure imaginary it cannot 
be a maximum. This, however, follows at once from the fact that & being real 
and uw a positive minimum, the potential cosh kz.u(x, y) would itself be a 
minimum at the point in question; while if 4=ix were pure imaginary and ua 
positive maximum, the potential cos xz.u(x, y) would be a maximum. 


* Pockels, p. 218. 

T It is, however, implicitly contained in the last paragraph on page 10 of Weber’s article quoted 
above. I find, however, no indication of the possibility of extending the proposition to the case where 
u is @ maximum or a minimum along a curve. 
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For the same reasons the above proposition holds true when for maximum 
or minimum points of the u-function we substitute maximum or minimum Jines. 
The value of the w-function on such lines cannot, moreover, be zero any more than 
it can at maximum or minimum points. This also follows easily from the theory 
of the Newtonian potential function.* 

Another proposition, whose truth we see at a glance, is the one established 
by Pockels (p. 226), which says that two vanishing lines of a u-function cut each 
other, if at all, orthogonally, except when n vanishing lines pass through the same 


point, in which case they make equal angles = with one another. This follows from 


the corresponding proposition concerning the Newtonian potential, since the 
vanishing surfaces of the potential cosh kz.u(x, y) are merely the cylinders 
erected on the vanishing lines of the u-function as base. Here again, however, 
we can draw no inference concerning the lines along which a u-function has a 
- constant value other than zero. | 

The theory of the Newtonian potential tells us that a potential V can be 
developed about any non-singular point into a series proceeding according to 
ascending spherical harmonics, this development holding within a sphere 
described about the point as centre and passing through the nearest singular 
point of the potential function. If we apply this proposition to the special class 
of potentials we are here interested in we get the following development : 


cosh kz.u(x, y) = Dy +7°@, + .... 
where the surface spherical harmonic ®, may, by using polar coordinates, be 
written in the form: 
= 
An, oP,(COSS)+a,, ,P2(cos>).cos nd 
+b, ,P\(cos 3).sin@+b,, 2P%(cosS).sin 


We will suppose the origin of the system of polar coordinates r, 5, @ to be in 
the x, y plane, and the axis of the system to be perpendicular to this plane. If 


‘now in the development we set z= 0(i.e. we get: 


(3) 


*It may be interesting to note that at infinity just the opposite of this is true, inasmuch as there a 
u-function may have zero as a maximum or minimum value, and that this is the only case where a 
u-function can fail to have a (real) singularity at infinity. 


11 
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where 
X, = + An, 10089 + A, 


+ B,,, sing + B, 
We thus get the proposition: 
In the neighborhood of any non-singular point a u-function may be developed in 
a-sertes of the form (3), and this series will converge within a circle described about 
the point in question as centre and passing through the nearest singular point of the 


u-function. 
If we compare the development (3) with the development 


u= cos no + B, sin ng) (4) 
n=0 
(cf. Pockels, p. 226) we see that each term of (4) is a u-function while the terms 
of (3) are not. This makes (4), as Pockels says, the natural generalization of 
the development 


y)= cos no + B, sin ng) (5) 
n=0 
of a two dimensional, potential. The region of convergency of the series (4) has 
not, however, been investigated, while, as above shown, the series (3) has a 
circle of convergency exactly like that of (5). 
A number of other propositions in the theory of the Newtonian potential 
yield in the same way simple properties of the two dimensional w-function.+} 


* These functions X, are considerably simplified, owing to the fact that all of their coefficients 
An,m and By, m vanish in which n — m is an odd number, since the same is true of P”(0) which enters as 
a factor into them. 

7 On the other hand, many simple properties of the Newtonian potential yield propositions con- 
cerning the u-function which are so complicated as to be of comparatively little interest. Thus the 
proposition that the average value of a potential on the surface of a sphere is equal to the value of the 
potential at the centre of the sphere gives the following : 

If r, is the radius of a circle which lies in a region of the x, y plane where a u-function is finite, 
continuous and single valued, and if r denotes the (variable) distance from the centre of this circle, 
then the average value of 

r, cosh — 
9). 


within the circle is equal to the value of u at the centre of the circle. 

By comparing this complicated proposition with the simple one to which it bears a certain resem- 
blance (equation 66, Pockels, p. 217) we get the following rather simple definite integral formula, which, 
of course, has nothing to do with the theory of u-functions : 


w= 2. —x*)dz. 
0 
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One of the more important propositions which can be proved at once in this way 
will be found on page 212 of Pockels’ book. 

Still another application of our method should be mentioned, although the 
limits of the present article forbid a detailed discussion of it. 

An extended class of problems in the theory of the potential may be solved 
by the method of development in series which proceed according to trigonometric 
functions, spherical harmonics, or other similar functions. The same is true in 
the theory of the wfunctions.* In the theory of the potential a simple theory 
has been found by Klein} connecting the great number of isolated problems 
which had previously been solved by development in series. The same theory 
may be at once applied to wfunctions (of any number of variables) by means of 
the method of the present article. I expect on another occasion to return to this 
question. 

In conclusion we must note that the method of the present article is 
applicable not merely to the equation Au + w= 0, but also to a number of 
other partial differential equations, chief among these being the equation for 
surface spherical harmonics. We could get by means of our method a series of 
propositions concerning surface spherical harmonics closely resembling those 
deduced in the present article for u-functions ; and in one respect we should be 
even freer in the application of our method, as we should not be hampered by the 
presence of an essential singular point, such as we have at infinity in the case of 
the potential cosh kz.u(x, y). The method employed by Prof. Klein in his 
lectures to prove that complete surface spherical harmonics must be of integral 
ordert comes under the method of the present article. 


HARVARD UNIVERSITY, August 2, 1892. 


*See Pockels, pp. 326-335. 

TSee his note in the Géttinger Nachrichten for March, 1890; and also my essay: ‘‘Ueber die 
Reihenentwickelungen der Potentialtheorie,’’ Gdttingen, 1891. 
t See Pockels, p. 106. 
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Geometrical Illustrations of Some Theorems in Number. 


By Eutery W. Davis. 


.The Cartesian coordinates of a point in a plane being denoted by x and y, 
consider a change to a system whose coordinates, £, 7, are given by 


E=aty, n=y. 
The transformation preserves all areas and collineations unchanged, together 


with the order of all directions about any and all points and of all positions along 


any and all lines. . 

Let x and y be integers; then also are £ and 7. Moreover, & and y are or 
are not relatively prime according as x and y are. 

All that we have said would likewise be true had the transformation been 


2, 


Furthermore, by a continued repetition of these transformations we can get 
from any point whose coordinates are relatively prime integers to all other 
points whose coordinates are relatively prime integers. 

For suppose both coordinates positive. Then, by always retaining the 
smaller coordinate and replacing the larger by the difference of the two, we get 
at last the point (1, 1); while, by merely reversing the operations that would 
carry us from a point (x, y) to a point (1,1), we get from (1, 1) to (a, y). 
Obvious enough is the modification of this process necessary when one or both 
coordinates are negative. : 

Imagine drawn the positive parts of the lines 


The intersections of these lines we call nodes. When a node is such that its 
x and y are relatively prime it is a filled node; otherwise the node is open. 
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Marking all the filled nodes by dots gives a diagram used by Prof. Sylvester 
in demonstrating certain theorems about Farey series. A modification has also 
been used in the calculation of factor tables. 

The actual construction of the diagram is facilitated by taking account of 
the fact that 

esa, y=b (a >b) 
gives a filled node if, and only if, 
y=b 
also gives one. 
Checks are afforded by noticing that also 


e+2y=a, y=, 
s+ 3y=a, y=), 


etky=a, 
should give filled nodes when (a, b) is a filled node. 

If the reader will examine on our diagram the lines cd (a= 14), 
cef (+ xa+y=14), cgh (+ x+ 2y= 14), he will find that they all pass through 
filled nodes for the same values of y. 

A line through the origin and any filled node passes through no other filled 
node and through no open node between the origin and the filled node. While, 
since the coordinates of every open node are equimultiples of the coordinates of 
some filled node, every line through the origin and an open node passes through 
a filled node between it and the origin. That is, to an eye at the origin all of 
the filled nodes but none of the open nodes are visible. 

Imagine the diagram continued to infinity both positively and negatively. 
The transformation 

E=a+y, n=y 
then shears the diagram into itself. 

In this shearing the parallel lines 


become the parallels 
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Now any node on x=+é forms with the origin and (0, 1) a triangle of 
double-area k. Consequently any node on x=y+ also forms with the origin 
and (1, 1) a triangle of double-area &. 

Since by a series of such transformations (0, 1) can become any filled node 
whatever, it follows that parallel to the line joining the origin to any filled node 
will be pairs of lines of nodes that with the origin and the assumed filled node 


form triangles of double-area 1, 2, 3,...., k. 
If (a, 5) is the fixed assumed node we thus get all the solutions of 
ay—ba=+k, (& is integral) 


with a and 6 relatively prime. If a and y are also to be relatively prime we 
confine ourselves to filled nodes on the pairs of lines. 
Similarly, taking (a, —b) for the fixed node gives all the integral 


solutions of 
ay + ba= + k. 


If a line be drawn joining two nodes but missing the origin, there is a 
parallel line joining the origin to a filled node. The former line is thus gotten 
by a series of our transformations from a line = + #and so contains an infinite 
number of filled nodes. Otherwise there would be a number to which no other 
number is relatively prime. 

It will be seen that the arrangement of the filled nodes on any line 

x = an integer 
is periodic, the period being the product of all the prime factors of the integer. 
Moreover, the arrangement is the same for all integers having the same prime 
factors, regardless of the powers to which those factors may be raised. 

What has just been said remains true if for “integer” we substitute ‘‘set of 
integers”. 

Thus the arrangement of filled nodes in the strip 

2, 3, 4 
has the period 6; that in the strip 
2, 3, 4, 5,6 


the period 30; that in the strip 


the period 210. 


/ 
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Now the line 
any prime 
crosses filled nodes except where 
y = a multiple of that prime. 


Consequently a reference to the diagram shows that, having regard to periodi- 
city, numbers greater than 3 cannot be prime unless of one of the forms 


6n + 1. 


If they are of either of these forms their least factor exceeds 3. 
Similarly, numbers greater than 5 cannot be prime unless of one of the forms 


30n+1, 30n+7, 30n+11, 30n+13; 


while if of one of these forms their least factors exceed 5. 
In general, if p is a prime and P the product of all the primes not greater 
than it, while 
By, By, 
are the integers not greater than P whose least factor exceeds p; then numbers 
greater than p cannot be prime unless of one of the forms 


Pno+1, Puntkh, 
while if of one of these forms their least factors exceed p. 
The number of these forms is the totient of P. On our diagram it is the 
number of filled nodes on x = P below the diagonal x =y. 
I am indebted to Mr. W. P. Durfee for a very neat illustration of the 


theorem that 
A number equals the sum of the totients of all its divisors. 
Join the origin to all the nodes, not above x= y on 


N. 
Every joining line. passes through a filled node on 
x = some ‘divisor of 
Conversely, every line from the origin through a filled node, not above x= y, on 


x = some divisor of N, 


passes through a node, not above x= y, on 
N. 


| 
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As all these lines pass through filled nodes, no two are the same and their 
number is NV. 

A similar illustration can be given of the theorem that 

The totvent of the product of two relatively prime numbers is the product of their 
totvents. 

Suppose a, b are the two relatively prime numbers and assume a< b. 

Moreover, let p, g, r be any numbers respectively not greater than and 
prime to a, b, and ab. 

Then (a, p) is a filled node as are also (b, g + mb) and (ab, r +nab) for all 
integral values of m and n. 

We will prove that for each pair of values of p and gq there is one and only 
one value of r such that the nodes 


(a, p), (6,qg+mb), (ab, r+nab) 
are collinear. 
Collinearity requires that 


nab + r= a(b—1)(mb+q—p)/(b—a)+p 
= ak(mb + —p)/l+ p 
if k/l is the fraction (6— 1)/(6— a) reduced to its lowest terms. 

Since b is prime to 6—a there is, for each pair of values of p and gq, just 
one value of m, from 1 to / inclusive, that renders mb + q—p divisible by /. 
Thus each pair of values of p and g determines 7, as an integer, uniquely, values 
of m outside the range giving new n’s but not new 7’s. 

The expression for nab+r is evidently prime to a, and by interchanging 
a with 6, and p with mb+q, we can get another expression for nab+~,r as 
plainly prime to b. Thus r is prime to ab. 

We will now show that different pairs of values of p and q cannot give the 


same 7. 


We have 
mb + g=l(nab + r— p)/ak + p. 


Here / is prime to a and consequently r—p must be a multiple of a. But r 
being given, there is just one value of p that will render r— pa multiple of a. 
Thus to any 7 there is just one p. Having thus fixed r— p, there is just one 
value of n from 1 to k inclusive that renders nab + r—p divisible by & and so 
mb -+q integral. Thus g is uniquely determined. 


. 
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Our two propositions established, it follows at once that the number of 7’s 
is the product of the number of p’s by the number of q’s. i 

On the diagram are represented the collineations when a, b, and ab, are 
respectively 3, 5, and 15. 

As another case, let us take for a, 6, and ab, 4, 7, and 28. 4 

The p’s are 1 and 3. 

The q’s are 1, 2, 3, 4, 5, and 6. 

The r’s are 1, 3, 5, 9, 11, 18, 17, 19, 23, 25, 27. 

The collineations are 

(4,1), (7,1), (28,1); (4, 1), (7, 46), (28, 361); 

(4, 1), (7, 16), (28, 121); (4,1), (7, 19), (28, 145); 

(4,1), (7,31), (28, 241); (4, 1), (7, 18), (28, 97); 

(4, 3), (7, 15), (28, 99); (4, 8), (7, 18), (28, 128); 

(4, 3), (7, 9), (28,51); (4, 8), (7, 12), (28, 75); 

(4, 3), (7, 24), (28, 171); (4, 8), (7, 6), (28, 27). 


Since the arrangement of the filled nodes on any line x= N depends only 
upon the prime factors of N, it follows that the fraction 


totient-of-NV/N 


is the same for all numbers having the same prime factors. 
For any prime p and its integral powers the fraction is 


(p—1)/p=1—1/p. 
Consequently, for a number whose prime factors are 


the value of the fraction is 


(1 —1/p) (1—1/9)(1—1/r) (1-1/8)... 
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Hyperelliptische Schnittsysteme und Zusammenordnung 
der algebraischen und transcendentatlen 
Thetacharacteristiken. 


Von Henry DALLAS THOMPSON. 


EINLEITUNG. 


Die hyperelliptischen Thetafunctionen kénnen nach Massgabe der tran- 
scendentalen Characteristiken, welche Riemann in seinen Vorlesungen im Jahre 
1862 gebrauchte, oder nach Massgabe der Zerspaltung der Form fj, 4 2 (z) in die 
Factoren.@, (2)- +4149, (2) eingeteilt werden. Dass zu jeder Zerspaltung 
o.¥ ein festes >(g) gehort, findet man implicite angedeutet in den Artikeln, 

h 


die wahrend der sechziger Jahre erschienen sind, besonders in denen Pryms. 
Die systematische Zusammenordnung dieser beiden Characteristiken ist der 
Gegenstand dieser Abhandlung. 

Durch die ganze Abhandlung hindurch werden wir versuchen, den ange- 
wandten arithmetischen Sitzen eine geometrische Form zu geben. Deshalb sind 
in dem in Abschnitt I gegebenen Referate ausschliesslich geometrische Ausdriicke 
gebraucht worden. Im Abschnitt II wird die Idee der ‘‘Geometrischen 
Characteristik ” einer Fliche eingefiihrt und es werden die Figuren der verschie- 
denen Schnittsysteme gegeben, ganz besonders die der symmetrischen fiir p= 3 und 
p=5, wodurch dieZusammenordnung der Thetacharacteristiken eine einfache Form 
annimmt. Die hier gegebenen Figuren fir die sechs und dreissig Schnittsysteme 
fiir p= 83 sind dieselben auf die Prof. Klein in den Mathematischen Annalen, 
Band 36, p. 49, verweist. Im letzten Abschnitt wird bei der Verallgemeinerung 
der ‘“‘Regel iiber die elementare Schleife” die Zusammenordnung der Theta- 
characteristiken fiir jedes bestimmte Schnittsystem gegeben. 

Ich kann nicht umhin an dieser Stelle Herrn Prof. Dr. F. Klein fiir das 
hohe Interesse, das er dieser Arbeit genommen hat, so wie auch fiir die 
13 
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wesentliche Férderung, die er durch seine guten Ratschlage der Abhandlung hat 
angedeihen lassen, meinen aufrichtigsten Dank zu sagen. 


I.—VERSCHIEDENE SCHNITTSYSTEME. 


§1.—Dte hyperelliptische Riemann’sche Fliche mit Schnittsystem. 


Die folgenden Seiten werden die hyperelliptische Riemann’sche Flache 
behandeln. Es wird daher von Nutzen sein, wenn wir hier eine kurze Beschreibung 
derselben geben, indem wir dabei Riemanns “Grundlagen” §5 und seinen 


“‘Abel’schen Functionen” folgen. Die hyperelliptische Riemann’sche Flache 


besteht aus einer zweiblattrigen Gauss-Ebene, deren beide Blatter eine gerade 
und endliche Anzahl von Punkten, sogenannte Verzweigungspunkte, gemeinsam 
haben. Diese Punkte sind durch Linien verbunden, in denen die beiden Blatter 
sich gegenseitig durchdringen, jedoch so, dass sie keinen anderen Punkt als die 
Endpunkte gemeinsam haben. Diese Linien werden Uebergangslinien genannt 
und so genommen, dass von jedem Verzweigungspunkte eine ungerade Zahl 
ausgeht ; auch miissen diese Linien ohne Ausnahme in den Verzweigungspunkten 
endigen und entstehen, was augenscheinlich méglich ist, weil man eine gerade 
Anzahl Verzweigungspunkte hat. Die Figuren 1, 5, 10, u.s. w. stellen solche 
hyperelliptische Riemann’sche Flachen dar. Die Ziffern resp. die griechischen 
Buchstaben, bezeichnen die Verzweigungspunkte und die dieselben verbindenden 
Linien, die Uebergangslinien ; die Linien in dem einen Blatt (dem sogenannten 
‘“Oberblatt ”) sind ausgezogen, die in dem anderen (dem “Unterblatt’’) sind 
punktirt. Wenn eine solche Flache (2p + 2) Verzweigungspunkte hat, so sagt 
man, sie sei (2p+1)-fach zusammenhingend, d. h. auf der Flache kénnen von 
irgend einem Punkte zu einem anderen (2p+1) in ihrem Wesen verschiedene 
Linien gezogen werden ; und eine Linie ist in threm Wesen verschieden von einem 


' Aggregat anderer, wenn sie durch ununterbrochenes Fortbewegen iiber die 


Flache mit irgend einer dieser anderen oder einigen dieser anderen in ihrer 
garizen Linge nicht zur Coincidenz gebracht werden und man auch nicht 
erreichen kann, dass sie aus einer Anzahl doppelter Drehungen um die einzelnen 
Verzweigungspunkte besteht, denn jede dieser doppelten Drehungen kann sich 
auf dem Verzweigungspunkte zusammenziehen. Es ergibt sich sofort aus dieser 
letzten Eigenschaft, dass jede geschlossene Linie auf der Flache—wir wollen sie 
Schleife nennen—nicht in ihrem Wesen verschieden ist von der geschlossenen 
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Linie, welche iiberall gleich liegt, aber auf dem anderen Blatt; denn die eine 
kann ununterbrochen iiber die Flache fortbewegt werden, bis sie mit der anderen 
coincidiert, mit Ausnahme von doppelten Drehungen um jeden eingeschlossenen 
Verzweigungspunkt. Um den Zusammenhang zwischen zwei solchen Schleifen 
zu erhalten, wollen wir nun die typischen Veranderungen, wie sie in den 
Figuren 1, 2, 3, 4, angedeutet sind, ins Auge fassen. 


Fia. 1. Fia. 2. 


~> 


Gemiss der Definition der Flache muss jede geschlossene Linie eine gerade 
Zahl von Verzweigungspunkten einschliessen. Wenn man erstens nur die Teile 
der beiden Linien ins Auge fasst, welche um ein Paar Punkte gehen, so wird 
sich zeigen, dass diese beiden Teile sich nur um zwei doppelte Drehungen um die 
einzelnen eingeschlossenen Verzweigungspunkte unterscheiden ; ebenfalls kann 
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man zeigen, dass die iibrigen Teile dieser beiden Linien in ihrem Wesen nicht 
verschieden sind, wenn man aufeinander folgend die Teile beobachtet, wie sie 
um die Verzweigungspunktpaare sich schlingen. Die in den Figuren 1, 2, 3, 4 
angedeuteten Verinderungen zeigen, dass die Teile zwischen a und 4, c und d in 
Figur 1 in ihrem Wesen dieselben sind. Aus Figur 1 erhalt man Figur 2, wenn 
man die Teile in a und c¢ beziehungsweise nach 6 und d bringt. Wenn man 
darauf f und hf und e und g dieser Figur zwischen x und A auf ihre Platze in 
Figur 3 bringt, so erhalt man diese letztere Figur; und daraus entsteht Figur 4, 
wenn die Linien an den Punktpaaren a,b;c, d;e, f; g, A zusammengebracht und 
darauf wieder getrennt werden. Ausserdem ist es augenscheinlich, dass, wenn 
man eine dieser Linien .aus der anderen durch fortwahrende Fortbewegung iiber 
die Flache entstehen lasst, die positive Richtung der Linie in dem einen Blatt die 
negative Richtung der anderen Linie auf dem anderen Blatt angibt. 

Zum spiteren Gebrauche wird diese (2p +1)-fach zusammenhaingende 
Flache einfach zusammenhingend gemacht werden. Dieses geschieht durch 
Riemanns canonisches Schnittsystem, oder einfach, Schnittsystem. Solch ein 
Schnittsystem wird durch jede beliebige p in ihrem Wesen verschiedene 
‘primitive Schnittpaare” gebildet, sobald jedes Paar durch eine einfache Linie 
mit einem beliebig angenommenen gemeinsamen Punkte verbunden wird. Hin 
primitwer Schnitt ist jede geschlossene Linie auf der (2p + 1)-fach zusammen- 
hangenden Flache, welche sich nie selbst und nur ein einziges Mal einen einzigen 
anderen Schnitt kreuzt, und welche daher in ihrem Wesen verschieden von 
einem Punkte ist. Zwei solche Schnitte, die sich kreuzen bilden ein primitives 
Paar. In den Figuren sind diese Paare bezeichnet mit A,, B,;... 


- A,, B,. Umgeht man einen Schnitt eines Paares, so kommt man von der einen 


Seite des zweiten Schnitts des Paares auf die andere Seite, und da die Functionen, 
welche auf der Fliche in Betracht kommen, Integrale sind, so entsteht eine 
Periode durch das Uberschreiten des zweiten Schnittes. Es muss hier ein fiir 
alle Mal festgesetzt werden, was man unter positiver Richtung des Umgehens oder 
Ueberschreitens eines Schnittes verstehen soll. Die Periode am Schnitt A, soll 
bezeichnet werden durch w,, an B, durch a4,. Diese Linien werden Schnitte 
genannt, weil durch sie die Flache so geteilt werden kann, dass sie einfach 
zusammenhangend ist; aber wenn, was auf den folgenden Seiten gewéhnlich der 
Fall ist, und was wir besonders ins Auge fassen wollen, diese Linie wm gewisse 
Verzweigungspunkte herumgeht, so nennen wir, wie oben, die Linie eine Schleife. 
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Kin Schnittsystem dieser oben beschriebenen Art ist das in Figur 5 gegebene, wo 
die Richtung, in welcher man die verschiedenen Schnitte zieht, die Benennung 
der positiven Seiten der Schnitte und das positive Ueberschreiten derselben mit 
den von Riemann gegebenen Regeln iibereinstimmt* (Gesammelte Werke, SS. 122; 
82, Fussnote ; 98). 


Da dieses Schnittsystem das geometrische Bild von den von Weierstrass} 
gebrauchten Integral-perioden ist, so erscheint es angemessen, bei der Gewohn- 
heit zu bleiben und dasselbe als das Weierstrass’sche Schnittsystem zu bezeichnen, 
obwohl Weierstrass selbst niemals von Schnittsystemen spricht. 


§2.—Abel’sche Substitutronen. 


Wie man aus der Definition eines canonischen Schnittsystems ersehen kann, 
gibt es eine unendliche Anzahl solcher Schnittsysteme, wie wir sie hier nach 


* Diese Figur unterscheidet sich von der von Prof. Prym angewandten (Zur Theorie der Functionen 
in einer zweiblattrigen Flache, Ziirich, 1866) durch die Vertauschung von A; B, und die in Folge davon 
sich ergebende Vertauschung von positiver und negativer Richtung nach Riemann’schen Regeln. Prof. 
J. Thomae in Crelle’s Journal, Bd. 71, S. 204 lasst die hier mit A bezeichneten Schnitte in einer der 
Riemann’schen entgegengesetzten Richtung entstehen. Dr. Burkhardt in den Mathematischen Annalen, 
Bde. 32 und 35, nimmt als positive Richtung des Ueberschreitens eines Schnittes die entgegengesetzte von 
der von Riemann gebrauchten an. Und Dr. J. Schréder vertauscht Riemanns Entstehungsrichtung der 
Schnitte in seiner Géttinger Dissertation 1892, S. 6. 

+ Cf. Uber die Theorie der Abel’schen Functionen, Crelle’s Journal, Bd. 47, S. 289 (1853), und Bd. 
52, S. 285 (1856). , 
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Riemann beschrieben, fiir jede Riemann’sche Fliche. Das Problem, wie, wenn 
ein Schnittsystem gegeben ist, alle anderen erhalten werden, ist die geometrische 
Formulirung des arithmetischen Problems der linearen ganzzahligen Transforma- 
tion der Perioden. Um zu zeigen, dass diese beiden Probleme in der That 
dieselben sind, wollen wir in der tiblichen Weise zwei beliebige Schnittsysteme S 
und §’, die auf derselben Flache iibereinander liegen, ins Auge fassen. Die 
Schnitte, welche S zusammenersetzen, sind nach der Definition eines canonischen 
Schnittsystems alle in ihrem Wesen verschieden, wihrend jede andere geschlossene 
Linie auf der Flache in ihrem Wesen nicht verschieden sein kann von einer 
Summe der Elemente von S, weshalb jeder Schnitt des Systems S’ einem 
Aggregate der Schnitte von S gleichbedeutend ist. 
Die 2p Perioden fiir das Schnittsystem S seien : 


wahrend fiir das andere System S’ die Perioden : 


sind. Dann entsteht die Periode an irgend einem Schnitt A/ (oder B/) von 8’ 
dadurch, dass man den anderen Schnitt des Paares Bi (oder Al) umgeht, welcher 
gleichbedeutend ist mit einer Combination von Schnitten von §, und jedes 
Umgehen eines Schnittes von S§ ergibt eine Periode an dem anderen Schnitt 
dieses Paares. Man kann dies ausdriicken durch die Forme! : 

2p 

1 
wo jedes c,, eine ganze Zahl ist. Diese Substitution kann auch in die Form 
eines Schemas ausgedriickt werden, dass man die Coefficienten c,, in die Form 
einer Determinante mit 2p Zeilen und 2p Colonnen bringt wo die Aten, bez. 
(A+ p)ten Coefficienten in der xten Zeile die Coefficienten der Perioden am 
aten Schnittpaare von S sind. 

Aber es sind gewisse Beziehungen zwischen den Constanten c¢,,, so dass 
jedem Wechsel eines Schnittsystems nicht eine allgemeine lineare ganzzahlige 
Substitution entspricht, sondern eine solche, welche die beiden folgenden 
Bedingungen erfiillt : 

1). Die Transformationsdeterminante ist gleich der Hinheit; denn in der 
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vorhergegangenen Erérterung der Beziehungen zwischen S und 8S’ kénnen die 
Symbole P’ und P vertauscht werden, und wenn dann die Gleichungen : 


2p 
=) 
1 


gelést sind, so miissen die Perioden P als lineare ganzzahligen Functionen der 
Perioden P! ausgedriickt sein. 

2). Da die sogenannten Riemann’schen bilinearen Relationen zwischen den 
Perioden verschiedener Integrale nicht von der Form des Schnittsystems 
abhangen, so sind diese Beziehungen invariant, und daher ist die Determinante 


gleich der positiven Hinheit und die Constanten c,, miissen den =" 


Relationen geniigen, denen Kronecker in seinen Vorlesungen, 1864-65, den 
Namen Abel’sche Relationen gab. Hs sind: 


0, wenna+ p26 


Diese Untergruppe linearer ganzzahliger Substitutiorien mit der Deter- 


1, wenna+tp=@ 


minante = + 1, welche den =_— Abel’schen Relationen geniigt, wird von 


M. C. Jordan die Abel’sche Gruppe genannt und die Substitutionen der Gruppe 
die <Abel’schen Substitutionen.* Es entspricht nicht nur jedem Wechsel des 
Schnittsystems eine Abel’sche Substitution, sondern es ist auch wiederum wahr, 
dass jede Abel’sche Substitution einen Wechsel des Schnittsystems erzeugt. Die 
Anzahl der ‘erzeugenden”+ Substitutionen der Abel’schen Gruppe (d. h. 
derjenigen, durch deren wiederholte Anwendung alle anderen abgeleitet werden 
kénnen) kann stets auf fiinf zuriick gefiihrt werden, wie Prof. Krazer{ bewiesen 
hat; und jiingst hat Dr. Burkhardt|| gezeigt, dass diese Anzahl fir p= 2, auf 
zwei, und fiir p>2, wenigstens auf drei gebracht werden kann. Wenn man 


* Camille Jordan, Traité des substitutions, Paris, 1870, p. 172. 

+ Kronecker. Berliner Monatsberichte, 1866; cf. Clebsch und Gordan, Abel’sche Functionen, 1866, 
S. 308 ; Henoch. Berliner Dissertation, 1867. 
} A. Krazer, Annali di Matematica pura ed applicata, Serie II*. Tomo XII°, 1884. 
|| H. Burkhardt, Géttinger Nachrichten, 1890, S. 381. 
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die durch die erzeugenden Substitutionen bedingten Operationen geometrisch 
ausfiihrt, so ist es klar, dass eine jede zu einem canonischen Schnittsystem fihrt - 
und daher jede Abel’sche Substitution ein canonisches Schnittsystem gibt. Dies 
ist die von Prof. J. Thomae in Crelle’s. Journal, Band 75, eingefihrte Methode, 
wo er zeigt, dass das Gleiche auch fiir eine weit gréssere Zahl von erzeugenden 
Substitutionen zutrifft. Cf. auch Burkhardt, Systematik der hyperelliptischen 
Functionen, §7, Mathematische Annalen, Band 35, 8. 212. 


§3.— Monodromiesubstitutionen. 


Die Methode, nach welcher die Riemann’sche Flache erzeugt wurde, behaup- 
tete nichts in Betreff der Unbeweglichkeit der Verzweigungspunkte. Wenn 
man nun eine hyperelliptische Riemann’sche Flache mit einem canonischen 
Schnittsystem nimmt, und die Verzweigungspunkte nach Belieben tiber die 
Flache fortbewegt, so miissen auch die Schleifen als sich bewegend angenommen 
werden ; denn die Schleife, welche in ihrem Wesen verschieden von gewissen 
anderen Linien ist, wird dadurch bestimmt, dass sie um einen Verzweigungspunkt 
geht, so dass, wenn ein Verzweigungspunkt in seiner Bewegung sich einer 
Schleife nahert, diese Schleife vor dem Verzweigungspunkte tiber die Fliache 
zuriickweichen muss. Da die Uebergangslinien dadurch bestimmt sind, dass sie 
in Verzweigungspunkten entstehen, so muss der Verzweigungspunkt bei der 
Bewegung die i ihm entstehenden Uebergangslinien nach sich ziehen, kann aber 
irgend eine Uebergangslinie tiberschreiten. Diese Bewegung der Verzweigungs- 
punkte, Uebergangslinien, und Schnitte wird so lange fortgesetzt, bis jeder Ver- 
zweigungspunkt eine Lage einnimmt, die ebenfalls vorher von einem Verzwei- 
gungspunkt eingenommen wurde, so dass die Lage der Verzweigungspunkte 
schliesslich dieselbe ist, obwohl eine Permutation zwischen einigen von ihnen 
stattgefunden haben mag. Ks ist ersichtlich, dass wahrend der Bewegung keine 
zwei Verzweigungspunkte zusammenfallen diirfen. Wenn die Verzweigungs- 
punkte ihre endgiiltige Lage eingenommen haben, so kann das System der 
Uebergangslinien verschieden sein von dem urspringlichen ; aber es kann, wenn 
man will, immer vereinfacht, und in die urspriingliche Form gebracht werden, 
wenn man die sogenannten “oberen” und “unteren” Blatter an gewissen in sich 
zuricklaufenden Linien vertauscht. Z. B. sind zwischen den Figuren 6 und 7 die 
Blatter an einer Linie vertauscht worden, welche von x ausgeht und in x endigt 
und um 4, uw, » (und & in II) herumgeht; ware der Wechsel nicht gemacht, so 
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ware der einzige Unterschied der gewesen, dass in der Figur 7 und den folgenden, 
drei Uebergangslinien anstatt einer in dem Punkte x entstehen wiirden. So ist 
die hyperelliptische Irrationalitat dieselbe wie die urspriingliche, aber das 
Schnittsystem hat sich geindert. Von zwei solchen Schnittsystemen sagt man, 
dass sie gleichartig sind ; dass das letztere Schnittsystem aus dem ersteren durch 
Monodromie der Verzweigungspunkte entstanden ist. Und die Abel’sche Substi- 
tution, welche diese Anderung ergibt, ist M. Camille Jordans Monodromie- 
substitution. Diese Monodromie der Verzweigungspunkte gibt M. Jordan in 
seinen “Substitutions,” SS. 339 und folgende, aber schon vorher war diese 
Bewegung der Wurzeln einer Gleichung und der Riickkehr zu demselben Werthe 
von Hermite in den “Comptes rendus,” t. 32 (1851), S. 458, einer Betrachtung 
unterzogen worden. 


§4.—-Monodromie ohne Permutation. 


Betrachten wir zuerst die Monodromie ohne Permutation, die also, bei der 
jeder einzelne Verzweigungspunkt in seine eigene Lage zuriickkehrt. In diesem 
Falle besteht jeder Schnitt des zweiten Schnittsystems aus der urspriinglichen 
Form dieses Schnittes in dem ersten Schnittsystem, sowie aus einer zweifachen 
linearen Combination von Schnitten des ersten Systems. 

Die Wahrheit dieser Behauptung ergibt sich, wenn man einen Verzweigungs- 
punkt tiber die Flache wanderen lasst, und man, sobald er in seine urspriingliche 
Lage zuriickgekehrt ist, die Form des Teiles der Schleife beobachtet (in den Figuren 
6, 7, 8, 9den Teil von e nach f) den der Verzweigungspunkt vor sich-hin tiber die 
Flache geschoben hat. Man wird finden, dass solch eine Schleife in jedem Falle 
_ der urspriingliche Teil der unveranderten Schleife ist, oder dieser Teil zusammen- 
genommen mit zwei in sich zuricklaufenden Linien auf der Flache, welche 
iiberall neben einander liegen, aber auf verschiedenen Blattern, welche auf den 
beiden Blattern entgegengesetzte Richtung haben, und deshalb gleich dem Zwei- 
fachen einer dieser Linien sind (§1). Diese letztere Linie besteht, weil sie eine 
in sich zuriicklaufende Linie auf der Flache ist, aus einer linearen Combination 
von Schnitten des ersten Schnittsystems, und der Schnitt des zweiten Systems 
wird daher gebildet von dem correspondirenden Schnitt des ersten Systems und 
einer doppelten linearen Combination von Schnitten dieses Systems. 

Jeder Verzweigungspunkt muss bei der Hin- und Riickbewegung entweder 
um eine gerade oder ungerade Anzahl anderer Verzweigungspunkte gehen, und 
14 
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die méglichen correspondirenden Anderungen sind in den Figuren 6, 7, 8, 9 
dargestellt. 
Figur 7 entsteht aus Figur 6 wenn der Verzweigungspunkt x nachdem er 

um A, uw, v oder A, uw, v, & herumgegangen ist in seine urspriingliche Lage 
zuriickkehrt; in Figur 8 sind die Schleifen der Figur 7 zusammengequetscht, da 
verschiedene Teile einander in a und } und in ¢ und d genahert sind; und in 
Figur 9 sind a und b, ¢ und d zur Coincidenz gebracht (und in 9" wieder 
getrennt). Da dieser Schnitt in dem zweiten System der urspriingliche Schnitt 
des ersten Systems zusammen mit einer doppelten linearen Combination von diesen 
Schnitten ist, so kann die Periode P! an dem anderen Schnitt des Paares so 
ausgedriickt werden : 

2p 2p 

1 1 

oder wenn c,, der ganze Coefficient in der Substitutionsdeterminante ist: 


Cat C2, ap (1 (mod 2), wennz=A, 
; = : 
: 0 (mod 2), wenn x22. 
Cop, Cop, 2) Cop , 


Solch eine Substitution wo die Coefficienten gerade sind, ausser in der Haupt- 
diagonale, wo sie ungerade sind, heisst congruent (modulo 2) zur Identitat. Und 
es ist so gezeigt worden, dass Monodromie ohne Permutation eine Substitution 
erzeugt, welche congruent (modulo 2) zur Identitat ist. Es ist oft vorteilhaft 
statt der oben betrachteten Abel’schen Substitutionen Congruenzen (modulo 2) 
anzuwenden; und die Ordnung der Gruppe dieser Abel’schen Congruenzen 
(modulo 2) ist: 
Q, = (2% — — 1).... 29( 2? — 1)2. 

In der That ist dies die allgemeine Formel, welche YM. Camille Jordan* in 
- Beantwortung der Frage gegeben hat: Wie viele Systeme incongruenter (modulo 
2) Zahlen ¢,, gibt es, welche den von einer Abel’schen Substitution geforderten 
Bedingungen geniigen? Oder mit anderen Worten fir diesen besonderen Fall: 
Wie viele verschiedene Transformationsdeterminanten gibt es von der oben 


* “ Substitutions,”’ p. 174. 
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erwahnten Form, wo die Abel’sche Relationen zwischen den ~ Coefficienten 
zutreffen, und wo ausserdem die Coefficienten nur gleich Null und der Einheit 
sind ?* 

Wiederum aber erhalt man jede Substitution, welche zur Identitat congruent 
(modulo 2) ist durch Monodromie ohne Permutation, wie M. Jordan gezeigt hat, 
indem er bewies, dass eine derartige Substitution aus gewissen erzeugenden Sub- 
stitutionen hervorgeht, bei denen die Voraussetzung zutrifft. 

Diese erzeugenden Substitutionen sind zweierlei Art:} Erstens die, bei der 
der eine Schnitt zweimal dem anderen Schnitt des Paares hinzugefiigt ist, und 
‘zweitens die, wo zu einem Schnitt eines Paares zweimal ein Schnitt eines anderen 
Paares, und zugleich zu dem anderen Schnitt dieses zweiten Paares minus zweimal 
der zweite Schnitt des ersten Paares hinzugefiigt sind. Diese beiden Arten 
erzeugender Substitutionen sind einerseits von dem Typus, dessen geometrisches 
Gegenstiick in den Figuren 9’, 8’, 7', 6’ gegeben ist; und andererseits von dem 
Typus der in der Reihe der Figuren von 9" bis zu 6" hinab dargestellt ist; aber 
im letzteren Falle ist nur die Anderung in einem der beiden Schnitte gegeben 


worden. 


§5.—Anzahl der verschiedenartigen Schnittsysteme. 


Es ist oben gesagt worden, dass zwei Schnittsysteme gleichartig sind, wenn 
das eine aus dem anderen durch Monodromie hervorgeht. Von zwei Schnitt- 
systemen die nicht in obiger Beziehung stehen kann man sagen, dass sie 
verschiedenartig sind. Solche gleichartige und verschiedenartige Schnittsysteme 
wurden zuerst von Prof. J. Thomae untersucht. Die Zahl der verschiedenartigen 


*Herr Dr. H. Burkhardt hat die Gite gehabt, mich darauf aufmerksam zu machen, dass Galois 
in seinem Briefe an M. August Chevalier vom 29. Mai 1832, welcher zuerst in der Revue encyclopédique, 
September 1832, spéter in Liouville’s Journal, tome XI, 1846, auf Seite 414 verdffentlicht ist, als Ordnung 
der Gruppe nicht diesen Werth von 2 sondern den folgenden gibt, welcher fiir jede Primzahl p die 
Ordnung der allgemeinen linearen Gruppe ist : 

2=(p™—1)(p™— p).... (p™—p*-?). 

Es ist dies insofern interessant, als es zeigt, dass Galois keinen Begriff von der Rolle hatte, welche 
die bilinearen Relationen in der Theorie der Transformation spielen. Wenn jedoch die Thetafunctionen 
mit dem Verhalten der 7’s ins Auge gefasst werden, so werden diese Relationen notwendig gebraucht ; 
und so sind auch diese Relationen fiir den hyperelliptischen Fall in Weierstrass’s Braunsberger Pro- 
gramm (1849) und, fiir p= 2, in Rosenhains Artikel iiber die Thetafunctionen (1851) gegeben. 

+Cf. Jordan, “Substitutions,” p. 860; Burkhardt, Systematik der hyperelliptischen Functionen, 


Mathematische Annalen, Band 35, p. 235. 


} 
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Schnittsysteme ist von Herrn Prof. F. Klein in der folgenden Weise bestimmt 
worden: Monodromie, in welcher jeder Verzweigungspunkt in seine urspriingliche 
Lage zurickkehrt, gibt eine Substitution, welche zur Identitét congruent 
(modulo 2) ist, und deshalb ist die Zahl der Schnittsysteme, welche aus dieser 
Monodromie nicht entstehen kénnen, gleich ,, die oben angegebene Zahl. Wenn 
man auch die Monodromie in Betracht zieht, bei welcher jeder Verzweigungs- 
punkt endlich in eine friher von einem anderen Verzweigungspunkte ange- 
nommene Lage kommt, so sind, da die Zahl solcher Permutationen der (2p + 2) 
Verzweigungspunkte gleich (2p + 2)! ist, und da jede Monodromiesubstitution 
durch die zwei Operationen erlangt wird, dass erstens Monodromie der Ver- 
zweigungspunkte mit Permutation (2p+ 2)! Ansitze gibt, und dass zweitens 
Monodromie ohne Permutation eine Substitution ergibt, die zur Identitat con- 
gruent (modulo 2) ist, die Monodromiesubstitutionen congruent (modulo 2) zu 
(2p + 2)! Reprasentanten und bestehen aus simmtlichen Abel’schen Substitu- 
tionen, welche congruent (modulo 2) zu diesen Reprasentanten sind. D. h. die 
Anzahl der verschiedenartigen Schnittsysteme ist : 


Q, _ 9(2%—1)2 
(2p + 2)! (2p + 2)! 
Diese Zahl, welche mit zunehmendem p schnell anwachst, hat fiir die niederen 
Werte von p die Werte: 


eee, 3 4 5 
| 
Q, 
= 1 36 | 13056 51806208 
(2p + 2)! | | 


II.—CoNSTRUCTION DER VERSCHIEDENEN SCHNITTSYSTEME. 
§6.—Schnitisysteme fiir jedes 


In Figur 5 ist ein Schnittsystem gegeben, welches fiir jedes p ein Typus sein 
wird. Ausserdem zeigt diese Figur den einzigen Typus eines Schnittsystems fiir 
den elliptischen Fall, wenn nur die Verzweigungspunkte 2p + 2, 1, 2, 2p+1 
und die Schnittpaare A,, B, ins Auge gefasst werden; und fiir p= 2, wenn 
die Verzweigungspunkte 3, 4 und das Schnittpaar A,, B, hinzugenommen werden. 
Weiter unten sind Beispiele fiir die sechs und dreissig Typen gegeben, welche 


i= 
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fir p= 3 vorhanden sind, und fir diesen Fall wollen wir durch geometrische 
Betrachtung der Riemann’schen Flache zeigen, dass es gerade sechs und dreissig 
Arten Schnittsysteme gibt. Ausser dem Schnittsystem in Figur 5 (wenn zwélf 
Verzweigungspunkte und fiinf Schnittpaare angenommen werden) sind fiir p = 5 
noch zwei andere Schnittsysteme in §9 dargestellt, und in §10 sind die Trans- 
formationsdeterminanten gegeben, vermittelst deren man noch zweimal acht 
andere Schnittsysteme erhalten kann. 


§7.—Geometrische Characteristik. 


Es ist erwahnt worden, das ein canonisches Schnittsystem der zweiblattrigen 
Riemann’schen Flache fiir » = 3 aus drei Paar Schleifen besteht, bei denen jede 
Schleife eine gerade Anzahl von Verzweigungspunkten von der ganzen Zahl 
derselben trennt; und da in dem vorliegenden Falle nur acht von diesen Punkten 
vorhanden sind, so muss jede Schleife zwei oder vier Punkte enthalten, und soll 
dann zweipunktige oder vierpunktige Schleife genannt werden. Sei (1) das 


Zeichen fiir die erstere, (0) das fiir die letztere, dann wird ein Paar durch ee 
oP (6) oder G) dargestellt, wo das obere Zeichen sich auf die Schleife B, 


bezieht, das untere auf die Schleife A; (cf. Figuren 10-15). Das Schnittsystem 
ist eine Combination von Paaren und kann bezeichnet werden durch: 


welches wir die ‘‘Geometrische Characteristik ” des Systems nennen, und welches 
der Hinfachheit wegen durch (3) bezeichnet sei. Hier bedeutet, g,=1, dass B, 
eine zweipunktige, g,; = 0, dass es eine vierpunktige Schleife ist, und dasselbe trifft 
zu fir A; mit Bezug auf A;. @) wird ungerade oder gerade genannt jenachdem : 


+ + ggh3= 1 oder 0 (modulo 2). 
Das (Z) des in Figur 5 gegebenen Weierstrass’schen Systems (wo acht Ver- 


zweigungspunkte und drei Schnittpaare genommen sind) ist durch (een) dar- 
gestellt; wenn aber die einzelnen Schnitte anders benannt werden, so wird sich 


dieses (2) andern, wird aber aus einem. Aggregate von drei Paaren bestehen, 


| 
| 
j 
4 
| 
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von denen jedes Paar den Typus eines der urspriinglichen Paare hat. Wenn, z. B.: 
Bi=—A,, B= B,, B= — A, 


011 


ist, so ist (7) fir dieses abgeleitete Schnittsystem gleich (rr 


Es soll nun gezeigt werden, dass ein ungerades (Z) unméglich ist. Be- 


trachten wir ein erstes Paar des Typus G) dieses Paar schliesst drei Ver- 


zweigungspunkte ein und es gibt keine Schleife, welche einen dieser drei Punkte 
einschliesst, ohne sie alle einzuschliessen. Man nehme darauf eine Schleife des 
zweiten Paares des Typus (0). Dann kann keine vierpunktige Schleife gezogen 
werden, die nicht diese vierpunktige Schleife des zweiten Paares schnitte, d. h. 


das dritte Paar muss von dem Typus (>) sein. Und wenn, vorausgesetzt dass 


das erste Paar dasselbe bleibt (i ein zweites Paar G) genommen wird, so 


wird dieses zweite Paar andere drei Punkte einschliessen und nur zwei Punkte 
uneingeschlossen lassen ; es kann deshalb ein drittes Paar zweipunktiger Schleifen 


nicht gezogen werden. D.h., wenn ein Paar des Typus G) vorhanden ist, so 


muss ein zweites von demselben Typus sein, alle drei Paare kénnen aber nicht 
- von diesem selben Typus sein; mit anderen Worten, ein canonisches Schnitt- 


system fiir p=3 muss ein gerades (7) haben. Es gibt sechs und dreissig 


gerade (7) und die Figuren 10 bis 15 zeigen, dass die correspondierenden Systeme 


alle vorhanden sind. Diese Zahl sechs und dreissig ist gleich der Zahl der 
verschiedenartigen Schnittsysteme, welche fiir » = 3 am Ende von §5 gefunden 


ist. Diese sechs und dreissig Characteristiken (7) kénnen in die folgenden 


sechs Familien eingeteilt werden: 
000 
1) Ga 


® (G00) (ooo) (000) (x00) Coro) (oor), 
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(8) Gs) G8), 
9 (13) C8) 


§8.—Die sechs und dreissig Systeme fiir p= 3. 


Die unendliche Zahl von Schnittsystemen kann gemiss dem (7), zu dem sie 


gehoren, in sechs und dreissig Classen eingeteilt werden und auch diese grup- 
pieren sich in sechs Familien. Es eribrigt, einen Reprasentanten fiir eine jede 
dieser Familien zu geben, was in den Figuren 10 bis 15 geschehen ist, in denen 
ein Verzweigungspunkt im Unendlichen liegt, wihrend die anderen dreifach 
durch die Uebergangslinien verbunden sind. Diese Figuren sind die stereograph- 
ische Projection der Ecken und Kanten eines Wiirfels. Jede Schleife hat die 


A A 

| 

Fia. 10. Fia. 11. 
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Fig. 12. Fie. 138. 


Fie. 15. 


positive Richtung im Sinne eines Uhrzeigers, wenn die entgegengesetzte Richtung 
nicht durch einen Pfeil angezeigt ist. Die sechs gegebenen Schnittsysteme 
ergeben sich aus dem ersten durch die Anwendung der sechs beigefiigten line- 
aren Transformationen der Perioden, wo nach der Transformation die Endform 
der Schnitte zu der “‘einfachsten” im Sinne von §13 gemacht worden ist. 

15 
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Ad 1) 100 000 Ad 2) 100 000)’ 
010 000 010 000 

000 001 000 (001 001 001 
(000 000 100 000 000 100 
000 010 000 010 

Cf. Figuri0 |000 001 Cf. Figur11 |000 001 
Ad 3) 100 100/' Ad 4) 100 100/' 
010 000 010 010 

(104 001 001 qu 001 001 
000 000 100 000 000 100 
000 010 000 010 

Cf. Figuri2 |000 001 Cf. Figur13 |000 001 
Ad 5) 100 100]! Ad 6) 100 100)’ 
010 000 010 010 

mer 001001 001 001 
101 001 101 101 001 101 
00 010 000 010 

Cf. Figur14 |100 101 Cf. Figuri5 |100 101 


Ks ist nicht ohne Interesse, zu bemerken, dass diese letzte Figur 15 in der 
That mit der Figur 5 (mit acht Verzweigungspunkten) iibereinstimmt. Denn 
wenn in Figur 15 die Blatter langs der durch 8, 3, 2, 7, 4, 5, 8 in sich zuriick- 
laufenden Linie vertauscht werden, so bleibt die Flache unverandert und das 
ist die Figur 5, wenn die Linie durch 8, 1, 2, 8, 4, 5, 6, 7, langs der reellen 
Achse zu einer geraden Linie gestreckt wird. 

Das System der Figur 13 ist von Herrn Prof. H. A. Schwarz auf Tafel III, 
10 in seiner Preisschrift der Berliner Akademie vom 4. Juli 1867, gegeben ;* 
da aber der Wiirfel vom Centrum einer Seite als Projectionscentrum auf die 
Ebene projicirt worden ist, so ist die dort gegebene Figur nicht symmetrisch. 


§9.—Symmetrische Schnittsysteme fiir p= 5. 


Wie wir oben gesehen haben, wichst die Zahl der verschiedenartigen 
Schnittsysteme rasch an sobald p grosser als drei ist, und diese Zahl wird immer 
grésser sein als die Zahl der transcendentalen Characteristiken, welche mit der 


*Cf. H. A. Schwarz, Gesammelte Abhandlungen, Figur 52, S. 116. 
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algebraischen Characteristik oder fir verschiedene Schnitt- 
systeme coordinirt werden kénnen. Und sobald p grésser als drei ist, werden 


die die Schnittsysteme darstellenden Figuren so compliciert, dass das Gewirr der 
Linien eher Unklarheit bringt als Klarheit; man sieht dies sofort, wenn man die 
am wenigsten complicierte der durch die Determinanten des nachsten Paragraphen 
angedeuteten Operationen ausfihrt. Deshalb werden hier fir p=5 nur zwei 
einfache Systeme gegeben, die zu derselben transcendentalen Characteristik 


gehoren (vide Figuren 16 und 17). 
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Jedes Element der im §7 definirten geometrischen Characteristik ist zur 
Anzahl der in der zugeordneten Schleife des Schnittsystems eingeschlossenen 
Paare von Verzweigungspunkten congruent (modulo 2). Weil bei den zum Falle 
p= 3zugehorigen acht Verzweigungspunkten nur zweipunktige und vierpunktige 
Schleifen vorkommen, daher zeigt in diesem Falle unzweideutig das Element der 
Characteristik die Anzahl der in der correspondirenden Schleife eingeschlossenen 
Verzweigungspunkte. Es giebt aber fir p=5 zum Beispiel zweipunktige, 
vierpunktige und sechspunktige Schleifen, und so wird nicht nur eine zweipunk- 
tige sondern auch eine sechspunktige Schleife in der Characteristik durch ein 
Element (1) angedeutet. Da also zu mehreren Schnittsystemen dieselbe geome- 


Fig. 17. 
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trische Characteristik coordinirt ist, so wird es nicht vorteilhaft sein, eine 
Ausdehnung jener Uberlegung auf die hdheren Falle durchzufihren. 

Da es fiir p= 5 nur 496 Characteristiken gibt, und die Anzahl der ver- 
schiedenen Schnittsysteme, wie wir gesehen haben, 51806208 betragt, so sind 
jeder Characteristik 104448 Schnittsysteme coordiniert. 

In den beiden Figuren 16 und 17 sind die Verzweigungspunkte und Ueber- 
gangslinien die stereographische Projection der Ecken und zehn Kanten eines 
Icosaeders von einer der Ecken aus, und zwar steht die Achse durch diese Ecke 
senkrecht auf der Ebene und die zehn Kanten, die diese Achsen treffen, sind 
diejenigen, welche projicirt sind. Es sind also die zwélf Verzweigungspunkte, 
die elf in den Figuren gegebenen, zusammen mit dem Punkte im Unendlichen, zu 
welchem die Uebergangslinien von den dusseren finf Verzweigungspunkten alle 
hinfiihren. Hs miissen in diese Figuren noch Linien gezogen werden, die jedes 
Schnittpaar mit irgend einem beliebig angenommenen Punkte verbinden, damit 
die Fliche einfach zusammenhangend ist. Die Schnitte kénnen so genommen 
werden, dass sie die Verzweigungspunkte in der Richtung des Uhrzeigers ein- 
schliessen, mit Ausnahme der Schnitte B in Figur 17, wo die positive Richtung 
dem Uhrzeiger entgegengesetzt ist. 

Die Transformationsdeterminante, mittels deren die Figur 17 aus Figur 16 
entsteht ist folgende (wobei, nachdem diese Transformation ausgefihrt ist, dem 
Schnittsystem die ‘‘ einfachste ” Form des §13 gegeben ist) : 


10000 1 0-1-1 0|' 
01000-.01 0-1-1 
001:00 -1 01 0-1 
00010 -1-1 01 0 
00001 O-1-1 01 
100 00 
Sees 


Wie §14 zeigen wird, ist die Bedingung die das Schnittsystem erfillen muss, 


11111 
damit die Characteristik yes 1 


die, dass jeder der Schnitte eine ungerade Anzahl] Paare von Verzweigungs- 


mit der Characteristik ). 254. verbunden ist, 
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punkten einschliesst. Deshalb kann man andere Schnittsysteme mit derselben 
Characteristik Renee erhalten wenn man anstatt A;: A; = A, + B, (wo 4; die 


‘‘einfachste ” Form von §13 ist) nimmt, und die anderen Schnitte unverandert 
lasst, oder wenn man statt B,: Bj = A;+ B;(wo B; auch die ‘“einfachste ” Form 
annimmt), oder Combinationen solcher Aenderungen setzt. Auch kann jedes 
der so erhaltenen Schnittsysteme stereographisch aus jeder der Ecken des 
Icosaeders projicirt werden, und so bekommt man verschiedene Schnittsysteme 
mit derselben Characteristik. 


§10.—Dte neun Familien fir p= 5. 


Die 496 Characteristiken (2) fiir p= 5 k6nnen in neun Familien eingeteilt 


werden, wie die fiir p= 8 in sechs geteilt sind. Hier sollen Transformations- 
determinanten (cf. §13) gegeben werden, die von irgend einem der 104448 


Schnittsysteme mit der Characteristik ( ¥ a zu den acht Reprasentanten 
filhren : 
11100 11100 11100 10000 
10000 10000 


Die Schnittsysteme welche den anderen 485 Characteristiken angehéren 
kénnen aus dem gegebenen System durch Transformationen abgeleiten werden, 
welche denfolgenden acht ahnlich sind : 


1,j10000 00000 0000 0; 
1-0 6:0 0 01000 00000 
00100 00000 100100 00000 
0 048220 801 0004 0 
00000 10000 00000 10000 
00000 00100 00000 00100 
60060 000190 00000 00010 
00000 00001 0:20:06 1 


} 
| 
| 
i 
4 
4 
4 
i 


§ 
8 


00000 


1000 0 


01000 0 0-1 0 0 


00100 
00010 
00001 


.9-1 00 0 


00 0 0-1 
00 0-1 0 


10000 
01000 
00100 


00000 
0000 0 
0000 0 
0000 0 
0000 0 


0001 0 
00001 


10000 


V, 


10000 000 0 0}! 
01000 0900900 0 


00000 
000 0-1 
00 0-1 0 


00100 
0001 0 
00001 


10 9 
00100 
000 1-l 


00000 


0000 0 
0000 0 
0001 0 


IV’, 


000 0 
01000 0 0-10 0 
0-2. O56 


00010 
00001 


0-1 0 0 0 
000 0-1 
0 0 0-1 0 


1000 0 
01000 
00100 
00 0 1-1 


0000 0 
0000 0 
00000 
0001 0 


VIl’, 


000 0 


01000 0 0-1 0 0 


10000 


0-1 0 0 0 


00100 
0001 0 


000 0-1 


10000 


00000 0100 0 


000 0 0 


00100 


0000 0 
00000 


0000 0} 


1000 0 
0100 0 


0 0-10 


0-1000) 


00100 
0001 0 


000 


0000 0 


01-100 
0-1 10 0 
00 0 1-1 
00 0-1 1 


01000 
00100 
00010 
000 0 1 


IX’, 


000 0 
0 0-1 0 0 
0-1 00 0 
00 0 0-1 


10000 
01000 
00100 


0100 0 


0000 0 


0000 0 


0-1 100 
00 0 1-1 


00100 
0001 0 
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III.—ZuUSAMMENORDNUNG DER TRANSCENDENTALEN UND ALGEBRAISCHEN 
CHARACTERISTIKEN. 


§11.—Die beiden Arten Thetacharacteristiken. 


Auf der hyperelliptischen Flache betrachten wir die gewéhnlichen 2”, durch 
die folgende Forme! definirten Thetafunctionen : 


tT) = 


Da jedes g und h die Werthe Null oder Eins annehmen kann, so hat man 2” 
solcher Functionen, jede mit einem verschiedenen Symbol : 


Jis 

und dieses Symbol wird die transcendentale Characteristik der Thetafunction 
genannt. Kine Thetafunction mit einer solchen Characteristik soll in der 
verkirzten Form dargestellt werden. 


Aber andererseits sind die 2” Thetas auch Functionen der 2p+2 Ver- 
zweigungspunkte. Wenn /,,,.(z) die Form ist, deren Wurzeln die Verzweigungs- 
punkte der Riemann’schen Flache sind, und diese Form in die Factoren 
9(z).d(z) zerlegt wird, deren Ordnungen p+ 1 — 2u respective p+1+ 2u 
sind, wo u alle ganzzahligen Werthe zwischen Null und 4(p+ 1) inclusive 
annehmen kann, so ist das einzelne Theta eine Function der Zerspaltung dieser 


(2p + 2) Verzweigungspunkte in die beiden Factoren @ und und diese Zer- 


spaltungen kénnen auf 2” verschiedene Weisen vor sich geben. Die Wurzeln 
von f(z), welche in einem der Factoren liegen, mégen bezeichnet werden durch 
++++, die des anderen durch 7,...., Wo m eine der beiden 
Zahlen p + 1 — 2u, respective p+1 + 2u, und m die andere ist. 

Wenn fir irgend ein Theta nur die Angabe der Anzahl der Verzweigungs- 
punkte fir jeden Factor ¢.¥ gewiinscht wird, so legt man dem Theta die 
“Characteristik” « bei; wenn man aber ganz besonders hervorheben will, 
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welche Verzweigungspunkte in @ beziehungsweise in y liegen, so ist die Charac- 
teristik der Thetafunction folgende : 


Niy Ne, Nn 


Man nennt dies die algebraische Characteristik der Function und wie wir oben 
gesehen haben, gibt es 2” dieser Characteristiken. Die Abkirzung fir diese 
Thetafunction wird sein 3, ,y. 


Dieselbe Thetafunction wird also nicht nur ein Characteristik ({) sondern 


auch eine haben und das J, welches zu einem gegebenen 3 gehoren 


(f 


soll, wird dabei von dem gewahlten Schnittsystem abhangen. 

Schon in Rosenhains* Artikel iiber die Thetafunctionen ist die Annahme 
der Thetas als solcher Functionen der Verzweigungspunkte fiir p = 2 eingefiihrt, 
und zu diesem Fall hat Weierstrass} die Coordination gegeben ; andererseits ist 
die Coordination fiir p= 3 von Henocht gegeben worden. C. Neumannl| unter- 
zog die Thetas, welche zu der Zerspaltung gehéren, wo yu gleich Null ist und 
J. Thomae§ die Quotienten der Thetas desselben u« einer naheren Betrachtung. 
Erst Prym in seinem schon citirten Artikel gibt fir jedes Theta eine Character- 
istik, die nur von den Verzweigungspunkten abhangt. Die jetzt angewandte 
Bezeichung unterscheidet sich von der der alteren Autoren, ganz besonders von 
der Pryms, die dadurch nicht symmetrisch ist, dass einer der Verzweigungspunkte 
im Unendlichen angenommen wird. Und so wird bei den friheren Autoren 
ein Unterschied in der Characteristik gemacht, jenachdem dieser Punkt unter 
den Wurzeln von oder von vorkommt. 


§12.—Die Vorzeichenfactoren an den Schnitten eines gegebenen Systems. 


Ks entsteht die Frage, welches Sg) bei einem gegebenen Schnittsystem mit 


einem gegebenen 3, , verbunden werden soll. Diese Frage soll nach den in den 
Mathematischen Annalen, Bd. 32, von den Herren Prof. Klein und Dr. Burk- 


* Recueil des mémoires des Savants étrangers, t. XI, Paris, 1851. 
1 Cf. Kénigsberger, Crelle’s Journal, Band 64 (1864). 

Berliner Dissertation (1867). 

|| Abel’sche Integrale (1865), Zwélfte Vorlesung. 

2 Crelle’s Journal, Band 71 (1870). 
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hardt gegebenen Principien beantwortet werden. Diese Coordination wird fiir 
alle Systeme dadurch festgelegt, dass die Vorzeichen der Factoren, welche zu 
>) und 3, , treten, beim Ueberschreiten der Schnitte bestimmt werden; denn 


diese Vorzeichen bei den 2p Schnitten des Systems miissen dieselben sein fir 


dieselben Functionen. 
Fir 9) sind diese Vorzeichen schon bekannt, da die Function den beiden 


Functionalgleichungen geniigt : 
gy) + Ti, Va + Toks Up 


Diese beiden Gleichungen zeigen, dass, wenn die oberen Granzen der Argu- 
mente: %4,....v, die zu einem gegebenen Systeme gehérenden Schnitte tber- 


schreiten : 

die Thetafunction ihrerseits, von anderen Bestandtheilen abgesehen, die Factoren : 

annimmt. 

Und so kann wiederum, sobald diese Factoren fiir eine Thetafunction gegeben 


) aus diesen Factoren 
P 


sind, ihre transcendentale Characteristik 
1 eee 


bestimmt werden. 

Wie wird es aber mit der Function mit algebraischer Characteristik, 5, ,, 
werden? Im 32. Bande der Mathematischen Annalen ist gezeigt worden, dass, 
wenn das Argument um eine ‘ Elementarschleife” genommen wird (d. h. eine 
solche, welche nur zwei Verzweigungspunkte enthalt und welche um. jeden nur 
einmal und zwar in positiver Richtung herumgeht) die Function 3, , die 
Factoren (—1)° oder (—1)' annimmt, je nachdem die beiden eingeschlossen Ver- 
zweigungspunkte in der zugehérigen Zerspaltung 4 =p (2)-Vp 4.1494 (2) 
getrennt oder zusammen sind. Die Hinfihrung des Arguments um eine 
Schleife, welche um eine gerade Anzahl Verzweigungspunkte und zwar um jede 
nur einmal und in derselben Richtung (eine sogenannte ‘“‘directe ” Schleife) geht, 
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kann auf die Hinfiihrung des Arguments um eine Anzahl elementarer Schleifen 
zurickgefihrt werden, namlich derjenigen in welche die erste Schleife gespaltet 
werden kann; und 3, , wird um die ganze Schleife gefiihrt das Produkt der 
Vorzeichenfactoren erhalten, welche es um jede einzelne der Elementarschleifen 
erhalt. Dies kann ausgedriickt werden durch den Satz: Um eine directe 
Schleife, wo die Anzahl der eingeschlossenen Verzweigungspunkte congruent 
zwei (modulo 4) ist, erhalt die 3,\, function den Factor (—1)' oder (—1)’, 
je nachdem eine gerade oder ungerade Anzahl eingeschlossener Verzweigungs- 
punkte in @ liegt; wenn aber die Anzahl der eingeschlossenen Verzweigungs- 
punkte congruent Null (modulo 4) ist, so erhalt die Function den Factor 
(—1)° oder (—1)', nachdem eine gerade oder ungerade Anzahl eingeschloss- 
ener Verzweigungspunkte in @ liegt. Dieses Resultat kann in die einfache 
Formel gebracht werden: Wenn 2a die Anzahl der Verzweigungspunkte in 
einer directen Schleife und 6 deren Anzahl darstellt, welche Wurzeln in ¢ (z) 
oder ¥ (z) sind, so ist der Vorzeichenfactor dieser Schleife : 


(—1y+. 


Aber die allgemeinste in sich zuriicklaufende Schleife auf der Riemann’schen 
Flache besteht aus directen Schleifen und einer Anzahl doppelter Drehungen um 
gewisse einzelne Verzweigungspunkte, und jede dieser doppelten Drehungen gilt 
fir eine elementare Schleife mit dem Vorzeichenfactor (—1)’. Wenn nun die 
Anzahl dieser doppelten Drehungen gleichc, und 2a die Anzahl der in allen 
directen Schleifen eingeschlossenen Punkte ist, und 6 die Anzahl dieser letzteren 
Punkte in $(z) (oder 1(z)),.so ist der Vorzeichenfactor fiir die ganze Schleife : 


(—1)*t? 


Oder, da der folgende Satz fair die elementaren Schleifen und fiir die doppelten 
Drehungen, in welche irgend eine Schleife zerspaltet werden kann, richtig ist, so 
ist er auch im Allgemeinen richtig: Wenn d die algebraische Summe der 
einfachen Drehungen in positiver Richtung um die eingeschlossenen ¢-punkte 
und e dieselbe Anzahl fiir die eingeschlossenen 1-punkte ist, dann ist der Vor- 
zeichenfactor fiir den ganzen Schnitt : 


i 
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§13.—Dasselbe fiir ein abgeleitetes System. 


Nach einer der oben gegebenen Regeln kénnen die Vorzeichenfactoren um 
alle Schnitte irgend eines canonischen Schnittsystems bestimmt werden, sobald 
die Zerspaltung der Verzweigungspunkte zwischen und y festgelegt ist. Bei 
diesem Punkte entsteht naturgemass die Frage: welches werden die Vor- 
zeichenfactoren sein, welche an den Schnitten eines anderen Schnittsystems 
entstehen, das mit dem ersten durch eine gegebene Transformationsdetermin- 
ante verbunden ist? Der Factor fiir das Ueberschreiten eines Schnittes ist der, 
welchen man erhalt, wenn man um den anderen Schnitt des Paares herumgeht ; 
und die Periode an irgend einem Schnitt des neuen Systems wird gegeben durch 
eine lineare Combination von den Schnitten des alten Systems. Aber man wird 
sich erinnern, dass bei der Betrachtung des Schnittsystems, welches von einem 
anderen durch lineare Transformation abgeleitet war, gezeigt ist, dass Linien die 
sich nur durch eine doppelte Drehung um Verzweigungspunkte unterscheiden, 
nicht in ihrem Wesen verschieden sind, und es wird gewohnlich richtiger sein, 
jeden Schnitt in der einfachsten Form zu betrachten, die er annehmen kann, 


. 


18. Fig. 19. 


d. h. die Form, in welcher er um Paare eingeschlossener Verzweigungspunkte in 
derselben Richtung herumgeht. Um den einfachsten Fall zu nehmen: in Figur 5 
wird der Schnitt 4; = A,— B, die in Figur 18 gegebene Form haben, die von 
Figur 19 nicht wesentlich verschieden ist. Die Transformation A; = A, — B, 
jedoch bezeichnet den Schnitt A/ und nicht AJ, und S,, hat um die beiden 
Schnitte ein verschiedenes Vorzeichen. Es wird sich empfehlen, das folgende 
Symbol einzufihren: Hin zu der Transformationsdeterminante hinzugefigter 
Strich soll anzeigen, dass nachdem die angedeutete Transformation ausgefiihrt 
ist, die Schnitte in ihrer einfachsten Form genommen werden miissen, d. h. durch 
die Addition einer ungeraden Anzahl von doppelten Drehungen um Ver- 
zweigungspunkte muss der Schnitt so gelegt werden, dass er um Paare ein- 
geschlossener Verzweigungspunkte je in derselben Richtung herumgeht. Wenn 
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nun irgend ein abgeleitetes Schnittsystem in seiner einfachsten Form betrachtet 
wird, d. h. wenn die Schnitte in der oben beschriebenen einfachsten Form ange- 
nommen sind, so wird, die aus einem Schnittpaar zusammengesetzte Schleife 
einen Vorzeichenfactor geben, der das Produkt von (-—1)' multiplicirt mit dem 
Produkte der Vorzeichenfactoren der einzelnen Schnitte des Paares ist. Denn 
die zwei Schnitte eines Paares schliessen immer eine ungerade Anzahl gemein- 
samer Punkte ein und deshalb wird die doppelte Drehung um einen dieser 
Punkte einen Vorzeichenfactor (—1)' geben, aber diese doppelten Drehungen 
diirfen, wie wir oben gesagt haben, nicht als in den Schnitt eingeschlossen be- 
trachtet werden. Wenn also f die Anzahl der Schnittpaare in der linearen 
Combination ist, so wird, da irgend eine lineare Combination von Schnitten aus 
einer Combination von Schnittpaaren und aus einer Combination von einzelnen 
Schnitten besteht, die in ihrer einfachsten Form genommene aus einer linearen 
Combination von den Schnitten irgend eines canonischen Systems zusammen- 
gesetzte Schleife einen Vorzeichenfactor haben, der das Produkt von (—1)/ 
multiplicirt mit dem Produkte der Vorzeichenfactoren aller der Schnitte der 
linearen Combinationen ist. Dies kann auch so ausgedriickt werden: Wenn die 
Transformationsdeterminante die in §4 gegebene Form hat und Q, und Q,., die 
beiden Schnitte eines Paares und f, der Exponent des Vorzeichenfactors des 
Schnittes Q, des urspriinglichen Schnittsystems und /{ der des in seiner einfach- 
sten Form genommenen Schnittes Q/ des abgeleiteten Systems sind, so wird der 
abgeleitete Schnitt Q/ einen Vorzeichenfactor haben, dessen Exponent ist : 


2p 


fi= + 


14.—Zusammenordnung fiir das Weierstrass’sche Schnittsystem. 
g 


Wir sind jetzt in der Lage, die Coordination der Sg) und 3, ,—Fune- 


tionen und zwar erstens fiir die Weierstrass’schen Perioden zu bestimmen. 
Wenn die 2p + 2 Verzweigungspunkte in der folgenden Reihenfolge genommen 
2p+ 2, 1, 2,...., 2—1, 2k, 2—1, 2,...., 2p, 2p+1 sind, so 
werden fiir das Weierstrass’sche Schnittsystem (siehe Figur 5) die Schnitte 
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beziehungsweise die Paare 

1,2; 3,4;....; 2&—1, 2h; 20—1, 2;....; 2o—1, 2p 
einschliessen und diesen Schnitten entsprechen in der transcendentalen Charac- 
teristik die Elemente 


Aber da diese Schnitte alle elementare Schleifen sind, so wird die algebraische 
Characteristik 24—1, 24 zusammen enthalten, wenn g,= 1 ist, und getrennt, 
wenn g, = 0 ist, und dasselbe gilt fiir die anderen Punktpaare in den Schnitten 
B. Die Schnitte A sind in jedem Falle directe Schleifen, von denen jede zwei 
Verzweigungspunkte mehr einschliesst als die vorhergehende. Der Schnitt 
A, (respective A,) ist eine elementare Schleife um die Punkte 2p, 2p+ 1 
(respective 1, 2) und daher ist h, (respective h,)=1 oder = 0, jenachdem die 
Punkte 2p, 2p +1 (respective 1, 2) zusammen oder getrennt in der algebraischen 
Characteristik liegen. Der Schnitt A, besteht aus einer elementaren Schleife um - 
2k—1, 2k und der directen Schleife A,; wenn nur 2k—1, 2k getrennt in der 


Characteristik =) liegen, so wird, da der Vorzeichenfactor dieser 


elementaren Schleife (—1)° ist, der Schnitt A, denselben Vorzeichenfactor haben, 
wie der Schnitt A,; aber wenn im Gegentheil 24—1, 2k zusammen in dér 
algebraischen Characteristik liegen, so wird der Vorzeichenfactor dieser elemen- 
taren Schleife (—1)' sein, und der Schnitt A, wird einen Vorzeichenfactor haben, 
der verschieden von dem zu Schnitte A, gehérigen ist. Alles dieses kann ausge- 
druckt werden durch eine 


Tabelle welche die Elemente der transcendentalen und algebraischen Characteristiken 
fiir das Weierstrass’sche System verbindet : 


Verzweigungspunkte 2k—1, 2k|2p—1, 2|\2p+2, 1) 2, |2p,2p+1 


zusammen = Jo=1 | y+1=h(mod 2) 


h,=0 


getrennt 


Aus dieser Tabelle kann man sofort die andere Characteristik ablesen, 


wenn die eine gegeben ist. 


| 
i 
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Beispielsweise sind die folgenden Characteristiken coordinirt : 
Fir p=1 (mod. 2): 


pel 
1010.... 101 ( ) 
fir p= 0 (mod. 2): 
1,2,...., 
010... .101 ( op +2 
fiir jedes p: 
ebm 9, 2p, 2p-+1 
(Ay, = h,) 


Aus der Zusammenordnung der Characteristiken fir p=1 (mod. 2) sieht 
man dass zu $ 42 fir p=8 eine gerade Characteristik (§7), fir p=5 
dagegen eine ungerade Characteristik ($9) coordinirt ist. 


§15.—Zusammenordnung fiir irgend ein Schnittsystem. 
Fiir jedes beliebige Schnittsystem kénnen die Factoren an den verschiedenen 


Schnitten, wenn die Characteristik @, gegeben ist, nach den 


in §12 gegebenen Regeln gefunden werden, und es ist deshalb das correspon- 


dirende 92" sofort bekannt. Auch wenn die transcendentale 


Characteristik gegeben ist, kann die algebraische Characteristik in einigen 
Fallen durch Umkehrung derselben Regeln abgeleitet werden; z. B. corre- 
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spondirt in dem Schnittsystem der Figur 10 mit der transcendentalen yo, die 


algebraische $,.,; denn jeder Schnitt enthalt vier Verzweigungspunkte, und da 
hier an jedem Schnitt der Vorzeichenfactor (—1)° ist, so liegen die vier ein- 
geschlossen Verzweigungspunkte in zwei Paaren in @ und y und da es sechs 
solcher Schnitte gibt, wie man leicht ersehen kann, so miissen die acht Punkte 
zusammen liegen. 

Aber auch ganz allgemein kann die algebraische Characteristik gefunden 
werden, wenn die transcendentale Characteristik gegeben ist. Wenn namlich die 
Abel’sche Substitution bekannt ist, durch die aus diesem gegebenen Schnittsystem 
das Weierstrass’sche System abgeleitet wird (und diese Substitution wird leicht 
gefunden wenn man einfach die beiden Systeme iibereinander legt und beobachtet, 
wie die Schnitte des einen Systems die des anderen Systems kreuzen), so wird 
nach den in §13 gegebenen Regeln die mit dem gegebenen An, ek: $) cor- 

respondirende transcendentale Characteristik des Weierstrass’schen Systems 
gefunden, und aus dieser letzteren Characteristik kann die algebraische Charac- 
teristik nach den in §14 gegebenen Regeln berechnet werden. 


GOTTINGEN, den 8. Julé 1892. 
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On the Determination of Groups whose Order is a 
Power of a Prime. 


By J. W. A. Youne. 


1. Cayley* has called attention to an important desideratum in the theory 
of groups, viz. the determination of all groups of given order n,—two groups of 
the same order being considered identical when the laws of combination of their 
elements coincide.t He had previously, in papers on the theory of groups as 
depending on the symbolic equation $*=1,{ determined the groups in the first 


case of any difficulty, viz.n= 8. 

Kempe]| has given all groups of order 1 to 12, and subsequently Cayley,§ 
correcting some errors made by Kempe, gave the groups of the same orders, 
together with a method of graphic representation. So much by way of 
enumeration from order to order. On the other hand, Nettof gives all groups 
of order p’ and pq, p and’g both being prime numbers. Finally, Kronecker** 
has completely determined all commutative groups of any finite order. 


2. In the following paper, groups whose order is a power of a prime are 
considered. In the first paragraph the group-theoretic foundations are laid and 
a method is reached of classifying groups whose order is a power of a prime 
in distinct ‘‘types”. In the second paragraph the groups of order p* and those 


* Am. J. Math., Vol. I, p. 50. 

{ @. e. all holoedrically isomorphic groups are regarded as identical. 
} Phil. Mag., Vol. VII, 1854, pp. 40, 408; Vol. XVIII, 1859, p. 34. 

|| Phil. Trans., Vol. CLXXVII, 1886, pp. 37-48. 


J. Math., Vol. XI, p. 139. 
{ Substitutionentheorie, pp. 133-37. Netto’s results are, on the face of it, proved only for groups of 


substitutions, but they hold generally, since every group can be expressed as a group of substitutions. 
Vid. Cayley, Am. J. Math., Vol. I, p. 52; Dyck, Math. Annalen, Vol. XXII, p. 84. 
** Berl. Monatsberichte, 1870, p. 881. Cf. Schering, Gétt. Abhandlungen, July 11, 1868, Vol. XIV. 
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of order p* are completely determined, while the third paragraph is devoted to 
further consideration of the groups of order 2*. The fourth paragraph consists of 
the treatment of those general types in which I have succeeded in finding the 
distinct groups. The division into types, given in the first paragraph, makes it 
possible to write out the generating relations of any group of order p*, and 
readily to reduce the question of the identity of two groups to that of “ equiva- 
lence” of two sets of integers. The method is sufficiently explained and 
illustrated in the types treated in the second and the fourth paragraph. 


3. In the composition of the paper, it has been my aim to presuppose no 
knowledge of the theory of groups on the part of the reader, and throughout the 
paper (the notes excepted) the terms used have been defined and the theorems 
used proved, or else reference has been made to at least one work where such 
definition or proof may be found. The third paragraph assumes some acquaint- 
ance with substitution-groups and with Cayley’s method of graphic representation 
of groups. 

I take this opportunity to express my obligation and warmest thanks to 
Dr. Oskar Bolza, who, throughout the entire course of the investigation, very 
kindly and materially assisted me with suggestions and counsel, as well as to 
Professor W. E. Story for valuable criticisms. 


§1. 


4. The objects of consideration are elements A,A,...., B,B,...., 
having the following defining properties :* 


1) Multiplication, 1. e. a mode of composition, is unambiguously defined, and 
is associative, but not, in general, commutative. 

2) Division, 1. e. a mode of decomposition, is unambiguously defined, viz. by the 
property that from AB= AC, as well as from BA=CA, shall always follow 
B= C. 

3). Abstraction is made of all properties of the elements in so far as they are not 
consequences of these just mentioned ; t. e., abstraction is made of the content of the 


* Kronecker, Berl. Monatsberichte, 1870, p. 882; Weber, Math. Annalen, Vol. XX, p. 302; Frobenius, 
Crelle’s Journal, Vol. C, pp. 179-80; Perott, Am. J. Math., Vol. XI, pp. 99-101; Hélder, Math. Annalen, © 
Vol. XXXIV, p. 29. 
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symbol. Two elements B and C are identical when AB = AC, as well as BA = CA, 
for every element A. : 


5. In consequence of 1) the terminology of multiplication is employed and 
the element AB, resulting from the combination of A and B, is called the product 
of the factors A and B. (It is not necessary to the purposes of this paper to 
make a convention as to which element shall be considered multiplier and which 
multiplicand.) The element AA= 4A’, resulting from.the combination of the 
element A with itself, is styled the second power of A, and, in general, 
A.A.A....(a times) = A‘, the a power of A. 


6. A group is an aggregate of elements such that every product of two 
elements of the aggregate is also contained in the aggregate. The order of a 
group is the number of distinct elements it contains. From the assumptions and 
definitions above it follows easily :* 

a.) That in every group of finite order there exists one, and only one, 
element A, such that for every element A of the group 4,A=AA,= 4A; A, is 
called the principal element of the group and denoted by the symbol 1. 

i b.) That, if A; be any element of the group, there always exists in the 
group one, and only one, element Aj such that A,Aj= A/A; = A,=1. A; is 
called the inverse of A, and is written A;'. 


7. If the group contains the elements A,, A,,....A,, every expression of 

the form 

is also an element of the group. If it happens that every element of the group 
can be expressed in terms of the elements A,A,....A,, in the form just given, 
A,A,....A,, are called a system of generating elements of the group. A group is 
completely defined when the laws of combination of a system of generating 
elements are given, and is said to be generated by these elements. The laws of 
combination are always expressible as equalities between two products of the 
form given above, or, denoting such a product by F(A,A,.... Am) a8 


F(A,A,....A,) = 


By multiplying by the inverses of the elements on the right, these relations 


* Kronecker, Weber, /. c. 
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can always be brought into the form F(A,A,.... z 4n)=1, or, for brevity, 

8. From the given relations others usually follow as consequences. In the 
determination of groups of a given order it is of importance that all the 
consequences of the relations given be explicitly considered. The consequences 
of given relations are obtained by the following method :* 

Let F=1 be a relation between the generating elements A,A,....A,. If 


it follows, multiplying this equality by itself, that 


which we may write #?=1. So, in general, it follows from the relation F=1, 
that also F*=1, for all positive integral values of a. But there may be still 
other consequences of F=1, viz., if F=1 be transformed} by each of the 
generating elements there follow the relations 

These relations may all be identical with /=1, (as in the case that the elements 
A;, A,,-...A,, are all commutative with one another). In «uch a case, the only 
consequences of the relation #’'= 1 are its own powers. If any of the relations 
found by transformation are distinct from /= 1, they must be transformed again 
by each of the generating elements, and so on until a system of relations is reached 
such that when any relation of the system is transformed by any generating 
element of the group, the resulting relation is already contained in the system. 
This system, together with all the products and powers of relations contained in 
it, is a complete system of the consequences of the relation F=1. If there 
exist other relations, =1,....F,=1, they must be treated similarly. 
All products of relations of the different systems so found are also consequences. 
But nothing new will be reached by transforming relations like 


PF, = 1, 
for Ay = A; and this is a product of a consequence of 
and a consequence of F,. 


* Dyck, Math. Annalen, Vol. XX, p. 12. 
+ An element B is said to be ‘“‘transformed”’ by A when the product A~'BA is formed, and the 
element A~'BA is called ‘‘ the transformed ”’ of B by A. 
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If, therefore, a group be generated by a system of elements A,A,....4A,, 
satisfying the relations ,=1, ¥,=1,..../,=1, a complete system of the 
relations consequent upon these is obtained by transforming each relation, as 
well as all the new relations so resulting, by all the generating elements of the 
group ; adding all the new relations so found to the original system; and finally, 
when nothing new arises by transformation, including all the different products 
and powers of the relations hitherto known. 


9. A system of generating elements may always be found containing any 
given element of the group, but if the group contains an element different from 
unity, there will be systems of generating elements that’do not contain ad/ the 
elements of the group. The same group may therefore be variously defined by 
different choices of the generating elements and consequent variation in the 
relations between them. 

To find all distinct groups of a given order we consider first all possible 
systems of relations between elements which will generate a group of the given 
order ; and secondly, determine which of the groups so generated are distinct. 
That two groups of order N, defined by two systems of relations, may be 
identical, it is necessary and sufficient that each group contain elements which 
satisfy all the generating relations of the other group, but no relation independent 
of these. For under these conditions each group is contained in the other, i. e. 
the groups are identical.* 


10. Groups of order p*; p a prime. 
Sylow} has proved the following theorem : 
If the order of a group ts p*, p being a prime, any element A of the group is 
represented once and only once by the expression 
A= AAS... 
wheni, 1,....m=0,1....p—1, tndependenily, and where Ay, Ay, ....,A,—1 
are elements of the group satisfying the following relations : 


* Poincaré, Acta Math., Vol. I, p. 10. + Math. Annalen, Vol. V, p. 588. 
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and also (A being any element of the group) 
= A, 
A~'A,A = AGA, 
A~'A,A = AS AYA, 


A-'A,_,A = ATARAS.... 


The exponentsa, b,c....t,a, B,y,---.@, may take independently the values 
0,1,....p—l. 

This theorem assures that, when the exponents take successively all possible 
sets of values, all groups of the order are represented at least once, but it remains 
to determine which of the groups so represented are distinct ; or, in other words, 
given two sets of exponents in Sylow’s formule, to decide whether or not the 
corresponding groups are identical. Instead, however, of thus starting from 
Sylow’s theorem, it is more convenient to introduce a modified classification 
which makes, from the very beginning, a considerable restriction in the number 
of possibilities to be considered. This classification is based upon the following 
theorem, which is the foundation of Sylow’s theorem just cited, and is proved by 
him in that connection : 

Every group whose order is a power of a prime contains at least one element 
which is different from unity and commutative with every element of the group. 


11. It follows immediately from this theorem* that every group G, of 
‘order p*, contains a subgroup I, of order p", x, > 0, consisting of the totality 
of all the elements of G which are commutative with every element of G. The 
two groups G and I suffice to define, as follows, a new group, called the 
quotient of G by IT .+ 

The elements of G can be arranged in the following table, in which the 
subgroup I constitutes the first row : 


A,, A; 
B,, A,B, ’ A;B, 2 


We form the product of any two elements of the table: 
A,B,A, By = A,AyB,By = Ag 


* Netto, Substitutionentheorie, p. 49. + Hélder, Math. Annalen, Vol. XXXIV, pp. 31-38. 
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The row of A,,B,B, is independent of A,,, which occurs in every row, and is 
definitely determined by B, and B,,; i. e. from any two rows of the table, taken 
in a given order, there follows definitely a third. The rows of the table may 
therefore be considered as elements; they form a group G’ of order p*~". 
Holder calls the group G®, thus determined by G and I, the quotient of G 
by I, and denotes the relation by the equation 


Analogously,; G® and [™ are called the factors of G. 


12. Since the group G is independent of the A’s, its laws of combination 
are those of the B’s when the factors in the A’s are disregarded. The laws of 
combination of the elements of G are thus unambiguously deduced from the 
laws of G, by placing therein all the A’s equal to unity. To pass conversely 
from the laws of combination of G to those of G, a factor in the A’s must be 
introduced, and the process is not unambiguous. 


13. To the group G, of order p*t~", 
applied, and thus by successive steps we pass unambiguously from one quotient 
group to another, until finally a group G = 1 is reached. 

In this process the following groups have been defined : 


the previous reasoning can be 


ORDER. ORDER. 


G p* 
T® GO) = G [re 


re) | = =1 


If two groups, G, and G,, are identical, their subgroups [{? and If, 
unambiguously defined as above, must be identical, and the quotient groups 
G® and G§ must also be identical. The converse does not necessarily hold. 


* Any self-conjugate subgroup is sufficient for the determination of a quotient group. The group 
G is meriedrically isomorphic with G. 
+ Holder, Math. Annaien, Vol. XXXIV, p. 82; Dyck, Math. Annalen, Vol. XX, p. 14. 
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Applying the same reasoning to G®, @®...., we find that a necessary, though 
not sufficient, condition for the identity of G, and G, is that the groups I'{’ and 
Ty’, t=1, 2....u, coincide respectively throughout.* 


14. The groups I are all commutative groups ;} to them we apply the 
following theorem :{ 


If the elements of a group of order n are all commutative with one another, there 
can always be found in the group a system of elements a,, d,,+.+ +m, satisfying the 
relations 

r, divisible by r,4.,, such that the expression 
aah, 3 
represents each element of the group once, and only once, when h;=1, 2,...+. 7%, 
independently, (i= 1, 2,....m). 
Every set of 7’s satisfying the above conditions gives rise to a commutative 


group of order n, when used as exponents in the above relations. All groups 
are distinct in which the 7’s do not coincide throughout. 


15. By the theorem just cited, the group I, of order p%, is generated hi 
elements satisfying the relations 


21, 1, .... 1, 

aa=aa,, h,j= 1, 

iy + ig = 
The group I is completely defined by the numbers x,, x.....% ,and the fact 
that it is a commutative group. 

Since G, and G, cannot be identical unless the groups I'{’ and I'{” coincide, 

the numbers x, must coincide respectively throughout, if the groups are identical. 
This agreement in the values of the numbers x, is a necessary, though not 


* Cf. Holder, Math. Annalen, Vol. XXXIV, pp. 32-38. 

{ For brevity we say ‘‘commutative groups,” instead of ‘‘ groups whose elements are all commuta- 
tive with one another.”’ ° 
¢ Kronecker, Berl. Monatsberichte, 1870, p. 881; Schering, Gétt. Abhandlungen, 1868, Vol. XIII; 

Netto, Substitutionentheorie, pp. 144-47; Weber, Math. Annalen, Vol. XX, pp. 304-7; Frobenius u. 

Stickelberger, Crelle’s Journal, Vol. LXXXVI, pp. 224-36. See also Perott, Am. J. Math., Vol. XI, 
pp. 99-188 ; Vol. XIII, p. 235. 
18 
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sufficient, condition for the identity of two groups. It affords thus a basis of 
classification. We shall say that all the groups leading to the same set of values 
x4 constitute a type, and denote the type by the symbol 


A type is of as many steps as there are parentheses in its symbol. The commu- 
tative groups are groups of one step. Since groups belonging to different types 
cannot be identical, it remains to determine all the different groups contained in 
each possible type. 


16. A group which can be generated by a single element is called a cyclic 
group. 

In a group of more than one step, the last group T™™ cannot be a cyclic group. 
For convenience, we consider a group of only two steps (such a group must 
always occur, viz. G“—*) and use the notation of No.13. To say that T® = G® 
is a cyclic group, is to say that, considering the rows of the table in No. 10 as 
elements, any element can be expressed as a power of one properly chosen, and 
that hence the elements B, on which alone the group G™ depends, must also be 
powers of one of them. 

The group G is then generated by I and a single element B satisfying the 


K—K, 


relation BP ‘= A”, (A being some element of I). Since all the elements of 
r™ are commutative with every element of the whole group, and there is only 
one generating element other than those of I, it follows that the’ group G is 
commutative, contrary to the hypothesis that it is of two steps. It is, therefore, 
not possible that the last group I be a cyclic group.. In other words, in a 
group of more than one step, the last parenthesis of the type symbol must contain 
more than one integer. 


§2. 
17. Groups of order p’. 
The formally possible types are 
(11) 
(2) 


(1{1) 
Of these the first two are commutative groups, and the last type is non- 
existent, according to the result of No. 16. 


t 
H 
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Permanent notation. All elements of G which are commutative with every 
element of G, shall be denoted by the letter @ (with the necessary indices) and 
its products and powers, and the letter a shall be restricted to such elements. 


18. Groups of order p’. 


Types : 
(111) 
(21) } commutative groups. 
(3) 
(1{11). 
Type (111). 


The type symbol means that [™ is generated by an element a satisfying the 
relation 1, 


and that G® =I is generated by elements af’, af satisfying the relations 


ae? = 1 
af’ =1 
aMa® = 
The table of G is (cf. No. 11) Go 
1, a, a’, 1 
bs, aby, a’b,, aP 
bs abs ab, aP- 1p, a” 


Since the elements of G® are the rows of G, every element of the row 
corresponding to a{” must be, to within a factor in a, the square of some element 
in the row corresponding to af, i. e., with perhaps a change in the order of the 
elements of the row beginning with 6,, we may write 6,=6}. Similarly it 
follows generally that all the 4’s are powers and products of two of them (call 
them 6, and 8,) corresponding to the same powers and products of a{? and aj. 


19. To pass from the relations of G given above to those of G deduced 
therefrom, af? and af) must be replaced respectively by 6, and },, and an arbitrary 


. 
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factor in a introduced (cf. No. 12). Doing so, it is seen that G is generated by 
elements a, 5,, satisfying the relations 


Paz} 
b? = a™ 
of = a™ 


= a"b,b, 
ab,= ba, +=1, 2. 
From these relations follow readily 
Formule of multiplication : 


If n=0 (mod p), then 6,b, = 6,5, and the group is commutative, and not of 
the type in question. Hence n=|= 0 (mod p). 

If the given relations are transformed by all the generating elements no new 
relations are found. -The only relations consequent upon the given relations are, 
therefore, their products and powers. 


20. If m =—0,1, 2,....p—1 
m,=0,1, 2,....p—l1 
m=1,2.......p—1, independently, 


all the groups of the type are generated, and every such set of values used as 
exponents in the generating relations leads to a group of the type. For the 
relations suffice to reduce any expression of the form 


to the form (a, Therefore every element of the group is 
given at least once by the expression just written ifa,@,, 0,=0,1, 2....p—1, 
independently. The group is of order p* if all these elements are distinct. If 
two of the elements so found were equal, e. g. if 
a = bh 
it follows that | 
— — Bai — Bas = 1. 


Unless a, = &, By = Bu, Piz = By, this is a new relation (not a product of those 


| 
| 
| 
| 
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already given) which the generating elements satisfy. But we have seen that no 
such relation exists. Hence the group generated is actually of order p*.* 


21. It remains to determine for what sets of values of m,, m,, n, the groups 
are identical. To this end, we select in the group G for which m,, m,, n have 
a particular set of values, all the different systems of elements which will 
generate the group G. For each such system the values of m,, m,, n will, as a 
rule, be different, and the totality of these sets of values is the totality of the | “. 
values of m,, m,, n leading to the group G. We shall thus distinguish all the 
different admissible sets of values of m,, mz, 7 into classes such that every set of 
a class, when used as exponents in the generating relations, leads to the same 
group, and that no two sets belonging to different classes lead to the same group. 
There will then be just as many different groups as there are classes of values of 
m,,™m,,n. We shall find that the classes can be completely distinguished by 
certain functions of m,, m,, n which are invariant for each class, but may vary 
from class to class. 


22. In the group G (defined in Nos. 18, 19) we now make the most general 

choice of a system of generating elements, a’, bj, bj, viz. 
a’ = 
bj = bf 2. 

As has been seen (Nos. 18-20), in order that these elements may be a 
system of generating elements of G they must satisfy relations of the form given 
in No. 19, and no others not products of these.t That is, we must have 

Vad, 1,9 
bib! = al” 
= bia’, 1, 2. 


*In the same way it appears in every type subsequently to be considered, and in general, that the 
given relations with their products and powers are alone sufficient to reduce the group generated to 
the proper order; that therefore relations that are not products of the given relations reduce the order 
of the group further, and are hence inadmissible. If (as sometimes happens) relations not products of 
those given are consequences of them for particular values of the exponents, these values of the 
exponents, as not leading to a group of the type in question, must be excluded from consideration. 

+ The group may be generated by systems of elements satisfying relations quite different from these, 
but such systems need not be considered. For we have seen that every group of the type can be gener- 
ated by a system of elements which does satisfy relations of the form given, and hence if we confine 
our attention to systems of the latter sort, we shall not thereby have excluded any groups from 
consideration. 
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If now the values of a’; in terms of a, b,, 6, be substituted, it appears that in 
order that the relation a’b; = bia’ may hold it is necessary and sufficient that 
a, =a,= 0 (mod p). 
We may write then 
a’ =a’ 
bj = bh", t= 1, 2. 


23. In order that the elements a’, 6; may generate the group G;, it is 
necessary and sufficient that the elements a, 6, which, by hypothesis, generate 
G, be expressible in terms of a’, bi. J. e., the following relations must exist: 


Whence, substituting the values of a’, bj, 
J, being a polynomial whose precise form is not material here. 
From these : 
60! = 1 (mod p) 
+ B's) =0 (mod p), 2. 
+ “ ) 
+ “ ) 
Babu + “ ) 
+ “ ) 
The integers 6, y;, 8, must be so chosen that values of the integers 0’, yi, Gj; 
can be found which will satisfy this system of congruences. To this end, it is 
necessary and sufficient that the following conditions be satisfied : 


d=|= 0 (mod p) 
gare 


No restriction upon 7, y, follows, since, whatever their values may be, values 
of y; can always be found to satisfy the congruences in which y,, y, appear. 


24. Notation.*—The symbol |a| shall be used permanently to denote the 
determinant of the numbers ay, +, 7= 1, 2....n. ; 


* Cf. Smith, Phil. Trans. 1861, p. 298. 
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If now we choose as generating elements 
a = 
bf = t= 1, 2 
0, |@| ==0 (mod p), 


the group G will be generated. Substituting these values in the set of relations 
given in No. 22, the latter reduce to the following, (provided p > 2, which we 
assume hereafter to be the case, reserving the case p= 2 for separate consid- 


eration) : 


1B93— + Ba + Bos — ab’ + Bai bf + Bas 


Whence, if 5 be defined by =1 (mod p), 


Ba + m2) (mod p), t= 1, 2. 
By these formule are determined all the sets of values of mj, mj}, n’ which, 


when used as exponents in the generating relations, lead to the same group as 
Mg, 


m; 
n! 


25. The choice of other generating elements for the group may be called a 
transformation of the group into itself, and the formule just written are the 
corresponding formule of transformation for the exponents. Those different 
sets of values of M,, Mz, n, and those only, which can be transformed into each 
other by these formulz characterize the same group. One of these sets of values 
may be selected as typical of them all and called the “reduced” set of values. 
The distinct groups are determined when, by these formula, several sets of 
reduced values are found such that no reduced set can be transformed into any 
other reduced set, but such that every admissible set of values of m,, m,, n can 
be transformed into one and only one of the reduced sets of values. 


26. Definition—An invariant of a type is a function of the variable 
exponents occurring in the generating relations of the type, which remains 
unaltered in value under any admissible transformation. Two groups for which 
an invariant has different values cannot be identical because they cannot be 
transformed into each other by the method just explained. 
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27. Since neither 5,|@|, nor m is =0, (mod p), it is always possible to 
choose 6 and || so that n’=1(mod p). This is done, for instance, by putting 


when 
m=n 4=1,2, n'=1 (mod p). 

This means that if a group be characterized by exponents m,, m,n, it can 
always, by a different choice of generating elements, be expressed in a form 
having the exponents nm,, mm,, 1, i. e. by 

a’=1 

2, 

= ab,b,. 

Since all groups of the type are contained in this form, we confine our attention 
hereafter to groups in which n= 1 (mod p) and apply only such transformations 
as will leave n unaltered. This is no restriction upon the generality of the 


treatment. 

Since by the results of No. 24, mj can be expressed linearly and homoge- 
neously in terms of m, (mod p), and conversely, it follows that the greatest 
common divisor of m,, m, and p remains unaltered under any transformation, 


i.e. G.C.D. m,, m,, p= G.C.D. mj, mj, p. 


28. Notation.t—Denote the greatest common divisor of a, b,....1, by 
fa, d,s 

A=[m,, m, p] is then an invariant of the type. That two groups be 
identical it is necessary that A have the same value for each. We proceed to 


show that it is also sufficient. 
A may have the values 1 and p. If A=1, i.e. m, and m, are not both 
=0 (mod p), 6 and @,,; can always be so chosen that 


= + = nd(m, + (mod p) 
= (miBn + = + “ ) 
n! =3/8|=1 | 


*This notation means that the elements of | 8 | are respectively congruent (mod p) to the values 


written. 
T Smith, Phil. Trans. 1861, p. 321. 
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I. e., if A = 1, all the sets of values of m,; n admissible under this restriction 
can be reduced to m=1, m,=0, n=1 (mod p). In other words, all the 
different sets of values of m;, n for which A=1, lead to the same group. 
When A=p, there is only one set of values of m, admissible, viz. 
m,=m,=0(mod p). There are then only two distinct groups according as 
A=1lorA=p. 

We take as reduced values 


A=1, m=1, m=0, n= 
A=p, m=0, m=0,n=1( “ ). 


The groups themselves are generated by elements satisfying the relations : 


1) (A =p) 

1 a’ =1 

bf =a bp=1 

of = 
b.b, = ab»b, bob, = 

ah 4221, 2 ak sig 2. 


29. Case p = 2. 
When p= 2, instead of the results of No. 24, the following relations are 
deduced in a similar manner; (remembering that since d=|=0 (mod p= 2) 


|8|=0, n==0 (mod 2) we have S5=S=1, n=1, |@| =1 (mod 2)): 
= Babin + Pam, + Pam, (mod 2), 


1 
If m, = m,=1 (mod 2) then 

m= ByPy + Bu + By (mod 2) 

m; = BnBm + Bx + Bx (mod 2). 
Since |@|=1 (mod 2), 8, and By, are not both =O (mod 2), and hence 
necessarily 

m; =m; = 1 (mod 2). 
Since the transformation is invertible mym, remains unaltered (mod 2) under 
any admissible transformation. I. e., A=m,m, (mod 2) is an invariant. We 
have considered above the case A=1 (mod 2). If A=0 (mod 2) at least one 
m is =0 (mod 2), and the @’s can always be so chosen that mj =m, = (mod 2). 


There are then two groups according as A=0 or A=1 (mod 2). 
19 
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30. Groups of order p'. 


Types: I. (1111) ) 
(211) 
(22) } The commutative groups. 
(31) 
(4) 
II, (14111) 
II]. (2¥11) 
IV. (1%21) 
V. (11411) 


VI. (141411). 


31. Type (1§111). 
By the methods already used, (Nos. 18, 19), this type is seen to be generated 
by elements satisfying the relations: 


a’? = 1 
41,4, 5 
bb; = a™b,b;, +, 7 =1, 2, 3 independently. 
ba, 1,4, 3; 


From the third relation it follows that 
Ny =— Ni, Ny =O (mod p). 


No new relations are found by transforming the above relations. 


Formule of multiplication : 
3 
> 


Dd 


32. Condition that no element except a and its powers be commutative 
with every element of the group. That ¢= a*bj'b3:by be commutative with 
every element of the group, it is necessary and sufficient that 


te, 


| 
| 
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Substituting the value of ¢ in this relation and reducing by the formule for 
multiplication, we find that it reduces to 


3 
> yinii 
j=1 


Whence 
3 
= (mod p) 2, 3, 
j=itl j=l 
or, remembering that n;,=— ny, 0 (mod p), 


3 
=0 (mod p)i=1, 2, 8. 
j=l 


In order that none but a and its powers may be commutative with every 
element of the whole group, the system of congruences last written must have 
no other solutions than 

0 (mod p). 
The n’s must therefore be so chosen that the system of congruences can be 
satisfied only by these values of y,. The cofdition for this is: 


=|= 0 (mod p). 
But |n| is a skew-symmetric determinant of odd order and hence* 
| 2 | =.0 (mod p). 
The type is therefore non-existent. 


33. Type (211). 
By the previous methods (Nos. 18, 19), it is found that this type is generated 


by elements a, 6,, b,, satisfying the relations : 


bp = a™ 
bp = 
bab, = 


* Baltzer, Determinanten, 25, 8. 


bg, t= 1, 2. 


142 Youne: On the Determination of Groups 


Formule of multiplication : 


a(q—1) 


Relations consequent on these by transformation. Transforming the second 
relation written by 6,, and reducing by the multiplication formule, we have 


= a™ ; 
whence 


Accordingly, that this may not be a new relation satisfied by a, n must be so 
chosen that (v. note to No. 20) 


np = 0 (mod p*) 
n=0 (mod p). 


The condition that no element other than a and its powers be commutative with 
every element of the group is seen, by the method of No. 32, to be 


n=|= 0 (mod p’). 


Nothing further is found by transforming the remaining relations. 


34. If, now, the following elements of the group be considered as generating 


elements 


a=a’ 


bf = += 1, 2, 


it is proved, by the method already explained in detail (Nos. 21 to 23), that 
the necessary and sufficient condition that the group generated by a’, bj be 
actually the group under consideration, and not a subgroup of it, are 


d=|=0, |3| (mod p), a, remaining entirely arbitrary. 
By the method explained in No. 24 are found the following 
Formule of Transformation : 


5(pa, BaBign + Bum + Bigme) =m, (mod Pp’); 1= 1, 2, 
(mod p’). 


| 

| 

| 

| 
| | 
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Since both z and n’ are necessarily divisible by p but not by p’, we can always 
choose § and || so that n'=~p (mod p’), (e. g. by 


It appears from the form of the first formula of transformation above that the 
G.C.D. of m,, m,, p is an invariant, and that by a proper choice of the arbitrary 
quantity a,, m; can always be made less than p. Since n is divisible by p, the 
case p = 2 is included in the general case. 

We distinguish then 


A=([m,, m,, p|=1, and A= p. 


If A=1, 8; can always, as in the type (1{11) (No. 28), be so chosen that 
m,=1, m,=0 (mod p), and by giving the arbitrary quantity a; a suitable value, 
we can always make mj=1, mj=0 (mod p*); while if A=p, i. e. if 
m,=m,=0 (mod p), we can always, by a proper choice of a,, make 
m{ = m= 0 (mod p*). There are therefore two groups of this type, according as 


A=1,or A=p. 
35. Type (121). 
This type is generated by elements a, b,, b,, satisfying the relations : 


=z 
= 
=a™ 


ab ta, 3-21, 3. 
Formule of multiplication : 
= 


By the formule of multiplication, 
= a”"bPb, 


or = bPd,. 


3 


ub 
+ 
4 
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That is, 6? is commutative with },, and being already commutative with itself 
and with a, it is commutative with every element of the group. This is 
contrary to the hypothesis that a and its powers constitute the totality of the 
elements commutative with every element of the group. There are therefore no 


groups of this type. 


36. Type (11X11). 
By the previous methods, this type is seen to be generated by elements 
dz, b,, satisfying the relations 
= 
= 
a,b, =b,a;, +, 7 = 1, 2 independently. 


Formule of multiplication : 


a(¢g—1) 
+ 2 By Ban, ag” + 


No new conditions are found by transforming the given relations by each of the 


generating elements. 
In order that no element, other than powers and products of a,, a,, be 


commutative with every element of the group, it is shown as before (No. 32), 
to be necessary and sufficient that at least one of the quantities n,, , be not 


congruent zero, (mod p). 


37. Just as before (Nos. 21-24), the conditions and formule of transforma- 
tion are found. It is necessary to distinguish the cases p >2 and p= 2. 


Formule of transformation, p > 2. 
>. = (mod p) t,x=1, 2 independently. 


j=1,2 j=1,2 
— = dunt + (mod p) t=1, 2. 
|@| 0, =F 0, (mod p). 


| 
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From the second set of formule, 

m= 0d]. |. N20) ; (mod Pp) 

n= 12] — “ ). 
o that 


Ng 


= 1, (mod p). 


With these values, the resulting values of mj, are 


12 [22 
= 
12 No Myo ’ ( ), 


In applying any further transformation we must have, in order to leave the n’s 
unaltered, 


d2=0, (mod p). 


A=[|m|, p] is invariant. This is proved by applying to the m’s the 
most general transformation admissible. The determinant of the m’’s is found 
to differ from that of the m’s by a factor which is not congruent zero, (mod p). 
Hence A remains unaltered. 


38. Suppose A=1, i.e. |m|=|=0 (mod p). Applying to the m’’s the 
most general transformation leaving the 7m’’s unaltered, the result is (see condi- 
tions above) : 


my = + — + (mod p), 
= Bamy + — + Bom.) } ( 
( 
( 


M3 = + 


145 
=1, (mod p). 
Such a choice, for instance, is 
|8\= | 01 | , (mod p) 
— | My dy 
Mo, == 

21 | Moy dog ’ ( ); 
— | My 

Mo = 


i 
i” 
4 
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Choose = ==0, = (mod p). 
My 
then my=0, (mod p), 
My, =0, “). 


I. e., all values whatever of the m’s, subject to the condition that |m| == 0 
(mod p) can be reduced to the set just written, by a transformation leaving 
m=1, n,=0. There is hence but one group when A= 1. 


39. Suppose A =p, i. e.,|m|=0 (mod p). In deducing the first four con- 
gruences of No. 38, no assumption was made as to whether or not |m|=0 
(mod p). These formule, therefore, hold true also in the present case. On the 
face of the formulz it is evident that B= [mj,, m, p] remains unaltered by 
this transformation. When the values of m/, and mj, in terms of the original 
parameters are substituted, we must have an invariant of the type. For if 


2] 


is not invariant, it is possible by some admissible transformation applied to 
Mm, Nz, My, to reach values nf”, nf, mY, such that B? + B. When now J? is 
made unity and n{? zero (mod p), m{}’ and m§” are the determinants in BY. By 
the hypothesis that B® + B, they have not the same G.C.D. with p as the 
determinants in B. 

Therefore, supposing B not an invariant of the type, it is possible by three 
transformations, viz. from mj; back to m,, then to m), then to m{”, (and these 
transformations can be combined into one leaving nj =1, n;=0, (mod p)) to alter 
B= [mp, m,., p|. But this last has been shown to be impossible. Hence B is 
an invariant of the type. 


My 
Ng, 


My 
Ng ’ Moo 


40. The same reasoning shows generally that if, after having applied any 
number of particular transformations, any function of the resulting parameters 
remains unaltered under every transformation which does not affect the results 
of the previous transformations, then, when the transformed parameters are 
replaced by their values in terms of the original parameters, the resulting 
expression is an invariant of the type. 


41. That B is an invariant can also be verified by applying to it the most 
general admissible transformation, when it appears that B remains unaltered. 


| 

| 

| 

i 

| 
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We distinguish now B=1, and B=p. Case B=1. As a particular 
transformation we choose, 


— | Mg, — My 
= | Boy Boe 


= i —— 1 (mod Pp): 
= + (mod p), 


while we have in addition (No. 37) the conditions 6,,=|@|=1, 6.0 (mod p)- 
These values, substituted in the congruences of No. 38 give, (remembering 
that |m|=0 (mod p)), 


my = 1B] == 0 (mod Pp) 


There is then only one group in case A= p, B=1. 
If B= p, i. e. mj, = my =0, (mod p) we must distinguish whether or not 
Mi, =m, =0 (mod p). This leads to a new invariant, viz. 


C= [my, Mz, M1, My, 


That this is invariant appears from the first formula of No. 37, remembering 
that |d|/==0 (mod p). 

If B=p, C=1, we make mj =0, m}j =1 (mod p), (No. 38). 

If B=p, C= p:p, then necessarily 


mi; = mj = 0 (mod p). 

We have now found three invariants of the type. We have proved that all 
the groups characterized by any one of the possible combinations of values of the 
invariants are identical. Two groups whose invariants do not coincide in value 
cannot be identical. We have then reached a complete system of invariants 
which defines every group of the type once and only once when the invariants 
take all possible values. 


Groups, Type (11{11), p > 2. 


1.) 2.) 3.) 4.) 
A= tT, Pp; P; P; 
B= 1, i, 


1, 


| C= 1, 1, p. 
20 | 
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42. Type (1111), p= 2. 
In this case we find as before the formule of transformation : 
Babar + Bama + Bigs, = + (mod 2), 2, independently. 


= + (mod 2), x=1, 2. 
|d]==0, (mod 2) .. (mod 2). 


At least one of the integers n,n, is = 0 (mod 2). From the second formula of 


transformation, 


| 
n= | tig Be (mod 2), 
bn 2 
12 ( ) 
Choose 6 = 01 | (mod 2). 


This makes n;=1, n;=0, (mod 2), irrespective of the values of n, and nz». 
The resulting values of mj, are 


mi, =z | + (mod 2) 
Myo, ny 
My) 

Myo = 
Nz, ( ); 

= Mo, Ng ( ) 
Ma, Ny 
/— Mo, 

Moo 

Ne; Mo ( 


The most general transformation leaving the values n,=1, n,=0 (mod 2) 
unaltered is 


arbitrary. 


dg 1 

Applying this transformation we find that 
mii = t+ Bumn + Bymy + + (mod 2), 
mx = + Bam + Bosman + dn(Camiz+ Booms) ( “ ), 
Miz = Bumie + (mod 2), 
= Ba Mig + 


43. Since mj; and m,; are expressible linearly and homogeneously in terms 
of mj, and mj, and conversely, it follows that [mj,, mj, 2] remains invariant 


| | 
q 
| 
| 
| 
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under this, the most general transformation leaving nj=1, n3=0, (mod 2) and 
that hence, in terms of the original parameters, 


ny, My 
Nz, Myo 


Ny, 
Ng, Moe 


A= 


, | (mod 2) 


is an invariant of the type according to the considerations of Nos. 39, 40. The 
fact that A is an invariant can also be verified by applying to A the most 
general transformation admissible, when it is found to remain unaltered. If, 
when A=0, mj, =m,=1, (mod 2), then necessarily, since |@|=1 (mod 2), 
mi; = my=1, (mod 2). In this case, therefore, we must distinguish whether 
or not mj, =m, =1, (mod 2), and hence mj,.m(A +1) is invariant. Put 


My, + Ny 
Mo, 


i .(A +1), (mod 2). 


Mio, My 


This is invariant according to the general theory, (Nos. 39, 40), as may also be 
verified by applying the most general transformation admissible. 

We have just considered above the case A=0, B=1, (mod 2), while if 
A=0, B=0O, (mod 2), we can always, by a proper choice of |@| make 
mi; =my=0 (mod 2). If 40, there are therefore two groups according as 
B=0, 1 (mod 2). 

Case A=1. In this case B=0 (mod 2) necessarily. Applying the 
transformation 


Mp, Mis 
| 


» 


| (mod 2), 


with the result: 
mi, = 0, m3 =1 (mod 2), 


Mi = + MyMy + (mod 2), 


ms; = (mx + 1)(m}, +1)+ m+ (mod 2) 


m3 can always, by a proper choice of the arbitrary quantity 4,,, be made 
=0 (mod 2). We must distinguish, finally, whether or not mjj=0 (mod 2). 
By previous methods, then, 

+ | | 
ny My 
Nz Mj. 


Mg) 
Nz Mee 


My, M4 
Mo, 


(mod 2) 


is an invariant of the type, and distinguishes the two groups possible when 
A=1 (mod 2). 


| 
; 
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We have now considered all the possibilities, have reached a complete 
system of invariants and can enumerate thereby the groups of the type, viz. 


Groups, Type (1111), p= 2. 


1.) 2.) 3.) 4.) 
A=0, 1, a; 0, 
0, 0, 0, 
C= 0, 0, 0. 


44. Type (1{1{11). 
The groups of this type are generated by four elements, a, b, q, t, 
satisfying the relations : ; 
=a", 
cf = 1, 2. 
cb = a‘ be,, 
cc, = , 
ab = ba, 
ac, = cg, += 1, 2. 


It is necessary that h==0 (mod p). For otherwise the group G® whose 
relations are found (No. 12) by placing in the above relations a=1 would be a 
commutative group, and not of type (1{11) as it should be. 


Formule of multiplication : 
= 
op +h (o—1)49 + (p— 


7(r—1) 


It will be seen by the methods used previously that in order that no element 
except a and its powers be commutative with every element of the whole group, 
it is necessary and sufficient that not both q, and g, be congruent zero (mod p). 


45. By transforming all the generating relations by each of the generating 
elements of the group, we find the complete system of relations consequent upon 


| 
| | 
4 
4 
| 
| 
| 
| 
4 
i 
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the given relations. Nearly all of the relations resulting reduce to one or the 
other of those given, but the relations obtained by transforming the third relation 
given by c; do not do so, and when p > 2, they are 

+hn — 1, 

ahh 


Hence, (see note to No. 20), 


mh —figs=0( “ ), 
S92 = 9 ( ), 


From these congruences it follows, since gq, and g, are not both congruent zero, 
(mod p), that 
m=f,=f,=0 (mod p). 
The case p= 2 is reserved for separate consideration. 
Substituting these values, the generating relations become (provided p>2) : 


1, 
L, 
=a", 2. 

c,b = a%be;, 

GC, 

ab = ba, 


t= 1, 3. 


Subject to the restrictions h==0, gq, and gq, not both =0, (mod p), these 
relations define a group of our type for every set of values of n,, q;, t, h. 


46. We now make the most general choice of generating elements a’, J’, cj, 


as follows (cf. No. 22): 
rad", i==1, 4. 


In order that the group generated by a’, U/, c/, be actually the group under 


mh — fog; = 0 (mod p), 
SC“ 
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consideration, and not a subgroup of it, it appears, by previous methods (No. 23), 
to be necessary and sufficient that the conditions 


6220, |y| (mod p), 
be satisfied. 
At this point, distinction must be made between p= 3 and p>38. Re- 
serving the case p=3 for subsequent consideration, it is found by previous 
methods (Nos. 22-25) that, when p > 3, the following are the 


Formule of transformation : 
W=Cly|h (mod p), 
gi = “ ), 


47. Since’ « is perfectly arbitrary, and appears only in the value of ?¢ and is 
there multiplied by a factor which can never be congruent zero (mod p), it 
follows that, in every transformation, ¢ can (without affecting any quantity other 
than ¢’) be given such a value that ¢=0 (mod p). We shall suppose throughout 
that this is done. ; 

We first make h'= 1 (mod p) by the following transformation : 


| 01 | e=8,=0,=0, 6=1, (mod p). 


Results : 
m=n,, (mod p). 


If now, considering the primed exponents as given, we apply the most 
general transformation such that h”=h'=1 (mod p), the exponents of trans- 
formation are subject to the restriction |y|=¢ (mod p). The results of this 
transformation are 


nj! = +y =H(yam + Via) (mod P); 
+ 092) = + T= 1, 2. 


| 

| 

{ 

| 

| 

| | 
| 
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Giving the exponents of transformation the following particular values 


’ 


s=h, ly|= Y12 


d 
=| | (mod p) 
we have 
= (mod p), 
n= 


Let A It is necessary to distinguish whether or not A= 0 (mod p). 
A is invariant as appears from the form of the general relation between the n’s 
and n’s. There is only one set of values for which A=0 (mod p), viz. 
Ny =n, = 0 (mod p). 

Suppose A=1 (mod p). We had above 


n/ = h(yum + 712%) (mod p), 
Ap | (mod p). 


ng =h(— qn + am) =h 
In order to leave g;’/=1, q;’=0 (mod p) unaltered, any further transformation 
is subject to the additional conditions, 


¥n = och, Ya (mod p). 
As before |y| =f, = (mod p), yy» quite arbitrary. 
The results of the transformation are 


ni! = + ) (mod p), 


ng!" = 
If me a =0 (mod p), then necessarily nj/’=0 (mod p). It is verified as 


91> 92 


ny, Ng 


before that B= [ 


; P| is an invariant. 
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If A=1, and B=0 (mod p), then nj/==0(mod p). = 
(mod p), where the y’s satisfy also the congruence 
+ = 1 (mod p) ; 
since A=1, m, and n, are not both =0 (mod p), and gq, and q, are not both 


= 0 (mod p), and hence, since ct oy = 0 (mod p), the value of nj’ just written 


is a non-vanishing multiple (mod p) of the congruence 71,9; + 7129, = 1 (mod p), 
and therefore, nj/==0 (mod p). 

Since nj/== 0 (mod p), ¢ can always be so chosen that nj/’ =1 (mod p). 

In the case A=1, B=0 (mod p), there is then but one group. 

If A=1, 

MN, Ne 
then ng!’ =(Sdh) | 41> 92 | (mod p). 
Ny, Ng 


1) 


== 0 (mod p), 


If nig = is a quadratic residue of p, m,'’ can be made =1 (mod p), while if 
1 


9 


a - is a quadratic non-residue of p, mn,’ can be reduced to any non-residue 
1» 


of p we please. Hence distinction must be made whether 


C is an invariant, as may be verified in the usual way. In either case, mj’’ is 
made zero by a proper choice of 74. which is perfectly arbitrary. 

A, B, C form, therefore, a complete system of invariants whereby are 
distinguished the following 


Groups, Type (1{1{11), p>3. 


Wl s 


* Legendre’s symbol. Consider (5) =-++1. 


| 
lf 
| 
4 
| 
| 
C= 2. 
| 
i 1.) 2.) 3.) 4.) 
A= .0, 1, 1, 
C=+1, + 1, +1, 
4 
id 
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48. Case p= 3. 


Formule of transformation : 
(mod 3), 
+ Yam) ( “ ), t=1, 2, 
(Ya — + + Yam + | (mod 3), 


or, multiplying by 2 and rejecting multiples of 3, 


n= — + Yat + Yer} (mod 3),¢= 1, 2, 


The exponent ¢ has the same value as in the case p> 3, and just as in that 
case it is made zero by giving the arbitrary quantity e a suitable value. 

If a==0 (mod 3), then by Fermat’s theorem, a?=1 and a=a (mod 3); 
throughout the case p= 3 we may therefore replace a by a. 

We first apply a transformation to make h'=1 (mod 3), viz. 


2224, (9 |= | | (mod 8), with the result nj=n,, =1 (mod 3). 


To make g!/=1, g3'=0 (mod 8) we now apply the transformation 


=1, (=1, d=h (mod 38), 


with the results: 


‘=1 (mod 3), 
= 0 ( 
nt! = + + 2m] (mod 3), 
= igh +h | 
It can be verified as usual that = gig} + h = A (mod 3), is invariant. 
1) 


We distinguish A=0, 1, 2(mod 3). If A=0 or 2 (mod 8), y, can always be 
so chosen that n;'’= 0 aad 3). 

If 4=1 (mod 8), distinction must be made as to whether or not n/ 
(mod 3). If nj/=0, then nj{/’=0 (mod 3), while if nj/=|=0 (mod 3) we make, 
by a proper choice of Z, nj/’=1 (mod 3), 

21 
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The expression A(A + 1)n;’ is always =0 unless 4=1 (mod 8). In the 
latter case it is =0 (mod 3) or not according as nj’ is so or not. Put 


= A(A 1)h[ (29,92 + + (mod 3): 
It can be verified as usual that 


B=[B*’, 3] (mod 8) is an invariant.* 


* Since B is perhaps the most difficult invariant to verify, I add the details of the verification. All other 
invariants which are not readily verified can be treated similarly. If we put C= h[(2q,93+91)"1+@2"2] 
(mod 8), and hence B’= A(A+1)C (mod 8), then B is invariant, and indeed congruent zero (mod 8), 
independently of C, when A=0, (mod 3); but when A=1, then B’=2C (mod 38), and to show that 
B=[B, 3]=[2C, 8] is invariant in this case also, it is necessary to show that in this case [C, 3] is itself 


invariant. 


We consider then the case that 
A=qigith l= = 1 (mod 8), and 


prove that for this value of A, [C, 3] is invariant under the most general transformation admissible. 
The most general transformation can be made up (Kronecker, Berl. Monatsberichte, 1866, Krazer, 
Annali di. Mat. Ser. 2, Vol. XII, K6énigsberger, Ell. Funkt., Vol. II, p. 70) out of the component 


transformations : 


It appears easily that C is unaltered by transformations Iand If; Applying transformation III, and 


denoting by C’ the resulting expression, we have 
O' = + 92)93 +9: +92} {h(g2—91) +, +22} + (mod 8), 


whence C'=C+ h(2q:93 +91) (hg2—ha; (mod 8). 
Put D= h(2q193 +491) (haz — hai +22) 
= —hn,) Sah 


C+D (mod 3), and that C may be invariant 


We have then as the result of this transformation C’= 
D is evidently =0 (mod 8) 


under this transformation it is necessary and sufficient that D=0 (mod 8). 
if q, =9, or if q, =|= 0 (mod 8), while if q, 3=0, g, =0 (mod 8), 
D=—4: — — An.) = —1+hq,n, (mod 38). 
But when g, = 0 (mod 8) we have from A= 1 (mod 8), hg,n, =1 (mod 8) and hence D=0 (mod 8). 
C is therefore invariant under transformation III when A=1 (mod 8). 
Applying transformation IV we have 


| | (mod 8). 


Put E=hq,9, | 2 1 2 42 | (mod 8). 


pe 
if 
| 
| 
| 
i 
He 
| 
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Groups, Type (1{1{11), p=3. 


1.) 2.) 3.) 4.) 
A=0, 2, 
0, 1, 0. 


Case p= 2. 


In this case, the generating relations are (cf. No. 44), 


oF, 

1, 
c,b = a%be,, 
CoC = a'be 

ab = ba, 


QQ, == 04; += 1, 2. 


Not both g, and g, may be congruent zero (mod 2), (No. 44). 
Formule of multiplication (cf. No. 44): 
+= 1, 2, 
oo [t+ er] 


The following are the new relations consequent upon the given relations by 
transformation ; transforming c} = a"b” by and by and also = a™b” by 
c, and by ¢,, we reach respectively the following relations: 

ahh = 1, 
anthut™— 4, 
— 4 


> 
72% 


That C may be invariant when A= 1 (mod 8) we must have then E=0 (mod 8). This is evidently the 
case if qg, or g, =0 (mod 38), while if g¢, ==0, g, ==0 (mod 8), we have from A=1, 1+h | ro me | =1, 


(mod 3), whence | - 2 as =0 (mod 8), or H=0 (mod 3). Therefore when A =1 (mod 8), C is invariant 
? 2 


under transformation IV. 
Applying transformation V, we find readily that C’ = (mod 8). Since 71: == 0 (mod 8), [C, 3] 
is invariant under this transformation. : 
We have now shown that [C, 3] is invariant when A=1, (mod 8), and that, consequently, 
B=[B’, 3]=[A(A+1)C, 3] (mod 8) is an invariant of the type. 
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Whence (note No. 20), 
+ m=0 (mod 2), 
A+tAG+tm=0( “ ), 
=0( “ ), 
Ag=o( “ ). 
From these congruences it appears that 
m=1 (mod 2), 
A=1+au( “ 
Making the following most general choice of generating elements (cf. No. 46), 
a=e, 
= a‘b, 
= += 1, 2, |y| (mod 2), 


and denoting by af] the greatest integer in . if “f is positive or zero, and one 


more than the greatest integer in “ taken with the positive sign if = is negative ; 


and by R[N] the smallest non-negative remainder of N (mod 2), we find as 
usual the following , 
Formule of transformation : 


R[ +hya + t= 1, 3, 
n= t (Ya 1) (ya — + van | 
+ + Aya + Ayn], (mod 2),7=1, 2, 
+ (mod 2), i= 1, 2, 
Bryer + + — 12) 


2 
+e+ (mod 2). 


*It is to be noticed particularly that, since b? =a, the exponents of b in the relations may not be 
altered by arbitrary multiples of 2, and that the quantities f must therefore be supposed to have their 
smallest non-negative values (mod 2), and that fj; must be taken equal to the expression given. 


4a 
“a 
Be 
ty 
| 
if 
| 
| 
ie 
| 
| 
is 
i 
he 
| 
ie 
ne it 
| 
| 
| 
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We now apply a transformation to make the q’s both unity, viz. 
= | + 9 = = d 2 
9 8, =0, e=0, (mod 2), 
and remembering that a?=a, and q, + gz + 9:92= 1 (mod 2), and supposing the 
smallest non-negative values of the g’s (mod 2) to have been taken originally, 
we have the results : 


m= (1 + + + (G1 + (mod 2), 
+t qn, (mod 2), 
a=1;fi=0, 
R= 1; 
The most general transformation which will leave these values of q, q 
unaltered is 


yi= y | (mod 2), @;, arbitrary. 


Neither ¢ nor @, has any effect upon the n’s when g,=q,=1, (mod 2). By 
giving e a proper value we make ¢”=0 (mod 2). The resulting values of n,n, 
are, 
ny’ =yun + (mod 2), 
“ ). 
Adding and multiplying these values, we have respectively, 
ny! + nj! =n; + (mod 2), 
( “ 
Written in terms of the original parameters, these are then two invariants, viz. 


+ + 1+ + gir, (mod 2), 
+ + (1 + + (1 + + (mod 2). 
Since we have reduced all the other parameters to a single set of values, 
irrespective of the n’s, the invariants A and B distinguish completely the groups. 
Groups, Type (1{1{11), p = 2. 


1.) 2.) 3.) 
A=0, 0, 
B=0, 0, 


50. Summary of results. 
In the following summary of results there are given first, the generating 
relations of each type in their general form, then the invariants, and last, all the 
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existent groups, except the commutative groups, defined as well by values of the 
invariants, as by generating relations in which the exponents form a set of 


‘reduced ” values (No. 25). 


Groups oF ORDER p’*. 


Type (111). 
Relations : 
— 


a™. 
bab, = 
ab, = ba, += 1, 2. 
Case p > 2. 
Invariant: A=|m,, me, p]. 
Groups: A=1, p. 
1). | 2). 
1 
a 
1 
= ab,b,, 
ab; = ba, 


in both groups. 


Case p= 2. 
Invariant : A= mymz, (mod 2). 
Groups: A=1, 0 (mod 2). 
4). | 
1 1 
a 1 
a 1 


in both groups. 


Groups OF ORDER 7*. 
Type (211). 
Relations : 
esi, 
2, 
b,b, = ab, bp, 
ab, == ba, += 1, 2.. 


if 
| 
14 
| 
by 
| 


whose Order is a Power of a Prime. 


Invariant: A =[m,, m,, p]. 
Groups : A=p,1. 


1). | 2). 
1 
R=) 1 ia 
1 1 
= ‘ 
in both groups. 
Type (11{11). 
Relations : 
a=1, 


byb, = , 
ajb;=ba;, i,7=1, 2, independently. 


Case p > 2. 
Invarianis : 
A=[|m|, p], 
B= my, ™m, Mal 
Ne, Mz, Ng, Meg | P| 


C= [ my, M19; Mo); P|. 


Groups : 

1). | 2). | 3). | 4) 
A=|1|p|p|p 
B=|1]1]p |p 
C=] 1 1 tip 
a=] 1 1 1 1 
a=|1/1]11]1 
bf =] a, 1 1 1 
bR=la, la, | a 1 


b,b, = 
ab=ba,, %t,j=1, 2 ti all these groups. 
= 


16! | 
| 
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Case p= 2. 
Invariants : 
As , (mod 2), 
Ng, Mog ] 
B= A+1), d 2), 
m4, my; (mod 2). 
Groups 
1). | 2). | 3). 4), 
B=] 1 0 0] 0 
0] 1 0] 0 
a=| 1 1 1 1 
1 1 2 
i=| a, | a, | 1] 1 
As As 1 
b,b, = 
a,b; = ba;, %,7=1, 2, all these groups. 
AA, = Ay, Qj, 
Type 
Relations : 
cP = 
=1, 2. 
cb = a%be,, J 
= a'b"c,c,, 
ab = ba, 
ac,=ca, tv==1, 2. 
Case p > 3. 
Invariants: A=[n,, p], (mod p), 
Qe 
B=[ Ny, Ng P|; (mod p), 


| 
P 
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Groups : 
1). | 2). | 3). | 4). 
1 1 
B=] 0 0 1 1 
=]+1 |+1 |4+1 
1 1 1 
1 1 1 
(N any quadratic non- 
4 1 | a | | residue of p), 
= abe,, 
= be, , 
CoC, = in all these groups. 
ab = ba, 
+=1, 2 


Case p= 3. 


Invartants: A= qigi +h | (mod 3), 
B= [A(A + 1)h} (2:93 + + 3] (mod 3). 
Groups : 
1). | 2). 1) 3). | 4). 
A=j 0 1 1 2 
=r 0 1 0 
1 1 1 
ast: 3 1 a 1 
Gust 4 a 
eb = abe,, 
= bey, 
= beye,, in all these groups. 
ab = ba, 
ac; = ca. 
Case p = 2. 


Invariants : 5 
A=(Ht tat1+ qm + um (mod 2), 
B= (1+ + (1 + + (1 + + mn, (mod 2). 
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Groups : 


- in all these groups. 


51. Groups of order 16. 
I add a table of the “color groups,”* presenting graphically, in Cayley’s 


method, the non-commutative groups of order 16 as regular transitive groups of 


substitutions operating on sixteen letters. 
Each group can be generated by three, or fewer, elements properly chosen. 


To these we shall assign the colors red, green and black, and shall denote them by 


the letters R, G, B, and in the figures by the lines 
, respectively. We shall give, for each group, the new 


generating elements expressed in terms of those of the preceding paragraph, then 
the relations which the new generating elements satisfy, and last, the color- 


diagrams. 
Type (2411). 
Group 1). 
Be, 


Guk, PBC. 


* Cayley, Am. J. Math., Vol. XI, p. 139. 
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1). | 2). | 38). 
A=] 0 1 0 
B=} 0 414 
st 4 1 1 
a a a 
| 
| c,b = abe,, += 1, 2, 
CoC, = 
ab = ba, 
§3. 


whose Order is a Power of a Prime. 


Group 2). 
P=, 
Bt, P=1,; 


v 


> | 
| | 
La 


Type (1111). 
Group 1). 
R=a, =P, 
Bai, 


- 
Group 2). 
R=b,, BP=1, 
G=b,, @=t; GRERG. 


> > 


| 
a 
\\i 
¥ Y 
H H 


Youne: On the Determination of Groups 


Group 3). 
Gab, 


Type (1111). 
Group 1). 


R=ec,, R=1, 


> > 
> 
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Group 4). 

Pet, Be, 

G=h, @=1, GR=RG. 

Group 2). 
t, 
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Group 3). 


J ot : 


52. It is of interest to compare with these results the various particular 
groups of order 16 already known. I shall mention here only the most 
important groups of order 16 previously given, viz. those contained in Cayley’s 
list of groups of substitutions on eight letters.* To determine whether or not a 
given group of order 16 is expressible as a group of substitutions on eight letters, 
and if so, to find the group of substitutions, we use the method given by Dyck.} 
It is, in brief, this: 

If a group G, of order N=u.v, contains a subgroup of order uw, the 
elements of G can be distributed into the following ‘systems of imprimitivity ” : 


Call these systems respectively C,, C,,....C,. By the definition of imprimi- 
tivity it follows that when the elements of the group G are multiplied throughout 
by any element of G, there results a substitution on C,, C,,....C,. Multi- 
plying the elements of G successively by its V elements, there result NV substitu- 
tions on C;, C,,.... C,, forming a group G’. Some of these substitutions may 
however be identical. Dyck shows that the necessary and sufficient condition 
that the group G’ (of substitutions on » letters) be actually of order N and 
holoedrically isomorphic with the group G, (identical with G in the sense of 
this paper), is that the subgroup 1, A,,....A,, used in the determination of 
G’, shall neither be a self-conjugate subgroup of G nor contain any self- 
conjugate subgroup of G. 
In our case, N= 16, v= 8, w=2, and every subgroup of order 2, not a t. 

self-conjugate subgroup of G, leads to a group of order 16 of substitutions on 
eight letters. Making examination in this way of the non-commutative groups 


* Quar. J. Math. No. 98, 1891, p. 1387. + Math. Annalen, Vol. XXII, p. 90. 


Wat, 
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of order 16 enumerated above, we find that the following of them can be 
expressed as transitive groups of substitutions on eight letters : 


Group. Number in Cayley’s list.* 
(2{11), 1), 


The group (1{1{11), 1), expressed as a transitive group of substitutions 
operating on eight letters, is generated by the substitutions 


(dhieg haf) 
and (abcdefgh) , 


while the group (1{1{11), 2), similarly expressed, is generated by the sub- 
stitutions 


fh) 
and (abedefgh) 


I have not been able to identify these two groups with any of the groups of 
Cayley’s list. 
§4. 
53. Type (xj11....1), s units in the second parenthesis. 
The groups of this type are generated by elements a, b;, ((=1, 2,....8,) 
satisfying the relations: 


a’ = 1, 

bb,=a"bb;, t,7=1, 2....8, independently, 
ab, = ba, $= 1,2....8. 


From the third relation we have 


ry = — Ny, ny, (mod pr’). 


* Quar. J. Math. 1891, p. 140. 


23, 
22, 
a 
eee 2 
eee 
1411), 
{1{11), 2). 
(1 
| 
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Formule of multiplication : 


8 s—l 
gap Spam 


a Be — 8 2 
(a eoeee bf a j= 1 b¢ ‘bY? bv 
s—1 
> »d 
s— 
> 
8 s—1 
> > Bin(Bjt Bit)nix 


By transforming the second relation given by 0, we find that 


= a™, and hence 
1. 


From this it follows (v. note to No. 20) that p,, =0 (mod p*) or n,=0 (mod p*~") 
for all values of 1 and 7. This restriction upon the n’s is necessary in order that the 
group generated by the elements satisfying the relations given may be of the type 
in question. Supposing the n’s chosen subject to this restriction, no new relations 
arise from transforming all of the generating relations by each of the generating 
elements, and the only consequences of the given relations are, therefore, their 
products and powers. 


54. We next determine the condition that no element other than a and its 
powers be commutative with every element of the group. Suppose 


.... 


were commutative with every element of the group. To this end it is necessary 
and sufficient that g be commutative severally with 6,, b,,....6,. For g is 
certainly commutative with a, and every element of the group can be expressed 
as a product of a and G,’s._ I.e., that g be commutative with every element of 
the group it is necessary and sufficient that 


gb, = bg, 
or ... . 696, = 1, 2... 


Whence, reducing and applying multiplication formule, 


s 
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From this, 
t—1 


(mod. p*), /=1, 2....8, 


j=l+1 j=1 


or since n,,= — (mod p*), 


j=1 
Every set of y’s satisfying this system of s congruences determines an 
element a*bypb}... . 6%, which is commutative with every element of the group. 
But, by hypothesis, no elements other than powers of a are commutative with 
every element of the group; hence the only admissible values of y are 
y;=0 (mod p), j= 1, 2,....8. The n’s must, therefore, be further restricted 
to such values that the system of congruences above can be satisfied only by 
yj; =0 (mod p), j= 1, 2,....8. 
55. Frobenius* has shown that there is a one-to-one correspondence between 
the system of congruences under consideration and those of the system 


0 (mod p*), j= 1, 2,....8, 


where g; is a quantity defined as follows: Given asquare array of m’ integers. Let 
d, be the positive greatest common divisor of all the determinants of order A that 
can be formed by striking out m—A rows and m —A columns of this array. In case 
the value of every determinant of order 4 should be zero, d, is taken to be zero also. 
Since every determinant of order 4 is a linear homogeneous function of determi- 


nants of order A— 1, e = — -is also an integer. ( We fix that e, = d,, and if 
A 


= ~ , then e, = 0.) The integer e,, so defined, is called the A” elementary 


divisor of the given array, and o, is defined by the following equation: 


0, = [e,, p*]. 


Oy 


Frobenius shows} that is also an integer. 


* Crelle’s Journal, Vol. 86, pp. 191-2. See also Smith, Phil. Trans. 1861, p. 293. The notation used 
above is that of Frobenius. 
t Loc. cit., pp. 189-90. 


q 
fi 
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That the congruences 
j=1 


be satisfied only by y,=0 (mod p*), j= 1, 2,....8, it is necessary and suffi- 
cient that the congruences 


0,7; = 0 (mod p*), J=1, 2,....8 
(o; being now defined by the array of integers n,) be satisfied only by 
=0 (mod p), j= 1, 2,....8. 
And to this end it is necessary and sufficient that 0,0 (mod p*), j= 1, 2,....8, 


or, since is an integer, that 


O,~-1 


o, = 0 (mod 
B 


Hence, that o,- 0 (mod p*) it is necessary that |n| be not absolutely zero in 
value, although the congruence |x| =0 (mod p*) may hold. This, then, is the 
condition that no element but @ and its powers be commutative with every 
element of the group. 

Further, |n| is a skew symmetric determinant, and not being zero, it must 
be of even order, s = 29.* Hence follows the theorem : 

The last parenthesis in the type symbol must always contain an even number of 
integers. 


56. We make now the most general choice of generating elements, a’, bj, 
for the group G, viz: 
a =a’ 
i= ap t= 1, 2,....8, = 
By the methods already explained (Nos. 22, 23), it appears that the neces- 
sary and sufficient conditions that the elements a’, 6; generate the group G 


itself are 
a, being arbitrary. 


* Baltzer, Determinanten, 225, 8. 
23 
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The cases p > 2 and p= 2 must now be distinguished. 
Formule of Transformation, p> 2. 


/ 
pa; + Gym; |= mj (mod p*), += 1, 2,.;.. 8, 


8 8 
J=tt+1,....8. 
It appears from the form of the expression for m/, together with the fact 
that the m’s are expressible in terms of the m’s by like formule, that 


A= [m,om,,....m,, p| 
is aN invariant. 
Frobenius* has shown that a system of integers Gy, of determinant unity, 
can be chosen such that 
(Od) 
+i, «= — (mod P*) 
ni; = 0 (mod p*) for all other values of i and j. 


In view of the restrictions upon the integers n, already found, we have 


= rp*—', (mod p), o,=p*—!. Since is an integer and o,, + 0 (mod p‘), 


A—1 
0; = p*— for all values of 7. 
We have, then, 
ni; = 0 (mod p*) for all other values of 7 and j. 


We apply now the most general transformation, leaving the n’’s unaltered. 
To this end the @’s and § must be so chosen that 


$= 1, 2,....8—1, 


5 BiB = ry (mod p*) 


t=1 


*Crelle’s Journal, Vol. 86, pp. 146-191; in particular, pp. 165-168, 187-191. There is a slight 
difference in form between the result given above and Frobenius’ result. If, in the bilinear form 
> used by Frobenius, Yo, Yox—1» V2x—1, be replaced respectively by Yo ten? Ver 


the result is reached in the form above. 


5 
i 
f 
| 
‘ 
‘ 


or, substituting the values of n’, that 


whose Order is a Power of a Prime. 


i. e., that*® 


p 


i= 


— p*~* (mod p*) ift=7 + p, 
0 (mod p*) in all other cases, ° 


1 


=— (mod p), ifi=j+o, 
= 0 (mod p) in all other cases. 


57. We have already found an invariant A. When A= p, then 
m,=0 (mod p),7= 1, 2,....8. 


In this case it is always possible, by a proper choice of a;, to make 
m;= 0 (mod p*), i= 1, 2,....8. 


All the sets of values of m; for which A= p are then reducible to the set just 
written ; i. e., there is only one group for which A =p. 
In case A=1, it is possible by a proper choice of a; always to make 


O0<m,<p. We suppose this done. 


The following are particular sets of 


values of J, @,;, which satisfy the conditions at the end of No. 56: 


0 0 i 0,9 90 pti 0 §=1 (mod p*), 


*CE. Clebsch u. Gordan, Abel’sche Funktionen, p. 300. 
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provided that | Bris Bs, prs 
| Mp+4, Bo+i, p+i 
We shall call the transformation in which @,; and 6 have these values the 
transformation A;. Similarly, the transformation B, shall be the transformation in 
which’ § and the #’s have the following values: 


=1 (mod p*). 


= 1 (mod p*), 


d= 1 (mod p*) 


provided that 


Bes Bi | =1(mod 


Therefore, any set of values satisfying the condition Bar By +0 (mod p) is 
jis MI 


admissible. 


58. In case m, and m,,; are not both =0 (mod p), it is always possible 
(remembering that we have already made every m< _p), by the transformation 
A; to make mj =1, m/, ,=0(mod p*‘). The m’s have now been reduced to such 


values that 
m} 4 (mod p*); t= 1, 2,....9, 


and at least one m; is + 0 (mod p) since A= 1. 


| 
1] 
| 
| 
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If mj and m;, (7 >+) are not both =0 (mod p), it is always possible by 
the transformation B,,, to make 
m{'=1 (mod p*), 
m'=0( ). 


This transformation leaves all other m’s unaltered. By successive applica- 
tions of B,,, the m’s are reduced to 
m, = 1 (mod p*), m;=0 (mod p*), 7 = 2, 3,.... 2p, 


i. e. all the sets of values of m; for which A= 1 can be reduced to the above 
set, and there is hence but a single group when A= 1. 


Groups, Type soos 
A = 


| 


II 


- QO 


| 
| 


2,3,.... 2p. 
In both groups, 
bb, = if — 
=a "bb, ifi=j+p, 
= 6,b; in all other cases, 
t,j=1, 2,.... 2p, independently, 
ab=ba, 1=1, 2,.... 2p. 
59. Case p= 2. 
Formule of ne 


s—l 


m| = 2a, + + Bym, (mod 2), 


j= 


e=1 Jl=1 

Since n, is divisible by 2*-! (No. 53), it follows that, when x>1, the 
second term in the expression above for m; is a multiple of 2-and can therefore 
be taken together with the term 2a,;, in which a; is a perfectly arbitrary quantity. 
In this way the formule of transformation become precisely those of the case p>2. 
It is therefore not necessary to consider separately the case p= 2 unless x= 1. 
The groups of type (x{11....1) are those of No. 58, irrespective of the value of p. 


k 
: 
i 
| 
} 
i 
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60. We consider, then, 


Type (1f11....1), p= 2. 
Formule of Transformation : 


8 s—1 
= + Bym, (mod 2), = 1, 2,....8, 
j=l+1 l=1 j=1 


8 8 
ny; = (mod 2),¢=1,2,....8—1, J=itl,....s. 
=1 


As in No. 56, we apply first a transformation making 


n;; = 0 (mod 2) for all other values of 7 and 7. 


The transformation A; has the following results: 


m= Bum, -+- Bi, p+iM, +: (mod 2), 
m; =m; (mod 2), ify +t. 


By means of this transformation m/ and m/,, can both be made = 0 (mod 2) 
except when m; and m,,; are both congruent unity (mod 2), when necessarily 


also 
=m), ;=1 (mod 2). 


The transformation A, has the following results: 
mi = + (mod 2), 
m; = Bym; + Bym, (mod 2), 
Mri t 4; (mod 2), 


M4 Boos, (mod 2), 
m/ =m, (mod 2) for all other values of x. 


Provided at least one of the numbers m,, m,, is =1 (mod 2), we can, by this 


transformation, make 


m; =1 (mod 2), 
m=0( “ ). 
By successive applications of the transformations A; and B,,, any possible 
set of m’s can be reduced to one of the two following: 


0, 0 0, 0 0 eee @ 0 


; 
| 
j 
| 
| 
A 
4 
? 
4 
4 
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These two sets of values may be reducible-into each other. According as they 
are or are not so reducible, the type has one or two groups. I have not suc- 
ceeded either in effecting the reduction or in proving its impossibility; nor have 
I been able to find an invariant by whose different values the groups of the type 
could be distinguished. 

There are, then, at most two groups of the type (1{11....1), p= 2; they 
are generated by elements satisfying the following relations: 


RER 
| a] 1) 
=|1 [1 | +=2,38,....9, QB. 


In both groups 
ab,= ba, i= 1, 2,.... 2p, 


bb, = abb;, ifr=7 + 9, 
= 6,6; in all other cases. 
61. Type (1{1{11....1), s= 2p units in the last parenthesis. 
Every group of this type is generated by elements’ 
a,b, (W=1, 2,.... Qp), 
satisfying the relations: 


a = 1, 

b? = a", 

cf =a"b’,). 

1, 2, .... 2p, 


1,J=1, 2,.... 2p, independently, 

ab = ba, 

acj=ca, += 1, 2,.... 2. 
If in these relations we consider a = 1, we have (No. 12) the relations satisfied 
by the generating elements of a group of type (1{11.... 1). But we have just 
considered this type and have seen that the following restrictions may be 
imposed on the exponents in the generating relations without thereby excluding 
any group of the type: 

m; = 0 (mod p), unless i= 1 orp +1, 
1 (mod p), ifi=i+t+e, 


—1 (mod p), ify=i—p, 
0 (mod p) in all other cases. 


| 
| 
| 


| 
{ 
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We may, therefore, without excluding any groups, impose the same restrictions 
on the corresponding exponents in the present type, viz: 
0 (mod p), unless or p+ 1, 
1 (mod p), ify=i+t+e, 
hy =< —1 (mod p), ify=i1—p, 
| 0 (mod p) in all other cases. 
By the usual methods it is seen that the necessary and sufficient condition 
that no element other than a and its powers be commutative. with every element 
of the group, is that at least one of the integers q; be not congruent zero (mod p). 


62. Most of the relations resulting from transforming the given relations by 
each of the generating elements are products and powers of the given rela- 
tions. In the following case, however (among others), the resulting relations 


are not so expressible. 
Transforming the relation 
ce; = 
by c*, the relation results 
whence (note No. 20), 
hide + (mod p), 7; 1,2, 2p, independently. 
If p= 1, the indices 7, 7, x cannot all be distinct, but at least two must be 
equal, say j= x, and the congruence above becomes 
hig; + + = 0 (mod p). 
This is an identity, since h, =—h,, h;=0 (mod p). 
But if p>1, we can choose ¢ arbitrarily, and 7 +i+p,x=j+p, when 
the congruence becomes 
hy, 5-0 + hy +, 9; = 9 (mod P); t= 1, 2,.... 20. 
But, since 7 p, 
hy 0, hy, 0 (mod p). 
Substituting these values we have 
hy, 54.9: = 9 (mod p), 1=1, 2,.... 2p. 
Whence q:=0 (mod p), += 1, 2,.... Qp. 
This is a necessary consequence of the generating relations given. But we have 
seen that, in order that the elements satisfying the relations given shall generate 
a group of the type under consideration, it is necessary that at least one of the 
quantities g; be not congruent zero, (mod.p). There are, therefore, when p>1, 
no groups of the type (1{1{11....1). The case p=1, type (1{1{11), has already 
been considered. 
CLARK UNIVERSITY, WORCESTER, Mass., August 12, 1892. 
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The Projection of Fourfold Figures upon a Three- Flat. 


By T. Proctor Hatt, 


1.— Introductory. 


Stringham has shown* that in space of any dimensions there are at least 
three regular figures. These three series of figures may be developed syntheti- 
cally from a point, each according to its own law of increase; and in such ways 
as this it is possible to develop a synthetic geometry of higher space along with, 
perhaps, such distinctness of conception as we now have of space of one, two and 
three dimensions. 

Hinton, indeed, maintains not only that such a conception of four-fold 
space is possible, but that it can be attained with comparative ease by a careful 
synthetic study of a few four-fold figures. 

I have adopted as most convenient and complete the nomenclature in which 
the order of an n-fold solid is indicated by a word designating the number of its 
axes; as tessaract, pentact, etc.; and in which the particular solids of each order 
are distinguished by numeral adjectives referring to the number of (n —1)-fold 
boundaries. 

A point moving in one dimension traces a straight line. Keeping its 
extremities fixed, suppose the line broadened into an equilateral triangle by 
extension of its middle point in a direction perpendicular to the line. Again, 
suppose the middle point of the triangle extended along the third rectangular 
axis, carrying with it the plane so as to form a regular tetrahedron. Now let 
the middle point of the tetrahedron be extended in a direction perpendicular to 
the first three axes, carrying with it the four solid tetrahedra which extend from 
this central point to each tetrahedral face, until each of these becomes a regular 
tetrahedron. The enclosed four-fold figure is a penta-tessaract. In these pro- 
cesses one new angular point is added for each new dimension; a new line is 


* Am. J. Math., Vol. 3, 1880, p. 6. 
t‘*A New Era of Thought” (Swan, Sonnenschein & Co., London, 1888). For the literature of 


higher space see Am. J. Math., Vol. 1, 1878, pp. 261, 384 et seq., and Vol. 2, p. 65. 
24 
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added for each point in the preceding figure ; a new plane for each line, and so 
on; so that the law of increase of boundaries in this triangular series is very 


simple. See the table of figures following. 
Series OF REGULAR FIGURES IN n-FOLD SPACE. 
NUMBER OF BOUNDARIES. 
M 
4 | Penta-tessaract, | 10] 10! 5] 
& | 5 | Hexa-pentact, ..... 6) 15 ae 15| 6 
| 7 | Oktaheptact,...... 28 56 | 70| 56| 28| 8 
4} 4| | | 
8| 12] 6| | 
32) 80 80 | 40| 10, 
64|192| 2401160) 60; 12 
128 | 448 | 672 560/280; 84 14 
Kte. 
| 4 | Hexadeka-tessaract, .. 24! 32 16 
= | 5 | Triakontaduo-pentact,. | 10| 40; 80) 80, 32 
| 6 | Hexakontatetra-hexact, | 12) 60/160./ 240/192) 64. 
7 | 128-heptact, ....... 14/ 84| 280/560| 672/448 | 128 
| | | | 
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Next suppose the line generated by a point to move along the second axis 
bodily, so as to generate a square. The square moving along the third axis 
generates a cube; and the cube, moving along the fourth axis, a rectangular 
tessaract (called for brevity simply a tessaract). In this series each point 
produces in the new figure a new line and point; each line a new square and 
line, each square a new cube and square, and so on according to this simple law 
of increase illustrated in the preceding table. 

In picturing the generation of the oktahedral series we must suppose the 
point extended in two opposite directions to form a line; the middle (original) 
point of the line extended both ways along the second axis to form a square ; 
the same point extended both ways along the third axis to form a regular okta- 
hedron; along the fourth axis to form a hexadeka-tessaract; andsoon. In this 
series two new angular points are added for each dimension, and each time the 
number of (n — 1)-fold boundaries is doubled. The simplest law of the numbers 
of boundaries is found by observing that each figure of this series is the inverse 
of the corresponding figure of the rectangular series, and consequently each 
horizontal row of numbers in the oktahedral series in the preceding table must 
be the same as the corresponding row in the rectangular series taken in the 
reverse order. This conclusion may be easily confirmed by working out the 
slightly complex law of increase in the same way as for the other series. 

I have selected the tessaract, the hexadeka-tessaract and the penta-tessaract 
as simple and typical illustrations of the synthetic method in projection, the 
simplicity and ease of which becomes more apparent as it is used. 


2.—Praection of a Square upon a Plane. 


The principles of parallel projection may be illustrated by considering 
briefly this case. Let a and 5 be the axes of the square, i. e. lines joining the 
middle points of opposite sides, and let N be a line through the center of the 
square and normal to it. Let P indicate the line of projection, which I shall 
take to be always perpendicular to the flat upon which the projection is made. 
The reader may follow more readily if he marks the axes on a square card, with 
a pin through its center to represent NV. 


Case I.—N parallel to P, and therefore a and b perpendicular to P. 
The projection is an equal square. 
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Case IT.—a parallel to P. 
a becomes a point in the projection; 6 is unchanged; and the projected 
figure is therefore a line of unit length. 


Case III.—N and a inclined, } perpendicular to P. 

a is shortened; 5 and the angles at its extremities are unchanged. The 
projection is therefore a rectangle of unit length whose width may vary from 
zero to unity as limits. 


Case IV.—N perpendicular, a and 6 inclined to P. 
The two axes are projected upon one straight line. The figure is therefore 
a line whose length is between the limits unity and the square root of two. 


Case V.—N, a and 6 inclined to P. 

Both axes are shortened and the angle between them altered in the projec- 
tion. The figure is that of an oblique parallelogram whose limits are three, a 
square, its diagonal on the one hand, and its side on the other hand. 

The principles illustrated in this simple example may be summarized thus : 

Parallel lines remain parallel. 

2. Lines and angles perpendicular to P are unchanged. 

3. Lines are shortened and angles altered when not perpendicular to P. 

4. Lines parallel to P are reduced to zero, and angles to zero or 180° 
when in a plane parallel to P. 


3.—Projection of a Cube upon a Three-flat. 


Assuming now that there is a space of four dimensions, the assumption 
implies that these principles of projection, as well as all geometric relations that 
are true of three mutually perpendicular axes of three-fold space, are also true 
for any three of the four axes of four-fold space. Just as in our projection of 
the square it was necessary that the square should be outside of the plane upon 
which it was projected, so must our cube be placed outside of three-fold space in 
the direction of the fourth dimension, in order that it may be similarly projected 
upon our three-fold space. Leta, 6, ¢ be the three axes of this cube, i. e. lines 
joining the middle points of opposite faces; and let N be a line through the 
intersection of the axes, perpendicular to all of them. Let P be, as before, the 


- line of projection, which is perpendicular to the three axes of the three-flat upon 


which the cube is to be projected. Now the essential difference between this 
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- problem and our last lies in this, that instead of N we have now the third axis c, 
and have a new N whose location may be for the present inconceivable to us, 
but which bears the same relation to any one of the three known axes of the 
cube that these bear to each other. 


Case I.—N parallel to P, and therefore a, 6, c perpendicular to P. 
The axes and angles are unaltered. The figure is a cube. 


Case II—a parallel to P, and therefore NV, and ¢ perpendicular to P. 

a becomes zero in the projection; 6 and c and the angles between them are 
unaltered. The figure is a square. It is evident also that whenever the cube is 
so situated that P passes through two points in it, or in other words, when P is 
in the same three-flat with the cube, the projected figure is plane; so that such 
cases need not be further considered here. 


Case III._—N and a inclined, b and ¢ perpendicular to P. 

a is shortened ; } and ¢ and the angles between them and at their extremi- 
ties are unaltered. The figure is therefore a right square prism varying between 
a square and a cube as limits. 


Case IV.—N, a and 6 inclined, ¢ perpendicular to P. 

a and 0 are shortened and their inclination altered; c and the angles at its 
extremity are unchanged. The figure is therefore a vertical prism whose base 
is an oblique parallelogram. The sides of the parallelogram vary from zero to 
unity, and its greater diagonal from unity to the square root of two. 


Case V.—N, a, b and ¢ inclined to P. 

All the axes are shortened and all the angles altered. The figure is a 
doubly oblique parallelopipedon whose limits are all of the figures of the four 
preceding cases. 

The projection of any other regular solid upon a three-flat may be found in 
a similar way, or it may, in many cases, be inferred from the corresponding 
projection of the cube by suitable modifications of its boundaries. 


4.— Projection of a Tessaract. 


A tessaract is a four-fold figure bounded by eight cubes, one at each end of 
its four rectangular axes. These cubes are bounded by twenty-four squares, 
each of which is a double boundary; the squares by thirty-two lines, each of 
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which is common to three squares; the lines by sixteen points, each of which is 
the extremity of four lines. It must be noted that the twenty-four squares do 
not enclose the tessaract, but appear here and there upon its boundaries as 
edges do upon a cube; for a tessaract cannot be enclosed by planes any more 
than a cube can be enclosed by lines. In a three-flat projection, however, the 
tessaractic content disappears and the projection is bounded by planes, just as 
the plane projection of a solid is bounded by lines. The form of the faces 
bounding the projection of a tessaract may be found by consideration of the 
projection of the faces alone, but they are all determined by the positions and 
lengths of the projected axes of the tessaract. A tessaract is simply a cube 
extended to unit distance in the fourth dimension—in the direction of N. 
When any of the three axes of one of the bouriding cubes is parallel to P, that 
cube is projected as a square. With the same nomenclature as before, except 
that WV is now replaced by the fourth axis d; and designating the nearer cubes 
at the extremities of a, b, c and d by a, b,, ¢, dq, and the more distant cubes 
by a2, b,, dg, we proceed. 


Case I.—a parallel to P, therefore 6, c and d perpendicular to P. 

a is zero in the projection; 6, c, d, and the angles between them are un- 
altered. The figure is a cube; or, more exactly, two coincident cubes, a, and ag, 
whose faces are also coincident with the six squares which are the projections of 
the remaining six cubes of the tessaract. 


1. 


Case IJ.—a and 6 inclined, c and d perpendicular to P. (Fig. 1.) 

a and @ fall into a single line; c, d and the angles about them are unaltered. 
The figure is a right square prism, the length of whose a + 6 axis is between 
unity and 4/2, consisting of the projections of a, and 8, side by side, and coinci- 


| 
4 
| 
iy 
: ia 


Hatt: The Projection of Fourfold Figures upon a Three-Flat. 185 


dent with these the pair 6, and a,. When a and d are equally inclined, a, coin- 
cides with 0,, and 6, with a,. 


Fia. 2. 


Case III.—a, 6 and ¢ inclined; d perpendicular to P. (Fig. 2.) 

a, b and ¢ are shortened and the angles between them altered; d and the 
angles about it are unchanged. Since d remains perpendicular to all the other 
axes, a, b and ¢ are in one plane in the projection. The figure is therefore a 
vertical hexagonal prism, which is regular when a, 6 and ¢ are equally inclined 
to P, and in this case consists of a, b,, c,, coincident with a,, 6,,¢, in such a 
manner that a, coincides with the figure formed by the adjacent halves of },, ¢; 
and soon. When the hexagonal prism is not regular it varies toward a cube on 
one hand and toward the prism of Case JJ on the other hand. 


3. 


Case IV.— All the axes inclined to P. (Fig. 3.) 
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All the axes are shortened and there are no right angles in the projection. 
The eight cubes appear as two coincident sets of four. When all the axes are 
equally inclined to P each makes equal angles with the other three in the pro- 
jection, that is to say, the common cube-edges, which are parallel to the four 
axes, diverge toward the four corners of a regular tetrahedron. Each of the 
four cubes, a;, b,, ¢,, d, is in contact with each of the other three by one of its 
faces, leaving twelve faces external, bounding the figure, a rhombic dodekahedron. 
Coincident with this is another dodekahedron formed by the other four projected 
cubes in such a way that a, is coincident with the figure formed of the adjacent 
thirds of 6,, c, and d,, and so on. 

Irregular figures of this case are dodekahedra varying toward any of the 


figures of the first three cases. 
Outline models, of wire, can be readily constructed to show the six pro- 


jected cubes in Case IIJ, and the eight in Case JV; though it is not easy to see 


them all in pictures of the models. (See figures.) 
Plane projections of a tessaract are identical with plane projections of three- 


flat projections of the same. It is evident also that three-flat projections of 
figures in space of five or more dimensions are identical with three-flat projec- 
tions of certain four-fold figures; so that no visualized conception of five-fold 
figures appears possible until four-fold conceptions become familiar to us. 

An interesting projection of a tessaract is the well-known figure which cor- 
responds to the perspective view of the interior of a cube as seen through its 
front face. This consists of a large outline cube having a smaller cube suspended 
at its center by eight strings connecting the eight pairs of adjacent corners. 
The analogy between the eight cubes thus represented in perspective and the six 
faces in the perspective plane projection of a cube is complete. 


5.—Projection of a Hexadeka-tessaract. 


A hexadeka-tessaract is a four-fold figure bounded by sixteen tetrahedra 
whose faces, as in the boundaries of all four-fold figures, are not free but between 
two solids. These thirty-two triangular faces are bounded by twenty-four lines, 
each line being common to four faces. From each of the eight angular points 
six lines pass to all the other points except the ‘opposite extremity of the same 
axis. Since these eight points are situated at the ends of four equal and mutu- 
ally perpendicular axes, the three-flat projections are easily outlined by joining 


i | 
4°48 
| 
He 
Hid 
1} 
{ 
i 


Haut: The Projection of Fourfold Figures upon a Three-Flat. 187 


the extremities of the projected axes as found in the projection of the tessaract. 
I give here simply the resulting figures under the different cases, and designate 
by a, a,, the extremities of the axis a, etc. 

Case I.—a parallel to P. 

a, and a, are coincident at the intersection of the axes. The figure is a 
regular oktahedron composed of eight tetrahedra which extend from its center to 
each of its faces. 

Case I[._—a and 6 inclined to P. 

An oktahedron whose axes are 1, 1, 44/2 is the figure when a and 6 are 
equally inclined. In other cases as the short axis approaches unity the points 
a,, a,, which are connected by lines to all the remaining angular points, move 
symmetrically from the extremities toward the center of the short axis. 

Case III.—a, 6 and ¢ inclined to P. 

The typical form is that of two hexagonal prisms, base to base, having its 
vertical axis longer than the three horizontal axes, and enclosing twelve tetra- 
hedra. This form varies toward that of Case I by the contraction of one of the 
horizontal axes toward its center while the other two extend toward unity in 
length and approach perpendicularity. It varies toward the regular form of 
Case IT when two of the horizontal axes approach coincidence in direction and 
unity in length. The mode of variation toward the other forms of Case IT is 
evident. 

Case IV.—AlIl the axes inclined to P. 

When the axes are equally inclined the resulting figure is a cube, each of 
whose faces is crossed by two diagonal lines which complete the outlines of the 
sixteen tetrahedra included in the cube. The variations from this toward the 

forms of Cases J, IJ and J// are readily seen. 


6.— Rotation. 


The only rotation possible in a plane is rotation about a point. In three- 
fold space rotation about a point is also rotation about a line. Rotation is 
essentially motion in a plane, and when another dimension is added to the 
rotating body, another dimension is added also to the axis of rotation. In four- 
fold space, accordingly, every rotation takes place about a fixed axial plane. 
Rotation implies the motion of only two rectangular axes. All other axes per- 
pendicular to these are not affected by it. Of the six mutually perpendicular 
25 
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planes of a tessaract when rotation takes place in one, one other remains fixed 
and the other four move in a manner analogous to that of the two which pass 
through the fixed axis of a rotating cube. 

The meaning of rotation about a plane becomes clearer when we consider 
its projection. In two-fold space the projection upon a line of a line rotating 
about one end is a line whose other extremity has a simple harmonic motion 
across the fixed point. In three-fold space the plane-projection of a rectangle 
rotating about one of its sides is (a) a line rotating about one extremity, (b) a 
rectangle, one side of which executes a simple harmonic motion across the 
opposite side which remains fixed, or (c) a parallelogram, one of whose sides 
moves elliptically about the opposite side. In four-fold space the three-flat pro- 
jection of a cube rotating about one of its faces is (a) a square rotating about 
one of its sides, (b) a cube, one of whose faces executes a simple harmonic motion 
through the opposite face, or (c) a parallelopipedon, one of whose faces moves 
elliptically about the opposite face, so that twice during each rotation the 
parallelopipedon may become a plane. Rotation of a tessaract when the axial 
plane is perpendicular to P takes the form (6) in projection, and may be well 
illustrated in models constructed .of wire and having hinge-joints. I have con- 
structed such a model to show the change of Fig. 3 into Fig. 2, and conversely, 
as the tessaract is rotated. One of the four diagonals in Fig. 3 is made in two parts 
which telescope. Its upper half carries with it the ends of the three boundary wires 
attached to its extremity, and also the lower halves of the three diagonals parallel 
to them, so that as it sinks into the lower half of the diagonal the fourth cube is 
reduced to a plane. In other words, two coincident middle points in Fig. 3, each 
carrying three of the half-diagonals, move apart along the fourth diagonal, until 
they reach the middle points of its halves, where they coincide each with one of 
the extreme points of the same diagonal which have moved along to meet them. 

The only transférmations (apparent) in the physical world which correspond 
to rotation about a plane are, so far as I know, the formation of reflected images. 
With a thin shell we may rudely imitate the change. A glove rotated about a 
plane would fit the other hand, and we imitate the change by turning the glove 
inside out. True plane-rotation would reverse it, leaving it right side out. 


7.—Threeflat Projection of a Tetrahedron. 


Let WV be a normal to any three rectangular axes of the tetrahedron; and 
suppose the tetrahedron so placed in four-fold space that N is parallel to P, the 
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line of projection. In this position the projection is exactly like its original. 
_ As the tetrahedron rotates about the plane of NW and any axis a, its projection 
rotates about a. On the other hand when W and a are in the plane of rotation, 
the plane of } and ¢ is fixed while any point of a executes a harmonic oscillation 
through that plane in the projection. It is evident then that any three-flat pro- 
jection of a three-fold body may be obtained by supposing the body compressed 
along any desired axis, the limit of compression being such as will produce the 
reflected image of the original. This principle holds obviously for n-fold space. 
An interesting case is the projection of a three-fold body which rotates 
about the plane containing any axis a, together with n, a line perpendicular to 
a and making an angle less than 90° with VY. When the angle Nn is 45°, each 
point in the projection describes an ellipse in such a manner that, as the body 
makes one revolution about the fixed plane, the projection completes one revolu- 
tion about a, and also, while rotating, has become gradually contracted along a 
fixed axis perpendicular to the fixed plane until wholly in that plane, and then 
returned to its original form. When the angle Nn is less than 45° the contrac- 
tion does not proceed so far. When it is greater than 45°, the reverse figure is 
formed and the projection is a plane-figure twice during each revolution. 


8.—Projection of a Pentatessaract. 


In describing the triangular series of figures we supposed the pentatessaract 
derived from the tetrahedron by an extension of its middle point along the 
fourth axis. Suppose the pentatessaract placed so that P passes through this 
last point, d,, and along the fourth axis, d, to the center of the original tetra- 
hedron. Evidently the projection is the original tetrahedron with four others 
extending from its center to its four faces. Rotation about a plane containing d 
and any other axis, a, is projected as rotation about a. Rotation about any 
axial plane not containing d leaves that plane unaltered in the projection ; while, 
as the figure rotates in the plane of d and any other axis, a; d is projected in 
the same straight line with a; and as d is extended a is shortened in the pro- 
jection. Any projection of the pentatessaract may therefore be obtained by 
moving the point d, from the center of the tetrahedron along the line of any 
axis, a, while at the same time the tetrahedron is compressed proportionately 
along the axis a. The point d, of course remains connected with each of the 
other four angular points, marking out, in general, the other four tetrahedra. 
March 18, 1892. 
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Note on a Geometrical Theorem. 


By C. N. Littte. 


Let abcdef be a hexagon having a Pascal line Zp and a Brianchon point Pod. 
From this 6-gon let other 6-gons in infinite succession be derived: (a) by 
prolonging to intersection alternate sides as ab, cd and joining adjacent points of 
intersection; (b) by connecting alternate vertices as ac, bd and noting their 
intersection for vertices of the succeeding 6-gon. 
_ Theorem: Every 6-gon so formed will have Zp and Pd as Pascal line and 
Brianchon point respectively. 
That all must have Pb in common follows because the 6-gon next larger 
than abcdef has as cross diagonals Pascals that must pass through Pb. In fact 
ad, cb, ef 
they are the three Pascals passing through the Steiner g point* } fa, dc 
cf, de, ba 
which coincides with Pb. 
But from the theory of reciprocal figures, since all 6-gons have Pd in 
common, and abcdef has the Pascal Lp, all must have Lp in common. 


NEBRASKA STATE UNIVERSITY, LINCOLN, July, 1892. 


* Notation that of Salmon, ‘‘ Conic Sections,” p. 380. 
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On Groups whose Orders are Products of Three 
Prime Factors. 


By F. N. Cote anp J. W. Guiover. 


§1. 
INTRODUCTION. 


The general problem of the construction of groups of given orders has as 
yet received comparatively little attention. This is probably due to the fact 
that the theory of groups has been developed for the most part under the par- 
ticular phase of the theory of substitutions, in which the operations of a group 
appear under the form of permutations of letters, and the groups themselves are 
primarily classified, not according to their order, but according to their degree, 
i. e. the number of letters affected. Thus we possess a very elaborate series of 
general theorems limiting the number and character of groups of given degree, 
while the construction of groups of given orders has thus far been effected only 
in the most elementary cases. It is, for example, as yet unknown how many 
and what groups there are of order 24. The foundation for the treatment of 
groups of given order is, however, already laid in the theory of the compo- 
sition of groups which, though usually treated as a part of the theory of substi- 
tutions, belongs in reality to the pure theory of groups.* 

_ Important and fertile as the consideration of substitution groups is for the 
theory of equations and of algebraic relations, it is clear that in treating the 
structure of a group great advantage is gained by discarding all unessential 
features and regarding the group from its purely formal side, as a group in the 
abstract, without reference to the content to which its operations may be 
applied. 

In conformity with this idea, Cayley (American Journal, Vols. I and XI) and 
Kempe (Phil. Trans., Vol. CLX XVII) have determined the groups according to 


* Cf. Sylow’s theorems below. 
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Let abcdef be a hexagon having a Pascal line Lp and a Brianchon point Pd. 
From this 6-gon let other 6-gons in infinite succession be derived: (a) by 
prolonging to intersection alternate sides as ab, cd and joining adjacent points of 
intersection; (b) by connecting alternate vertices as ac, bd and noting their 


intersection for vertices of the succeeding 6-gon. 

_ Theorem: Every 6-gon so formed will have Zp and Pb as Pascal line and 
Brianchon point respectively. 

That all must have Pb in common follows because the 6-gon next larger 
than abcdef has as cross diagonals Pascals that must pass through Pb. In fact 


ad, cb, ef 
be, fa, i 


they are the three Pascals passing through the Steiner g point* 
cf, de, ba 


which coincides with Pd. 
But from the theory of reciprocal figures, since all 6-gons have Pb in 


common, and abcdef has the Pascal Lp, all must have Lp in common. 


NEBRASKA STATE UNIVERSITY, LINCOLN, July, 1892. 


* Notation that of Salmon, ‘‘ Conic Sections,” p. 380. 
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On Groups whose Orders are Products of Three 
Prime Factors. 


By F. N. Cote anp J. W. GiLover. 


§1. 
INTRODUCTION. 


The general problem of the construction of groups of given orders has as 
yet received comparatively little attention. This is probably due to the fact 
that the theory of groups has been developed for the most part under the par- 
ticular phase of the theory of substitutions, in which the operations of a group 
appear under the form of permutations of letters, and the groups themselves are 
primarily classified, not according to their order, but according to their degree, 
i. e. the number of letters affected. Thus we possess a very elaborate series of 
general theorems limiting the number and character of groups of given degree, 
while the construction of groups of given orders has thus far been effected only 
in the most elementary cases. It is, for example, as yet unknown how many 
and what groups there are of order 24. The foundation for the treatment of 
groups of given order is, however, already laid in the theory of the compo- 
sition of groups which, though usually treated as a part of the theory of substi- 
tutions, belongs in reality to the pure theory of groups.* 

Important and fertile as the consideration of substitution groups is for the 
theory of equations and of algebraic relations, it is clear that in treating the 
structure of a group great advantage is gained by discarding all unessential 
features and regarding the group from its purely formal side, as a group in the 
abstract, without reference to the content to which its operations may be 
applied. 

In conformity with this idea, Cayley (American Journal, Vols. I and XI) and 
Kempe (Phil. Trans., Vol. CLX XVII) have determined the groups according to 


* Cf. Sylow’s theorems below. 
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their orders as far as order 12. It is, however, a defect of this method of classi- 
fication that it proceeds simply according to the order and not the type of the 
groups. Thus, the groups of order pg, where p and q are prime numbers, are all 
of one of two types, the orders 10, 14, 15,.... presenting no greater complexity 
than the order 6. 

The type of a group depends on the number and mutual relations among 
the prime factors of its order. Thus the groups of order pq are of only one or of 
two types according as p — 1 is not or is divisible by g. The difficulty of con- 
struction naturally increases very rapidly with the number of factors. But if 
this number does not exceed three, the difficulty is not serious, owing to the 
easily demonstrated presence of a self-conjugate subgroup in every case. 

The groups of prime order are, of course, cyclical. Those of order pg and 
p’ are also known.* In the following, those whose order is a product of three, 
equal or unequal, prime factors are fully determined. These three classes alone 
comprise 371 of the first 500 orders, 


§ 2. 
Sylow’s Theorems: The Groups of Order p*® and pq. 


Throughout the following we make constant use of two fundamental theo- 
rems of Sylow} which are quite indispensable in the dissection of groups: 

I. A group of order p*, where p 1s a prime number, always contains a self- 
conjugate subgroup of order p*—’. 

II. If the order u of a group is divisible by p*, but by no higher power of the 
prime number p, the group contains subgroups of order p*. These subgroups are 
all conjugate, and their number is xp + 1 where 3 

u= p%i(xp + 1), 
being an integer. 

By way of illustration we apply these theorems to the analysis of the 
groups of order p® and pg, where p and g are prime numbers. 

I. A group of order p* may contain an operation of order p*. The group is 
then cyclical, and requires no further consideration. Otherwise its actual opera- 
tions are all of order p, and the powers of one of these must form a self-conjugate 
subgroup (Theorem I). Suppose this to be {s}=(1, s, s*,....s?—*). Any 


* Cf. Netto, Theory of Substitutions, pp. 146-9. T Cf. L. Sylow, Math. Ann. V, pp. 584-94. 
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other operation ¢ of the group must transform s into one of its powers; for {s} 
is self-conjugate. Suppose that 


Then we have, on repeated transformation by ¢, 
Pad’, 
But, as #@= 1, it follows that ¢-%st?=s. Hence 
(mod p). 
This is only possible ifu—=1. Oonsequently 


The operations s and ¢ are therefore commutative, and accordingly all their com- 
binations can be reduced to the form s*#*. There are precisely p* operations of 
this form, and these make up the required group. The latter may be written 


, rer. , 


II. Again, a group of order pq may contain an operation of order pq, and is 
then a cyclical group; otherwise its actual operations are all of orders p or q. 
By theorem II, there is always one and only one subgroup of order p, which is 
therefore self-conjugate. Suppose this to be j/s}=(1,s,s,....s?—!). Some 
of the remaining operations are of order g, and any one of these, ¢, must trans- 
form s into one of its powers. Suppose that 


== 
Then, as before, we obtain 
= 3", 
where, since #7 = 1, 
ut =1 (mod p). 


If p— 1 is not divisible by g, this congruence has only one root, viz. 1. 
In this case s and ¢ are commutative, and consequently s¢ is of order pg. The 
group is then cyclical. 

But if q is a divisor of p—1, the above congruence admits of g— 1 roots 
different from 1. If any one of these is u,, they may be written 


Hs, iy (mod p). 
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Whichever one of these g — 1 values of w is chosen, the resulting group will be 
the same. For if ¢ transforms s into s“, the successive powers of ¢ will transform 
s into s“?, s“?,.... And as all the powers of ¢, except the g™, are of order gq, 
and as every one of them is a power of every other, it is indifferent which one 
of them is originally taken for ¢. 

Beside the p operations {s} the group contains pq —p of order g. These 
must distribute themselves in p conjugate groups of order g. These groups are 
transformed in a cycle by the powers of s. In fact, from 

= 
‘follows 


where. every system s~‘t’s'(a=0....q—1) evidently furnishes a distinct 


group. 
This second type of group of order pg may therefore be written 


ee eee eee ee 


{2 1 uf a g?—Dd—ef ), 


or, in a form in which the conjugate relation is accentuated, 


The same results can of course be obtained by the aid of the theory of sub- 
stitutions,* but the employment of unnecessary apparatus naturally obscures the 
real process. Moreover, when any group of operations is known, an isomorphic 
substitution group can be written down at once.t For this purpose we suppose 
the operations of the group to be numbered in any order. If now we multiply 
them all by any one among them, s, the resulting products are the same opera- 
tions again, but in a different order. Corresponding to s, we have therefore a 


*Cf. Netto: loc. cit. T Cayley, Amer. Jour., Vol. I, p. 51. 
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permutation of the numbers designating the several operations. And this per- 
mutation evidently affects every number. A similar result holds fur any other 
operation ¢, and so on. Then, since the original operations form a group, 
the same is true of the permutations. And these two groups are simply iso- 
morphic. The permutation group, moreover, since all its operations except 
identity affect every number, is a regular group,* and its degree and order are 
equal. 

There is another method by which, given a group of operations, an isomor- 
phic (transitive) substitution group can frequently be found with its degree 
lower than its order. For example, the not cyclical group of order pq contains 
p conjugate subgroups of order g. If these are transformed with respect to all 
the operations in the group, they will simply be permuted among themselves, 
and these permutations form a group isomorphic with the given one. Moreover, 
as there is no operation except identity in the group of order pq which, 
employed as a transformer, leaves all the subgroups of order g unchanged, the 
group of permutations will also contain pg operations, and the isomorphism is in 
this case holoedric. 

Thus, if in the not cyclical group of order 6, 


the subgroups of order 3, {¢}, {s~‘ts}, {s~*ts*} are numbered 1, 2 and 3, we 
readily find for the permutations corresponding to s and ¢, 


s=(1, 2, 3), ¢=(2, 3), 


and these generate the required substitution group, which is, of course, the 
symmetric group of three elements. 

In regard to the types of order p’ and pq, we note further that these can be 
readily modified so as to furnish groups of higher types. Thus the characteristic 
feature of the not cyclical group of order pq is that it contains one subgroup of 
one order and a system of conjugate subgroups of another order, the latter being 
joined by transformation with respect to the operations of the former. It will 
at once suggest itself that we may, by way of trial, replace the subgroup of 


* Cf. Bolza, Amer. Jour., Vol. XIII, p. 23. It is easily seen that the permutation group above is 
transitive. 
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order p by a group of a higher type, for example, p’, at the same time properly 
increasing the number of subgroups of order g, or replacing these also by a proper 
number of groups of a higher type. (Cf. the groups az, a3, G2, ys, v4 below.) 


§3. 
The Groups of Order p’. 


From the first of Sylow’s theorems it appears that a group of order p® 
always contains a self-conjugate subgroup of order p®. We show further that 

If a group of order p® contains a cyclical subgroup of order p*, % contains a 
self-conjugate cyclical subgroup of order p’. 

For suppose that a G,, contains an operation s of order p’. If ¢ is any 
other operation of G,,, then @ is contained among the powers of s”. Otherwise 
the products ¢*s* would furnish at least p* different operations. 

If now the group j{s} is not itself self-conjugate, there will be some opera- 
tion ¢ in the G,, which transforms {s} into p conjugate groups. These groups 
must have the powers of s’ in common. Beside these they contain p(p*—p) 
different operations. There remain, including the powers of s’, p* operations, 
and as there must always be a self-conjugate subgroup of order p*, these p”* 
operations must constitute this subgroup. 

If the latter is cyclical, the theorem is proved. If it is not cyclical, ¢, which 
is contained in it, must be of order p and commutative with s’. The group 
{s”, t} being self-conjugate, we must then have 


sis = 
and 6? =1 (mod p), that is, @=1. Then 


so that ¢ would transform the group {s} into itself, which is contrary to assump: 
tion. 

We may now conveniently divide the groups of order p’® into two classes, 
according 2s they do or do not contain an operation of order p’. 

The former class includes the cyclical group, which, of course, exists for 
every p. This group, which we designate by a,, is generated by a single opera- 
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tion s of order p*®. It contains one subgroup of order p, {s®*|, and one of order 
p’, {s?|, and they are both cyclical and both self-conjugate. There are p—1 
operations of order p, p(p— 1) of order p’, and p? (p—1) of order p’. 

We proceed now to discuss the not cyclical groups of order p’. 


A.—An operation of order p” present. 
We have shown that there must in this case be a self-conjugate cyclical 
subgroup of order p*. Let this be 
A, = {s} =(1, 8, 
If ¢ is any other operation of the group, we have 
and u?=1(mod p). Hence u=xp+1, and 
= gt? +1, 
If x + 0, we have further 
Accordingly, by replacing ¢ by a proper power of ¢, we can always arrange that 
t—1st=s?+1, There are therefore two distinct types according as 
fet = or =e? 
We show further that in each of these types operations of order p occur 


which are not contained among the powers of s’. For the identity ¢~1st = 6” +} 


furnishes 
('s”)* (a+ a 1) rep) 


If then x= 0, or if p > 2, we have 
= Ps", 
and since ¢’? = s””, the operation ¢'s~° will be of order p. The case p=2,x+0 


is specially considered at a later point. 
We may now assume that ¢ isof order p. The equation above then becomes 


p(p—}) 


from which it appears that, since 1 + ste Ax is not divisible by p, all the 
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operations of order p in the group are contained in the not cyclical subgroup 
St, s°t. The group G,, therefore contains p* — p’* operations of order p*. These 
must be distributed in p cyclical groups of order p*, having the subgroup {s’} in 
common. Since the group {s} is self-conjugate, the remaining p— 1 groups are 
self-conjugate. Their operations of order p*, together with the p’ operations 
{¢, s?|, make up the entire group. 

We now consider the different types separately. 


a). The identity is t'st= 8, (= 1). 
This group a, has all its operations commutative, and its subgroups there- 
fore all self-conjugate. The group always exists. It contains 


p +1 self-conjugate subgroups of order p, {s?}, {ts}, (a=0,1,....p—1); 
1 self-conjugate, not cyclical subgroup of order p’, {s?, ¢{; 
p self-conjugate cyclical subgroups of order p’, {st*}, (a =0,1,....p—1). 


Its operations are distributed according to their orders as follows: 


2 


Order...... 1 p p 


Number.... 1 p—1 | 


To obtain a corresponding substitution group of order 27 we may take 
s = (1, 2, 3, 4, 5, 6, 7, 8, 9)(10, 11, 12, 13, 14, 15, 16, 17, 18) 
(19, 20, 21, 22, 23, 24, 25, 26, 27), 


t= (1, 10, 19)(2, 11, 20)(3, 12, 21)(4, 18, 22)(5, 14, 28)(6, 15, 24) 
(7, 16, 25)(8, 17, 26)(9, 18, 27). 


b). The identity is t—'st = 1). 
This type evidently differs from the preceding in that the operation s trans- 
forms the p subgroups of order p, 
(a= 0,1,....p—1), 


in acycle. It has therefore 


1 self-conjugate subgroup of order p, {s?}, and 
p conjugate subgroups of order p, {ts”}, (a =0,1,....p—1). 


| 
i 
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Otherwise its subgroups and operations are the same as those of the preceding 


case. 


This group a, always exists except when p=2. A substitution group of 


this type of order 27 is generated by 
s= (1, 2, 3, 4, 5, 6, 7, 8, 9)(10, 11, 12, 18, 14, 15, 16, 17, 18) 
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(19, 20, 21, 22, 23, 24, 25, 26, 27), 


t = (1, 10, 19)(2, 14, 26)(3, 18, 24)(4, 13, 22)(5, 17, 20)(6, 12, 27) 


(7, 16, 25)(8, 11, 23)(9, 15, 21). 


c). The case p= 2, x= 1. 


The corresponding group of order 8 may be written 
1, 8° 8° ’ 


t, ts, ts”, 
The general identity 


becomes here 

= = ?. 
The operations 

te” (»=0, 1, 3, 3) 
are therefore all of order 2 or all of order 4, according as ¢ is of order 2 or 4. 

In the former case 

(Par 1). 

There are here five subgroups of order 2, 


of which the first is self-conjugate, while the first and third and again the second 
and fourth are conjugate with respect to s. The operation s? combined with 
these subgroups gives rise to two not cyclical groups of order 4, which are self- 


conjugate. There is also the single cyclical subgroup of order 4, {s}. 


This group is simply the ‘‘dihedron” group of order 8. (Cf. Klein, 


Ikosaeder, Chap. I.) A corresponding substitution group is generated by 
s = (1, 2, 3, 4)(5, 6, 7, 8), 
t =(1, 5)(2, 8)(3, 7)(4, 6). 
In the second case 
(=e), 
27 
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Here all the operations are of order 4 except s*and 1. There are three self- 
conjugate cyclical subgroups of order 4, {s}, {és}, {¢}, and one self-conjugate 
subgroup of order 2, {s*}. A corresponding substitution group is generated by 
s=(1, 2, 3, 4)(5, 6, 7, 8), 
t= (1, 5, 3, 7)(2, 8, 4, 6). 


B.—No operation of order p* present. 
There must be a self-conjugate not cyclical subgroup of order p’ present, 
Hy, =j{8, t}, (st 
Since this group contains p + 1 subgroups of order p, any operation wu not con- 
tained in H,. must transform one of these groups into itself. If this latter 
group is {s}, then 
u—'su=s. 
Two cases will then arise according as 


u-tu=t, or st". 


a). The identities are t'st = 8, u'su=8, witu=t. 


The operations of this group being all commutative, the combination of any 
two subgroups of order p gives a not cyclical subgroup of order p’. 


The number of subgroups of order p =p>+p+i1. These furnish 


2 2 
di + ip + p) pairs. But as the p +1 subgroups of order p in a group of 


order p’ furnish we Ue pairs, there are in all 
2 
+p). (2 =—P+p+1 


not cyclical subgroups of order p*. All the subgroups of this group are obviously 
self-conjugate. 
This group, which always exists, we denote by a,. A corresponding substi- 
tution group of order 8 is generated by 
s = (1, 2)(3, 4)(5, 6)(7, 8), 
=(1, 3)(2, 4)(5; 7)(6, 8), 
w= (1, 5)(2, 6)(3, 7)(4, 8). 
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b). The identities are st= 8, u-'su=8, w tu = s**t". 

We may take s* as a generator in place of s. Then 

u—tu = st", 
where uw? =1 (mod p). Hence and 
tu = st. 

The operation s, being commutative with both ¢ and w, is commutative with 
all the operations of the group, and in combination with the latter generates 
p+1 not cyclical subgroups of order p®. These are all the subgroups of this 
order, for if there were any other, its operations would be commutative with 
each other and with s, and we should have the preceding type ay. 

Since {s, ¢{ and {s, w} are self-conjugate, all the subgroups of order p’* are 
self-conjugate. Of the subgroups of order p, {s} is self-conjugate and the 
remaining p’+ p divide into p+ 1 sets of p conjugate groups each, the p of 
each set belonging in the same subgroup of order p’. 

This group a; always exists if p>2. If p= 2 it does not exist, since 
from = st 
follows in this case 

tu= ust, (tu)? = tutu=tu.ust =s, 
so that tw would be of order p> = 4. That this does not happen for p>2 appears 
from the formula ee 

A substitution group of order 27 of this type is generated by 

s =(1, 2, 3)(4, 5, 6)(7, 8, 9)(10, 11, 12)(13, 14, 15)(16, 17, 18) 
(19, 20, 21)(22, 23, 24)(25, 26, 27), 
t =(1, 4, 7)(2, 5, 8)(3, 6, 9)(10, 13, 16)(11, 14, 17)(12, 15, 18) 
(19, 22, 25)(20, 28, 26)(21, 24, 27), 
u = (1, 10; 19)(2, 11, 20)(3, 12, 21)(4, 14, 24)(5, 15, 22)(6, 13, 23) 
(7, 18, 26)(8, 16, 27)(9, 17, 25). 

Reviewing the preceding results, we observe that there are always five 
types of groups of order p*; that these types are invariable if p > 2, but that 
for p= 2 the regular types a, and a, are missing, while two new exceptional 
types occur. Also it appears that 

In a group of order p® every subgroup of order p* is self-conjugate.* 


* For the general theorem of which this is a particular case cf. Frobenius, Crelle, 101, p. 285. 
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§4. 
The Groups of Order pq, (p > @)- 
From Sylow’s theorem follows at once 
Every Gx. contains a single and therefore self-conjugate subgroup of order p’, 


and 1, p, or subgroups of order q. 
There are therefore six principal cases to be considered, since the subgroup 
of order p* may be cyclical or not cyclical. 


A.—The Gi» cyclical; Gy. = {s}= (1, 8, .... 
a). A single and therefore self-conjugate subgroup H,={tt=(1, t, @,....¢7?). 

Here = tt, 
and we must take «= 1. The operations s and ¢ are commutative, and conse- 
quently o=¢s is of order p*g. The G,,, is therefore cyclical. It contains 1 
subgroup of order p’, 1 of order p, 1 of order g, and 1 of order pq, and these are 
all cyclical and self-conjugate. 

The operations of the group are distributed according to their orders as 
follows: 


2 2 


Order...... 1 q p Pq p pa 


Number....) | p(p —1) | pP(p—1)g— 1) 


This group @, of course always exists. 


b). p conjugate subgroups of order q; an integer. 
Let one of the subgroups of order q be 
Then 
It follows then from 
t—1g?¢ = 

that ¢ and s? are not commutative. Consequently the powers of s transform {¢} 
into p* conjugate groups. 

The case b), therefore, does not exist. 
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c). conjugate subgroups of order q; integer. 


The p’ subgroups of order g arise, as we have just seen, by transformation 
of {¢} with respect to s. They are 


or, apart from the order of succession, 


jt}, {de}, {tet}, 
These groups contain p*(g—1) operations, which with the p’ operations {s} 
make up the entire group. As there are no operations of order pq, all the sub- 
groups of this order are of the not cyclical type. They are formed in each case 
by the combination of the self-conjugate subgroup of order p, {s?{ with one of 
the subgroups of order g. They are 
{e?, (v= 0,1, 2,....p—1). 

The subgroups of order g in each of these groups are conjugately connected 
with respect to the powers of s?, and the groups themselves are conjugately 
connected by the remaining powers of s. 

This group (, is analogous to the not cyclical type of order pq, the group 
of order p in the latter being here replaced by the cyclical group of order p’. 

The group (, exists only if p — 1 is divisible by g.* Its identity is 

= (u?=1 mod p’, u $1). 
It contains 
conjugate subgroups of order g, {ts’}, (v= 0,1,....p?—1); 
1 self-conjugate subgroup of order p, 4s”}; 
p conjugate not cyclical subgroups of order pg, {s?, ts?t, v= 0,1,.... p—1); 
1 self-conjugate cyclical subgroup of order p*, {s}. 


Its operations are distributed according to their orders as follows: 


2 


Order.... 1 q Pp 


Number.. 1 p(q—1)| p—1 |p(p—1) 


* Since there are not cyclical subgroups of order pq. 
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A substitution group of order 18 of this type is generated by 
s=(1, 2, 3, 4, 5, 6, 7, 8, 9)(10, 11, 12, 13, 14, 15, 16, 17, 18), 
t =(1, 10)(2, 18)(3, 17)(4, 16)(5, 15)(6, 14)(7, 13)(8, 12)(9, 11). 


B.— The G,. not cyclical; G»={s, t}, (st = ts). 
a). A single and therefore self-conjugate subgroup H,=}\u}= (1, wu, w,...ut"). 
In this case we have 
ua. 
The operations of the group are, therefore, all commutative. Hach of the p+ 1 
groups of order p, 
combines with the subgroup {xu} to form a cyclical subgroup of order pg. These 
p+ groups, having the group {u} in common, contain beside this 
(p+ = —1)9 
different operations, which with the powers of ~ make up the entire group. 
This group @; always exists. Its identities are 
It contains 
1 self-conjugate subgroup of order g, {wu}; 
p + 1 self-conjugate subgroups of order p, {s}, {ts}, (v=0,1,....p—1); 
p +1 self-conjugate cyclical subgroups of order pq, 
ju, st, ju, (v=0,1,....p—1); 
1 self-conjugate not cyclical subgroup of order p’*, {s, ¢}. 
Its operations are distributed according to their orders as follows: 


Order....' 1 g p Pq 


Number.| 1 | g—1 | (p?—1)(¢—1) 


A substitution group of order 18 of this type is generated by 
= (1, 2, 3)(4, 5, 6)(7, 8, 9)(10, 11, 14, 15)(16, 17, 18), 
t = (1, 4, 7)(2, 5, 8)(3, 6, 9)(10, 18, 16)(11, 14, 17)(12, 15, 18), 
w= (1, 10)(2, 11)(3, 12)(4, 18)(5, 14)(6, 15)(7, 16)(8, 17)(9, 18). 
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b). p conjugate subgroups of order q; © a J an integer. 


Since g is a divisor of » —1, any operation u of order g must transform at 
least two of the py +1 subgroups of order p into themselves.* Suppose these to 
be {s} and {¢}. Also either s or ¢, suppose s, must transform {wu} into itself; 
otherwise there would be more than p subgroups of order g. We have therefore 
the following identities 

where «+1, since ~=1 leads to the preceding case. 

The operations ¢ and wu generate a not cyclical subgroup of order pg. This 
subgroup is evidently self-conjugate, since s is commutative with both ¢ and wu. 
It contains all the operations of order g. The latter being all commutative 
with s, there are p conjugate cyclical subgroups of order pg. ‘These have the 
group {s} in common, and contain beside this p(pq—~p) different operations, 
which with the p’ operations {s, ¢t} make up the entire group. 

The p subgroups of order g are conjugately connected by the operation ¢. 
Two of the subgroups of order p, viz. {s} and {é} are self-conjugate. The 


remaining p—1 subgroups of this order divide into P a ! sets of q groups 


conjugately connected by w. 
This group @, exists only when p—1 is divisible by g. Its identities are 
It contains 
p conjugate subgroups of order g, {¢~‘*ué*}, (a2 =0,1,....p—1); 
2 self-conjugate subgroups of order p, {s{, {¢}; 


sets of conjugate subgroups of order p, {ts*}, (a= 1, 2,....p—1); 


1 self-conjugate not cyclical subgroup of order pq, {w, ¢}; 

p conjugate cyclical subgroups of order pg, {t~*ut*, s}, (a= 0, 1,....p—1); 
1 self-conjugate not cyclical subgroup of order p*, {s, ¢}. 

Its operations are distributed according to their orders as follows: 


Order..... 1 q Pp PY 


Number...| 1 P(q—1)| P—1 | p(p— 


*The case p= 2 presents no exception. In this case u might interchange {t} and { 8}. But then u 
would leave {s¢} and consequently some other {s”t} unchanged. 


. 
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. A substitution group of order 18 of this type is generated by 
8 = (1, 2, 3)(4, 5, 6)(7, 8, 9)(10, 11, 12)(18, 14, 15)(16, 17, 18), 
t = (1, 4, 7)(2, 5, 8)(3, 6, 9)(10, 18, 16)(11, 14, 17)(12, 15, 18), 
u= (1, 10)(2, 11)(3, 12)(4, 16)(5, 17)(6, 18)(7, 13)(8, 14)(9, 15). 


— 
c). conjugate subgroups of order q ; P integer. 
a). an integer. 


As in the preceding case, every operation u of order g must transform two 
of the p+1 subgroups of order p into themselves. If these are taken for {s} 
and {t}, we have 

s", 

Here u and vy must both be different from 1; otherwise we should have either 
8; or 8,. The p* subgroups of order g are obtained by transforming {wu} with 
réspect to the p’ operations {s, ¢}. 

We have now to distinguish two cases according as uw and y are equal or 
unequal. 

If «= v, every operation of order g transforms every operation s*t® of order 
p into its u™ power. Accordingly, any operation of order p combined with any 
operation of order g generates a not cyclical subgroup of order pg. There are 
p of these groups containing s, p containing ¢, and so on; in all p(p+1). 
Since js}, {¢},.... are each self-conjugate, these p(p+ 1) groups divide into 
p + 1 sets of p conjugate groups each. 

This group 6; exists only if p—1 is divisible by g. It is analogous to 
the not cyclical type of order pg, the subgroup of order p in the latter being 
here replaced by the not cyclical subgroup of order p*®. The identities are 


'st=s, (ut=1 mod p). 


The group contains 
p* conjugate subgroups of order g, (a, B=0,1,....p—1); 
p+1 self-conjugate subgroups of order p, {s}, {ts’}, (v= 0,1,....p—1); 
p+ 1 sets of p conjugate not cyclical subgroups of order pq, 
{s, wf, {és’, (v= 0,1,....p—1) 
1 self-conjugate not cyclical subgroup of order p*, {s, ¢}. 
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The operations are distributed according to their orders as follows: 


Order .... 1 q p 


Number .. 1 p(q—1) | 


A substitution group of order 18 of this type is generated by 
s = (1, 2, 3)(4, 5, 6)(7, 8, 9)(10, 11, 12)(13, 14, 15)(16, 17, 18), 
t=(1, 4, 7)(2, 5, 8)(3, 6, 9)(10, 13, 16)(11, 14, 17)(12, 15, 18), 
uw=(1, 10)(2, 12)(3, 11)(4, 16)(5, 18)(6, 17)(7, 13)(8, 15)(9, 14). 

If «+7, only {s' and {¢} can be combined with operations u to generate 
not cyclical subgroups of order pg. Instead of p(p + 1) such groups we have 
here only 2p, which divide into two sets of p conjugate groups each. 

This group (, exists only if p—1 is divisible by g. The case g=2 is 
inadmissible under this type, since the congruence u?=1 (mod p) has only one 
root different from 1. The identities are 


usu=s", mod p, u #7). 


The group contains 
conjugate subgroups of order g, (a, G=0,1,....p—1); 
2 selfconjugate subgroups of order p, js}, {t}; 


sets of g conjugate subgroups of order p, {ts”} (y= 1, 2,....p—1); 


2 sets of p conjugate subgroups of order pg, js, u}, {¢, w}; 
1 self-conjugate not cyclical subgroup of order p*, {s, ¢}. 

The operations are distributed according to their orders as in the preceding 
case. 


an integer. 
In this case the p+ 1 subgroups of order p divide in respect to transforma- 
tion by w into a sets of g groups each. The g groups of any set are either 


all unchanged by w, or are permuted cyclically. The former assumption would 
lead to the group (;, since p—1 is not divisible by g. (The case g= 2 is considered 
98 | 
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below.) Consequently, to obtain a new type we must assume that wu transforms 
any subgroup of order p, as {s}, into a different subgroup of order p, as {t¢}, 


u—'su=t. 
Also, the order of u being g > 2, we must take 
usu? 'tu= st", (A 0, $0), 
where and uw must be so chosen that 

As no subgroup of order p is transformed into itself by any operation of 
order g, there is no self-conjugate subgroup of order p, and for the same 
reason, no subgroup of order pq. 

This group @, exists only if p+1 is divisible by g. Also the case g= 2 
is inadmissible, since we must then have 

usu—t, uttu=s, 
and therefore 
u-"(st) w= st, 
so that w would transform one and therefore two groups of order p into them- 
selves, and we should have @; or @,. The group has only two generators con- 
nected by the identity 
(u-1su) = 8 or 
The group contains 
conjugate subgroups of order q, (a, 1,....p—1); 


_ sets of g conjugate subgroups of order p; no subgroup of order pq ; 


1 self-conjugate subgroup of order p’, {s, ¢}. 
Its operations are of the same orders as in the two preceding cases. 
The lowest order for this type is 5°.3= 75. A substitution group of this 
type and order is generated by 
s = (1, 2, 3, 4, 5) (6, 7, 8, 9, 10) (11, 12, 18, 14, 15)(16, 17, 18, 19, 20) 
(21, 22, 23, 24, 25)(26, 27, 28, 29, 30)(31, 32, 33, 34, 35)(36, 37, 38, 39, 40) 
(41, 42, 43, 44, 45)(46, 47, 48, 49, 50)(51, 52, 53, 54, 55)(56, 57, 58, 59, 60) 
(61, 62, 63, 64, 65)(66, 67, 68, 69, 70)(71, 72, 73, 74, 75), 
u= (1, 26, 51)(2, 31, 75)(3, 36, 69)(4, 41, 63)(5, 46, 57)(6, 50, 52)(7, 30, 71) 
(8, 35, 70)(9, 40, 64)(10, 45, 58)(11, 44, 53)(12, 49, 72)(13, 29, 66)(14, 34, 65) 
(15, 39, 59)(16, 38, 54)(17, 43, 73)(18, 48, 67)(19, 28, 61)(20, 33, 60) 
(21, 32, 55)(22, 37, 74)(23, 42, 68)(24, 47, 62)(25, 27, 56). 
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§5. 
The Groups of Order pq’, p>gq- 


The application of Sylow’s theorem shows that 

Every group of order pq, the case p=3, g=2 excepted, contains a single 
and therefore self-conjugate subgroup of order p, and in every case either 1 or p sub- 
groups of order q. 

The self-conjugate subgroup of order p we designate throughout by 


HA, = {s} =(1, s, &,.... 
The subgroups of order g® being either cyclical or not cyclical, there are 


four general cases to be discussed. 


A.—A single and therefore self-conjugate H,, . 
a). The Hy cyclical; {t}S(1,t, ?,.... 7"). 
The group {¢} being self-conjugate, we have 
s—ts= t, (u?=1 mod .. w= 1). 
Accordingly, s and ¢ being commutative, st is of order pg*, and the group is 
cyclical. 
This group y, contains 1 self-conjugate cyclical subgroup of each of the 


orders g, p, pg, qg*. Its operations are distributed according to their orders as 
follows : 


Order... 1] p pq 


Number .| 1 | g—1/p—1/| (p—1)¢—1)|¢(@—1) | 


b). The Hy» not cyclical; H»={t, ut, (tu=ut). 
Since {s} is self-conjugate, we must have 
u—teu =e’, 
",. 
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But, as {t, u} is also self-conjugate, it follows that u=v=—1. The identities 
are therefore 
tists, wlsu=e, ut=—u, 
and the operations of the group are all commutative. 
. The operation ¢ in combination with the operations ¢, u, tu, tu’,.... tu’? 
generates g-+ 1 cyclical groups of order pg, These groups having the power 
of s in common, contain beside these (g + 1)p(g—1)=p(g—1) different 
operations, which with the powers of s make up the entire group. 
This group y, contains 
q + 1 self-conjugate subgroups of order g, {t}, {ut*}, (a=0,1,....g—1); 
1 self-conjugate subgroup of order p, js}; 
q + 1 self-conjugate cyclical subgroups of order pg, {s, ¢}, {s, ut*}, 
(a=0,1,....g—1); 
1 self-conjugate not cyclical subgroup of order gq’, {u, ¢}. 


The operations are distributed aceording to their orders as follows: 


Order....} 1 g p PY 


Number..| 1 p—1 |(p—1\(¢—1) 


A substitution group of order 12 of this type is generated by 
s =(1, 2, 3)(4, 5, 6)(7, 8, 9)(10, 11, 12), 
t = (1, 4)(2, 5)(3, 6)(7, 10)(8, 11)(9, 12), 
u= (1, 7)(2, 8)(3, 9)(4, 10)(5, 11)(6, 12). 


B.—p conjugate H,,’s ; an integer. 


a). The Hy’s cyclical. 


Denoting any one of the H,,’s by {¢}, we must have 
= 8", (u%=1 mod p). 
Here u +1, for «=1 would lead to the group y,. The p H,’s are therefore 


obtained by transforming {¢} with respect to s. They are, apart from their 
order of sequence, 


| 

| | 

if 

| 

| | 

| 

| 

| 

| 

} 

| 

| 
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There are now two cases to be distinguished, according as mu is a primitive 
root of the congruence u4= 1 (mod p), or of the congruence u® = 1 (mod p). 

In the former case ¢* is commutative with s. The powers of ¢? are common 
to all the H,’s. These powers combined with s generate a self-conjugate 
cyclical subgroup of order pg. The pg operations of the latter and the p (q* — q) 
operations of order gq’ in the H,,’s make up the entire group. 


This group y; exists only when - is an integer. Its identity is 


t'st=s", (u’=1 mod p). 
It contains 
1 self-conjugate subgroup of order q, {¢*}; 
1 self-conjugate subgroup of order p, {s}; 
1 self-conjugate cyclical subgroup of order pq, js, ¢*}; 
p conjugate cyclical subgroups of order q’, {s-*ts*}, (a =0,1,....p—l1). 


Its operations are distributed according to their orders as follows: 


Order....| 1 q p Pa g 


Number..| 1 g—1 | p—1} (p—1)(¢—1)| 


A substitution group of order 12 of this type is generated by 
s = (1, 2, 3)(4, 5, 6)(7, 8, 9)(10, 11, 12), 
t= (1, 4, 7, 10)(2, 6, 8, 12)(3, 5, 9, 11). 
In the second case, u is a primitive root of the congruence wu” =1 (mod p). 
In this case the H,,’s differ in all their operations except identity. Their opera- 
tions of order g combine with s to generate a not cyclical group of order pq. 


This group y, exists only if P ? 1 is an integer. Its identity is 
t'st=s", mod p, mod p). 
The group contains 
p conjugate subgroups of order g, {s~*t%s*}, (a=0,1,....p—1); 
1 self-conjugate subgroup of order p, {s}; 
1 self-conjugate not cyclical subgroup of order pg, 4s, ¢*}; 
p conjugate cyclical subgroups of order g’, {s~*ts*}, (a=0,1,....p—1). 


| 
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Its operations are distributed according to their orders as follows: 


Order.... 1 p 


Number../ 1 | p(g—1)} p—1 | pq(q—1) 


A substitution group of order 20 of this type is generated by 
s = (1, 2, 3, 4, 5)(6, 7, 8, 9, 10)(11, 12, 18, 14, 15)(16, 17, 18, 19, 20), 
t = (1, 6, 11, 16)(2, 8, 15, 19)(3, 10, 14, 17)(4, 7, 18, 20)(5, 9, 12, 18). 


The groups y; and y, are analogous to the not cyclical type of order pq, the 
groups of order q in the latter being here replaced by the cyclical groups of 
order q’. 

b). The H,.’s not cyclical. 


Any one of the H,,’s being denoted by {¢, u}, we have 
tst=s", 
Here uw and » cannot both be equal to 1, for this would give the group y,- We 
have two cases to consider, according as one or both of them is different from 1. 
In the first case, suppose x=1,v~1. Then 
stare, 
Oat, 
The p H,,’s arise by transformation of {¢, uw} with respect tos. These p groups, 
having the subgroup {¢} in common, contain beside this p(q’— q) different opera- 
tions. The combination of s with ¢ furnishes a cyclical group of order pq, the pq 
operations of which complete the entire group. 


This group y, exists only if P “4 1 ig an integer. Its identities are 


t'st=s, wu 'su=s’, 1). 


The group contains 


1 self-conjugate subgroup of order q, {t}; 

g sets of p conjugate subgroups of order g; 

{s*(ué*)s*|, (a= 0,1,....p—1, B=1, 2,....g—1); 
1 self-conjugate subgroup of order p, {s}; 
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1 self-conjugate cyclical subgroup of order pq, js, t}; 
p conjugate not cyclical subgroups of order g’, {¢, s~*ws*}, (a= 0,1,....p—1). 
The operations are distributed according to their orders as follows: 


Order....| 4 q p pq 


Number../ 1 | p—1 | 


A substitution group of order 12 of this type is generated by 
s = (1, 2, 8)(4, 5, 6)(7, 8, 9)(10, 11, 12), 
t =(1, 4)(2, 5)(3, 6)(7, 10)(8, 11)(9, 12), 
u= (1, 7)(2, 9)(3, 8)(4, 10)(5, 12)(6, 11). 
Secondly, suppose that in the identities 
8s", um sue’, 
neither nor v is equal to1. Ifu=v, we have 
(uw (u-"t) =, 
which leads to the group y,. Accordingly we must take 
slts—ts!—", slus—us'—”. 
As before, the p H,,’s arise by transformation of {¢, w} by s. These groups 


have now no operation except identity common to any two of them. Their 
p(g¢ —1) operations of order g with the p operations }s| make up the entire 


group. 
This group y, exists only if P~ligan integer. Also g must be > 2, for 


the congruence u’? = 1 (mod p) has only one root different from 1. The identi- 
ties are 


The group contains 
g + 1 sets of p conjugate subgroups of order q, 
(@=0,1,....p—1; B=0,1,....¢—1); 
1 self-conjugate subgroup of order p, j{s}; 
p conjugate not cyclical subgroups of order s~*{t, u}.s*, (a=0,1,....p—1). 
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The operations are distributed according to their orders as follows: 


Order.... 1 p 


Number.. 1 p(g—1) | p—1 


A substitution group of order 63 of this type is generated by 


s=(1, 2, 3, 4, 5, 6, 7)(8, 9, 10, 11, 12, 13, 14)(15, 16, 17, 18, 19, 20, 21) 
(22, 23, 24, 25, 26, 27, 28)(29, 30, 31, 32, 33, 34, 35)(36, 37, 38, 39, 40, 41, 42) 
(43, 44, 45, 46, 47, 48, 49)(50, 51, 52, 53, 54, 55, 56)(57, 58, 59, 60, 61, 62, 63). 
t=(1, 8, 15)(2, 10, 19)(3, 12, 16)(4, 14, 20)(5, 9, 17)(6, 11, 21)(7, 13, 18) 
(22, 29, 36)(23, 31, 40)(24, 83, 37)(25, 35, 41)(26, 30, 88)(27, 32, 42)(28, 34, 39) 
(48, 50, 57)(44, 52, 61)(45, 54, 58)(46, 56, 62)(47, 51, 59)(48, 53, 63)(49, 55, 60). 
u=(1, 22, 43)(2, 26, 45)(3, 23, 47)(4, 27, 49)(5, 24, 44)(6, 28, 46)(7, 25, 48) 
(8, 29, 50)(9, 33, 52)(10, 30, 54)(11, 34, 56)(12, 31, 51)(13, 35, 53)(14, 32, 55) 
(15, 36, 57)(16, 40, 59)(17, 37, 61)(18, 41, 63)(19, 38, 58)(20, 42, 60)(21, 39, 62). 


This group and the preceding are again analogous to the not cyclical type 
of order pq, the subgroups of order q in the latter being here replaced by the 
not cyclical subgroups of order p’. 


C.— The special group of order 12. 


For the order 12, Sylow’s theorem shows the possibility of an exceptional 
group with four conjugate subgroups of order 3. These four subgroups contain 
8 operations of order 3. The 4 remaining operations must then form a self- 
conjugate subgroup of order 4. 

The latter cannot be cyclical ; for if we denote it by 


i,t, 
and any operation of ofder 3 by s, we should have 
(a?=1 mod 4). 
Then a= 1, and st would be of order 12, so that the G,,. would be cyclical. 


The exceptional group of order 12 therefore contains 8 operations of order 
3, 3 of order 2, and identity. If we denote the operations of order 2 by ¢, uw, 
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ut, and any operation of order 3 by s, then s transforms ¢, uw, ut in a cycle. 
For if s left ¢ unchanged, st would be of order 6. Accordingly we have the 
identities 
utu=t, sots—u, s—us=ut, 
from which the group is fully determined. : 
This group is in fact isomorphic with the alternating group of 4 letters. 


§6. 
The Groups of Order pqr; (p >qa>7). 


From Sylow’s theorem a group G of order pgr contains either 1 or gr sub- 
groups of order p. 

In the latter case these gr subgroups would contain gr (p—1) distinct opera- 
tions of order p, leaving only gr operations of G to be determined. Among 
these gr operations there must be at least one, ¢, of order q, and at least one, w, 
of ordery. If¢ transforms w into itself, then ¢ and wu generate a cyclical group of 
order gr, which exactly supplies the gr missing operations. This group contains 
only a single subgroup, {¢}, of order g, which is therefore the only subgroup of 
this order contained in G. Again, if ¢ does not transform w into itself, then it 
transforms the group {u} into g conjugate groups of order r. These contain 
g(r — 1) distinct operations of order 7, leaving only the g powers of ¢. In this 
case also, then, the group G contains only one subgroup, {¢}, of order q. 

Now, ifs is any operation of order p contained in G, then s must transform 
¢ into itself. Accordingly, s and ¢ generate a cyclical group H of order pq. 
This group contains all the operations of order p, g or pg which occur in G. For 
if ¢ is any such operation, contained in G but not in H, then the operations i 


will all be different. But their number is pq? >pqr. But H contains only one 
subgroup {s}{ of order p, which is therefore the only subgroup of order p con- 
tained in G. 

Accordingly, a group of order pqr contains only one subgroup of order p. 

If the subgroup of order p is {s}, and if ¢ is any operation of order g con- 
tained in G, then ¢ must transform s into one of its powers. Consequently, sand 
¢ generate a group of order pg. By the same reasoning employed above, this 
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group contains all the operations of order p, g, or pg that occur in G;; it is 
therefore self-conjugate. 

Every group G of order pgr contains a self-conjugate subgroup H of order 
pq. The latter contains all the operations of order p,q, or pq that occur in the entire 
group. 

We have now to distinguish two principal cases according as the subgroup 
H of order pg is cyclical or not cyclical. Throughout we use s, ¢, and w, as 

heretofore, to designate operations of orders p, g, andr. 


A.— The subgroup H cyclical; st = ts. 


This case can occur for all values of pandq, and is the only possibility if ¢ 


is not a divisor of p—1. 
Since G contains here only one subgroup of order g, as well as only one of 


order p, we must have 
usu=s", 
There are four subcases, according as 
1) wl,y=1; 2) 3) 4) e$1, 1. 
1) In this case, s, ¢ and w being all commutative, the operation stu is of 
order pgr, and G is cyclical. This group, 6,, contains one subgroup of each 


of the orders p, 9,7, pg, pr, and gr; and these subgroups are all cyclical and 
self-conjugate. The operations of 6, are distributed according to their orders as 


follows: 


Order...) 1} p qd r pq pr qr par 


Number.) 1 | (p—1)(q—1) | (p— 1)r—1) | (g—1)(r — 1) | 


2). This case requires that r should be a divisor of p—1. The operations 
u and ¢ generate a not cyclical group of order gr, in which the g.subgroups of 


order 7 are 
(a=0, 1,....g—l). 


The operations ¢~‘wt* are all commutative with s. Each of them, taken with s, 
generates a cyclical group of order pr. These g groups have only the powers of 
s in common; beside these they contain g(pr— p) distinct operations, which 
with the operations of H make up the entire group. 
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This group 6, exists only if r is a divisor of p—1. Its identities are 
st=ts, suxcus, wu It contains 


1 self-conjugate subgroup of order p, js}; 
1 self-conjugate subgroup of order q, {¢} ; 
g conjugate subgroups of order r, {é~*ut*}, (a=0,1,...-g—1); 
1 self-conjugate cyclical subgroup of order pq, js, ¢}; 
1 self-conjugate not cyclical subgroup of order gr, {t, u}; 
q conjugate cyclical subgroups of order pr, {s, ¢~*ut*}. 
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The operations of the group are distributed according to their orders as 


follows : 
Order .. P q r Pq pr 
Number. p—1\q—1)9(r—1) |(p—1)@—1) (7-1) 


A substitution group of this type of order 30 is generated by 


s = (1, 2, 3, 4, 5)(6, 7, 8, 9, 10)(11, 12, 13, 14, 15) 
(16, 17, 18,19, 20)(21, 22, 23, 24, 25)(26, 27, 28, 29, 30). 
t= (1, 6, 11)(2, 7, 12)(3, 8, 18)(4, 9, 14)(5, 10, 15) 
(16, 21, 26)(17, 22, 27)(18, 23, 28)(19, 24, 29)(20, 25, 30). 
w= (1, 16)(2, 17)(3, 18)(4, 19)(5, 20) 
(6, 26)(7, 27)(8, 28)(9, 29)(10, 30) 
(11, 21)(12, 22)(18, 28)(14, 24)(15, 25). 


3). This case differs from 2) only in the exchange of the roles of ¢ and ¢. 
4). In this case r must be a divisor of both p—1 and gq—1. 
tions of the group can then be written as follows (where o = st): 


The opera- 
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For these operations are all different, since 
= 
where u must be =%. But then, a power of o being commutative with w, 
either s or ¢ would be commutative with w, which is excluded. 

This group 6, is therefore an analogue of the not cyclical type of order 
pq- It exists only if r is a divisor of both p—1andq—1. Its identities are 
tat, 

It contains 
1 self-conjugate subgroup of order p, {s}; 
1 self-conjugate subgroup of order g, {t}; 
pq conjugate subgroups of order 7, {(st)*w(st)*}, (a= 0,1,2,....pg—1); 
1 self-conjugate cyclical subgroup of order pg, {st}; 
q conjugate not cyclical subgroups of order pr, {s, ¢—*ut*}; 
p conjugate not cyclical subgroups of order gr, {t, s~*us*}. 
Its operations are distributed according to their orders as follows : 


Order ..| 1 Pp q r PY 


Number.| 1 | p—1/q—1| pq(r—1) | (p—1)(¢—1) 


A substitution group of this type of order 30 is generated by 
s = (1, 2, 3, 4, 5)(6, 7, 8, 9, 10)(11, 12, 13, 14, 15) 

(16, 17, 18, 19, 20)(21, 22, 28, 24, 25)(26, 27, 28, 29, 30). 
t= (1, 6, 11)(2, 7, 12)(3, 8, 13)(4, 9, 14)(5, 10, 15) 

(16, 21, 26)(17, 22, 27)(18, 28, 28)(19, 24, 29)(20, 25, 30). 
u = (1, 16)(2, 20)(3, 19)(4, 18)(5, 17) 

(6, 26)(7, 80)(8, 29)(9, 28)(10, 27) 

(11, 21)(12, 25)(13, 24)(14, 23)(15, 22). 


B.—The subgroup H not cyclical; t~'st=s", (u$ 1). 


This is possible only if g is a divisor of p—1. The group H now contains 
one subgroup of order p, and p subgroups of order g. Any operation u of order 


== 
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r must transform at least one of these g subgroups, say {¢}, into itself. We have 


then, as under A, 
ustsu=s’, 
It follows that 
1st) u = u1(8") = 8”. 
But, on the other hand, 
= 
Hence we must have 
=v (mod p), 
'=1 (mod p). 


But since p —1<q and uw $1, this is only possible if 


=1. 
We have therefore 
9, 
and there are two cases to be distinguished according as 5) y= 1 or 6)v $1. 

5). Here ¢ and u generate a cyclical group of order gr which s transforms 
into p distinct conjugate groups of this order. These groups have the powers 
of win common; beside these they contain p (gr —r) distinct operations, which 
with the powers of su make up the entire group. It is readily seen that this 
group is of essentially the same form as 2) and 3) under A, the operations w, s, ¢ 
here playing the same role as s, ¢, u in 2). 

6). In this case r as well as g must be a divisor of p—1. As in 5), the 
operations ¢ and uw generate a cyclical group of order gr which s transforms into 
p.conjugate groups of this order. But in the present case these groups have no 
operation, except identity, in common. They contain therefore p(gr— 1) dis- 
tinct operations, which with the powers of s make up the entire group. 

This group 6; exists only if g and r are both divisors of p—1. Its iden- 
tities are 

u~'su=s’, 

It contains 
1 self-conjugate subgroup of order p, js}; 

p conjugate subgroups of order q, {s~‘ts*}, 1,....p—1); 
p conjugate subgroups of order 7, {s~*us*}, (a=0,1,-....p— 1); 
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1 self-conjugate not cyclical subgroup of order pq, {s, t}; 
1 self-conjugate not cyclical subgroup of order pr, {s, u}; 
p conjugate cyclical subgroups of order gr, {s~%%ts*, ut, (a=0,1,....p—1). 


Its operations are distributed according to their orders as follows: 


Order...| 1 p q r qr 


Number; | p—1/p(q—1) | p(r—1)| — 9) 


A substitution group of this type of order 42 is generated by 


s=(1, 2, 3, 4, 5, 6, 7)(8, 9, 10, 11, 12, 13, 14) 
(15, 16, 17, 18, 19, 20, 21)(22, 28, 24, 25, 26, 27, 28) 
(29, 30, 31, 32, 33, 34, 35)(36, 37, 38, 39, 40, 41, 42). 
t= (1, 8, 15)(2, 10, 19)(3, 12, 16)(4, 14, 20)(5, 9, 17) 
(6, 11, 21)(7, 18, 18)(22, 29, 36)(23, 31, 40)(24, 33, 37) 
(25, 35, 41)(26, 30, 38)(27, 32, 42)(28, 34, 39). 
u=(1, 22)(2, 28)(3, 27)(4, 26)(5, 25)(6, 24)(7, 23) 
29)(9, 35)(10, 34)(11, 33)(12, 32)(18, 31)(14, 30) 
(15, 36)(16, 42)(17, 41)(18, 40)(19, 39)(20, 38)(21, 37). 


ANN ARBOR, Sept., 1892. 
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The Nature and Effect of Singularities of Plane 
Algebraic Curves. 


By CHARLOTTE ANGAS Scort. 


1. In Vol. XIV of this Journal I gave an account of a geometrical method 
of analysing Higher Singularities, by means of which there may be found for 
any singularity a penultimate form involving a series of nodes with a certain 
number of evanescent loops. It was there stated that the method is directly 
applicable, in general, to the determination only of the point components of the 
singularity, though in certain cases it determines the inflexions. I propose now 
to remove this restriction, showing that the process enables us, in every case, 
to enumerate the double lines (double tangents and inflexional tangents) involved 
in the singularity. 

The definitions usually adopted for double points and double lines, as 
occurring in composition, are purely algebraic, x (the number of cusps) being by 
definition one less than the L. C. D. of the exponents in a cyclic system of 
expansions, and y (the number of nodes) being defined for any singularity, 
simple or compound, by equating 2y + 3x to the discriminantal index ; it appears 
at once that these definitions agree with the ordinary ones for the simple node 
and cusp; it is then shown that, x, being so defined for any singularity, 
Pliicker’s equations hold. The numbers 7, are similarly defined by means of 
the line equation. See H. J. 8. Smith, ‘‘On the Higher Singularities of Plane 
Curves,” 1873-6 (Proc. Lond. Math. Soc., VI, 153), and Brill, “‘ Ueber Singu- 
laritaten ebener Curven,” 1879 (Math. Ann., XVI, 348). 

But an algebraic curve has a geometric existence, and the process here used 
for the analysis of singularities is a geometric process depending entirely on a 
geometric conception of singularities, even though the language used is necessa- 
rily algebraic. It seems, therefore, advisable to attempt a harmonious geometric 
treatment of singularities (based on Pliicker’s views, given in his Theorie der 


. 
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Algebraischen Curven, pp. 200-207, here reproduced in substance in sections 
2, 3, 6, 9, 10), depending on precise geometric definitions, making use of a 
geometric method of analysis, and leading to a natural classification of singu- 
larities-that shall give due weight to the point and line conceptions. It will 
then be necessary to prove that Pliicker’s equations hold for singularities thus 
defined ; this is only partially accomplished in the present paper. The various 
relations proved by H.J.S. Smith and Brill present themselves, expressing simple 
geometric facts. : 


2. The object of our investigation is a certain geometric form, a curve. We 
define this by means of an equation connecting the coordinates of any point on 
it; this amounts to considering the curve as traced by a point moving subject to 
the law expressed by the equation. But we may also define the curve by 
means of an equation connecting the coordinates of any tangent; this amounts to 
considering the curve as enveloped by a line moving subject to the law expressed 
by this equation. The curves with which we are concerned are those only for 
which these laws are expressed by rational integral algebraic equations. Adopt- 
ing the first view, we may consider the curve as the limit of a polygon defined 
by its vertices; adopting the second view, the polygon is regarded as defined by 
its sides. We have thus the dual conception of the curve, as described by a 
point, enveloped by a line, ‘‘the point moving continuously along the line, the 
line rotating continuously about the point” (Plicker). 


3. Now on an arc so considered, it follows from the definition that the line 
elements may be derived from the point elements by joining each to the next ; 
and that the point elements may be derived from the line elements by marking 
the intersection of each with the next. Consequently either equation, point or 
line, will yield us all the properties of the arc. 

But suppose it happens that either part of the characterisation becomes 
incorrect? It may happen that the point gives up its continuous motion with- 
out any effect on the continuous rotation of the line; the point, that is, ‘attains 
a limiting position and then moves in the contrary direction” (p. 202). This 
we naturally expect to have an effect on the point equation, but we cannot 
expect any trace of it in the line equation. Again, says Plicker, this singu- 
larity may occur in the motion of the line; we do not expect to discover this if 
we confine ourselves to the point equation. And in the third place, these singu- 
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larities may occur simultaneously. Note then that in the first case we must 
not expect the tangents to be derived by joining each point to the next; and in 
the second case, the points cannot be derived by marking the intersection of the 
tangent with the next. 

Pliicker’s view is then that at the simplest point singularity, the cusp, the 
tracing point travels along the tangent till it attains a certain position O, and 
then turns back along the tangent. Now the elementary theory of maxima and 
minima teaches us to regard a maximum or minimum as a stationary value or 
position, characterised by the coincidence of two consecutive elements (of magni- 
tude or position). There being then a cusp at O, we may consider the tracing 
point as occupying the position O twice, so that representing its course symboli- 
cally by PO,O,Q, consecutive positions of the enveloping line are PO,, O,Q; 
i.e. PO, O@ (Fig. 1). Note in the first place that the ‘tangents at a cusp” are 


Fia. 1. 


consecutive, not coincident, for coincident tangents cause a line singularity ; and in 
the second place, that the line 0,0, is not in any sense a tangent. This may be 
further elucidated by comparison with the reciprocal singularity, the simple 
inflexion ; the two points of contact of an inflexional tangent are consecutive, 
not coincident; and we do not regard any point on the inflexional tangent as a 
point of the curve. 


4. De Morgan (1856, Camb. Phil. Trans., IX, part 4) appears inclined to 
adopt the view that at a cusp dy/dz has an infinite number of coexisting values. 
He states this possibility with reference to the evanescent oval; but the context 

30 


SC 
Qu 


224 Scorr: The Nature and Effect of 


suggests that he has also the evanescent loop in mind. This would agree with 
the view that the tangent at a cusp makes a half turn, the point suffering no 
singularity in its motion. Now the accepted penultimate form for a cusp, the 
evanescent loop (Fig. 2), appears to justify this; the tangent does turn through 
180°, and the motion of the point along the tangent is unaffected. But if we 
accept this view for the cusp, we must accept the reciprocal view for the 


Fia. 2. Fia. 3. 


inflexion. In the penultimate form we have an asymptote inclined at a vanish- 
ing angle to a double tangent whose points of contact are infinitely near together 
(Fig. 3); thus if we account for the cusp by means of a sudden half turn of the 
tangent, we must account for the inflexion by means of a sudden flight through 
infinity, by which half a complete line is described.* Now this explanation 
ensures the proper zero values for ds/dp and d@/ds at the cusp and inflexion ; 
but it makes the inflexion a point singularity, and the cusp a line singularity, con- 
trary to what we know to be the case. Adopting this view really amounts to 
holding on to the penultimate form instead of taking the last step, which, as 
usual, introduces a discontinuity, shown here by the rejection of a linear factor 
from the reciprocal equation ; this factor representing, when we form the line 
equation of a curve with a cusp at O, the point O, and when we form the point 
equation of a curve with an inflexional tangent , the line w. It involves our 
confining ourselves to curves without cusps or inflexions, which, of course, do not 


exist (as proper curves) for an order greater than 2. 


*TI here adopt the view reciprocal to that in which the angle about a point is considered as four 
right angles, and regard the complete line as consisting of the line taken twice, the upper ‘‘ edge ’’ con- 
tinuous with the lower ‘‘edge,’’ and therefore two passages through infinity being required for the 


complete description of the line. 


Singularities of Plane Algebraic Curves. 225 


As an additional example of the care needed in drawing conclusions as to 
the line element from the point diagram or the point equation, and vice versa, 
consider the tacnode formed by the simple contact of two branches, properly 
described as having in common one point and the tangent there, a description 
which is reciprocal to itself. The point equation expresses this “the branches 
have two consecutive points common,” the line equation says ‘the branches 
have two consecutive lines common.” But if we combine these and say the 
branches have two points and two tangents common, we are giving what is properly 
the description of the osenode. Fig. 4 represents the point and line elements of 


Fia. 4. 


a tacnode; 1=1' and 2= 2 are the common points; 12= 1'2’ is one of the 
common tangents; and if we consider the line elements before 1 as not coinci- 
dent, (therefore, by continuity, necessarily consecutive) then we must consider 
23, 2'3’ as coincident; but 3 and 3’ must be regarded as consecutive, not as coin- 
cident points. 


5. These examples illustrate the fact-that the expression by means of points 
is a convention, and the expression by means of lines a different convention ; 
and as these, or the penultimate forms derived from them, may express different 
parts of the truth, we cannot expect to be able to deduce the whole truth from 
one expression. The penultimate form in each of the diagrams used in the 
method of inversion is derived from the point equation, and must therefore be 
cautiously used in drawing conclusions as to line singularities; we have no 
grounds for assuming it to be the penultimate line form, and in fact the one 
diagram for the resolution of the simple cusp shows that this is not the case. 


J 
\ 
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Further, the single algebraic equation is deceptive in another way, in that it 
does not discriminate between consecutive and coincident. Thus e. g. the point 
equation for the tangents at a cusp gives coincident lines, whereas we have seen 
that they are really consecutive ; the tangents at a tacnode or at a cusp of the 
second species are properly coincident. 


6. When we consider a curve, then, as defined by its point equation, cusps 
and nodes present themselves as singularities; when by its line equation, 
inflexional and double tangents are the singularities; when however we use the 
intrinsic equation, cusps and inflexions are the singularities. Plicker regards 
nodes and double tangents as accidents of position, and not real singularities ; 
stating that he confines himself to singularities on a single arc. But we shall 
find that the occurrence of more than one proper singularity at a point, even on 
a single arc, involves the occurrence of nodes and double tangents; e. g. two 
cusps cannot exist without a node; a cusp and inflexion induce at least one node 
and one double tangent. We shall therefore frame our definition of singularities 
so as to include these. Pliicker defines a singularity as caused by the turning 
back of the element; if this occurs twice, three times, etc., we have at the point 
two, three, cusps or inflexions. For purely geometric purposes it is perhaps 
more convenient to express this in terms of successive elements, instead of in 
terms of a single moving element; and this has the further convenience of 
enabling us to include nodes and double tangents. 

It is occasionally convenient to adopt a symbolic notation; we use letters 
for positions in the plane, and when the describing element occupies a position 
more than once, we use suffixes, consecutive or not, as the case may be. Thus 
the symbol for a cusp is PO,O0,Q, or PO,,Q; for an inflexion, p0,0,¢ or p09q ; 


fora loop, PO,Q....RO, 4.8; and for an evanescent loop, LPO,Q. 
n=0 

7. We therefore formulate our conception of the singularities of a curve as fol- 
lows: Any arc of the curve may be considered as yielding a succession of point 
elements occupying certain of the point positions in the plane; and a succession 
of line elements, occupying certain of the line positions in the plane ; the coinci- 
dence of two point elements gives a double point, which is a cusp if the elements 
are consecutive, otherwise a node; the coincidence of two line elements gives a 
double line, which is an inflexional tangent if the elements are consecutive, 


| 
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otherwise a double tangent. If & point elements coincide at O, the lowest 
terms in the point equation are of degree &, and the singularity is said to be of 
order &; similarly if 7 line elements coincide, the lowest terms in the line 
equation are of degree /, and the singularity is said to be of class 7. Using a 
rather elliptical expression, we may say that the singularity has a point equation 
of degree &, and a line equation of degree 7. Suppose now we have at O 
k consecutive elements (symbolically, the point is PO,O,....O,Q); we have then 
k (k—1)/2 coincidences, of which k—1 (O,—O,, O,—O3, O;—O,,.. « Ox 1— O;) 
are coincidences of consecutive elements; the number of cusps in this singularity 
is therefore, by definition, = s—1; and similarly we may have a singularity 
of class / in which there are /(/ — 1)/2 double lines, of which / — 1 are inflexional 
tangents. 


8. Thus the special characteristic of the cusp and inflexional tangent, which 
differentiates them from the node and double tangent, is the consecutiveness of 
the elements involved in the coincidence,* and it would be convenient to have a 
special term to express this. Now it is precisely this property of consecutiveness 
in the point elements that is signalised by the presence of a branch point when 
ordinary analytical geometry is regarded from the standpoint of the theory of 
functions. But there is a decided practical inconvenience in borrowing a term 
from one subject to use in another, for its region of applicability is apt to be 
different in the two subjects; and further, in this case, there.is the strong 
objection to the term branch point—that it is not available for the line theory. 
We need in analytical geometry words to express the consecutiveness of point 
or line elements, these being (1) not coincident, as e. g. the consecutive points in 
which a proper tangent meets the curve; (2) coincident, as e. g. these points 
when the line is not a tangent, but a line through a cusp. Conjunction and 
consecution, though hardly expressive enough, might serve. Thus for a curve of 
class n with x cusps, there are n+ point conjunctions with reference to any 
point, of which 7 are relative, x absolute; or we may say there are x consecu- 
tions; and for a curve of order m with « inflexions, there are m+ line 


*It is foreign to the design of this paper to discuss the purely algebraic treatment of the question ; 
but to facilitate comparison it may be mentioned that it is easy to show from the expansions that a point 
describing a superlinear branch in conformity with the algebraic law expressed by the integral equation 
must pass from expansion to expansion at the superlinearity ; i. e. the consecutive point is to be found 
on a different expansion. 
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conjunctions with reference to any line, of which m are relative, . absolute; or 
we may say there are « consecutions. And again, the simplest superlinearity of 
order (or class) 3 contains 3 point (or line) coincidences, of which 2 are 
consecutions. 


9. Pliicker then points out that his definitions give at once the ordinary 
values for the radius of curvature ; the same holds good for the modified defini- 
tions here adopted. The curve is defined in terms of s and ¢, and the radius of 
curvature is ds/dp. Note in passing that it is better not to regard s as a 
function of @, for in so doing we should be led to make the tacit assumption 
that @, our independent variable, increases continuously, which would hamper us 
in the treatment of line singularities.* We therefore regard s and ¢ as functions 


of an independent variable ¢, and we have p= Bay / = . Thus at a single 


cusp, by definition, ds/dé= 0, .. p=0; and at an inflexion, dp/dt=0, and 
.. p=; and similarly if there are x cusps, inflexions, so that x (= 4—1) 
and .(=7— 1) differential coefficients vanish, we have 


ox (dt)* / (dt)! 


Thus if kK<1, p=; 
if k>l, p=0; 
and if k= 1, p is determinable. 


10. In referring to the geometrical representation, it will be convenient 
occasionally to use the term path for the (real) path of the tracing point to or 
from O; so that an ordinary linear branch is made up of two paths joining at 
O; and a superlinear branch is made up of two paths, with some sort of junction 
at O. These two paths, with whatever the point does at O, make the are, this 
word being used to denote the complete branch, linear or superlinear. The 
appearance of an arc depends on the way the two paths PO, O'Q which meet at O, 


* The same thing may be noticed in the use of the ordinary Cartesian equation, where, regarding y 
as a function of x, we tacitly assume that a increases continuously. This is all right in the purely 
algebraic theory, but it is an interesting question how far the imaginary ‘‘bridges’’ from circuit to 
circuit so introduced really belong to the geometric curve. They have not the organic connexion with 
the curve that the imaginary branches at a singularity have. 
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and have necessarily the same or consecutive tangents, are placed, and not at all 


on the way the transition from O to O’ is accomplished. There are therefore 
four possible varieties, as represented in Fig. 5. 


feu 
Q 
I i. 
Pp P@ 
0! 
Q 
1m. IV 
Fig. 5. 


Now these depend only on & and 7 (Pliicker, p. 207); for an even number 
of cusps (i. e. odd &) has no ultimate effect on the progress of the point; thus for 
I, II, & is odd; for III, IV, & is even; and an even number of inflexions (i. e. 
odd 7) has no ultimate effect on the rotation of the line; thus for i, III, 7 is odd; 
and for II, IV, 7 is even. 

But these arcs may be combined in any way, so producing composite 
singularities. From our definitions it follows that in a composite singularity the 
number of cusps and the number of inflexions are respectively the sums of those 
afforded by the separate superlinearities; but that the number of nodes and of 
double tangents will be augmented by the intersections and contacts of the 
complete branches. We shall speak in general of the singularity as containing 
6 double points (dps), of which v are nodes, x cusps; and 4 double lines (dls), of 
which ¢ are double tangents and ¢ inflexional tangents. 


11. The ordinary proofs show (or as in §7 it may be shown) that a singu- 
larity of order g and class r contains certainly g(q¢—1)/2 dps, and r(r —1)/2 dls. 
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But the simple example of a tacnode shows that the g-pt indicated by the equa- 
tion may. be but one of a series of consecutive multiple points; we shall there- 
fore at present speak of a g-element, meaning one whose equation is of degree 
g, and which therefore contains certainly a g-point (line) and possibly other 
multiple points (lines) not yet apparent; say it contains a certain number of 
latent multiple points. (lines). The main problem in the analysis of any singu- 
larity is to determine the latent double elements. 

A process for determining the double points was explained in the article 
already referred to, Am. J., XIV, p. 301. Applied to a qg-element, it clears 
away the obvious qg(q— 1)/2 coincidences, at the same time showing which of 
these are coincidences of consecutive points; for it represents the g points that 
come together at O by qg points on the base line; and as the consecutiveness af 
points is preserved in the transformation, we have only to consider which of 
these g points are consecutive ; thus e. g. y® = 2‘ gives y3 = a; the three points 
on the base are consecutive, we have therefore for the original singularity the 
symbol PO,» 3Q, and there are two cusps. But multiple points adjacent to O 
are unaffected by the transformation ; thus the transformed equation presents to 
our view a certain number of ¢/-points—or rather elements—where 2q' <q, and 
these q'-elements must be further resolved. A superlinear branch in every case 
leads to a single q’-element, where g’ <q; and proceeding in this way, the singu- 
larity is gradually untwisted. Since g' }gq, we see that the g-element certainly 
exhibits at once by its equation its highest component. Thus the g-element con- 
tains a g-point with certain latent multiple points, no one of order >q._ If these 
latent multiple points contain @ dps, we have therefore 


Q. 
Further, it was shown that for a single superlinearity of order £, 
z= k—1. 
Regarding the reciprocal equation of degree 7 in the same way, we have 
A=r(r—1)/2+R, 
and for a single superlinearity of class 7, 


— 1, 


We have now to show how this same method of quadric inversion may be 
applied to determine 4 and :, and hence ¢, without forming the reciprocal equa- 


sed 
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tion. The expressions just given for § and 4 are for any singularity, whether 
composite or simple. We first show how gq andr present themselves; we then 
prove that in every case R= Q. 


12. It has already been pointed out that any singularity is caused by the 
superposition of a number of superlinearities. Now if these come at the same 
point, with different tangents, no latent dps and no latent dls are caused; and 
similarly for the same tangent with different points of contact. Thus for our 
present purpose we have only to consider a q-element with all the tangents 
coincident. 

A superlinearity at O, tangent OZ, when inverted gives rise to a super- 
linearity at Z; let OZ, the invertor, meet this in / points, and let the base 
meet it in & points, so that & is the order of the singularity O. The tracing 
point P (describing Z) (Fig. 6a) has therefore to cut the base & times and the 


> 


P 


(¢). 


{k=3, 1=2.} 


Fia. 6. 


invertor 7 times. Now in order that it may cut the base & times, it must oscil- 
late along OZ, making &— 1 turnings back (Fig. 66); any such turning back 
is represented by consecutive points (which may be also coincident) on the base, 
and thus it produces a coincidence of consecutive points at O, i. e. a cusp; thus 
31 


(a). 
© 
P 
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the number of cusps is /—1, and & is the order of the singularity O, which 
agrees with what we have already said as to the degree of the point equation. 

Again, in order that P may cut the invertor 7 times, the line OP, whose 
motion represents that of the tangent at O (viz. OP’), must take up the position 
OZ 1 times, and consequently attain a limiting position and turn back /—1 
times (Fig. 6c). Now it is only at these turnings back that two consecutive 
positions of the tangent OP’ can coincide, i. e. these 7— 1 are the only inflex- 
ional tangents that can present themselves. Thus OZ presents itself as an /-line, 
giving 7(J— 1)/2 dls, of which 7—1 are inflexional tangents; the class of the 
original singularity is therefore 7, and 4 is at least 7(/—1)/2. Thus the order 
and class of the superlinearity at O are given by the number of points in which 
the first inverse is met by the base and the invertor. 

Now consider the singularity made by the superposition of 7 superlinearities 
with the same tangent OZ at O. Let these be of order and class /,/,, i,/,, etc. Then 
the first inverses, all at Z, are met by the base and invertor in =& and 3/ points. 
We have already defined the order of the singularity as =, the degree of the 
original point equation ; and similarly the class is =; thus the order and class 
are given as before by the number of points at Z on the base and invertor. 


Moreover, since x, = 4, 1, =4—1, we have - 
—1)= 1-7. 


Note then that OZ meeting the inverse in 7 points, and the base meeting it in 
k points, the number of points in which OZ meets the original singularity is 
k+l. Thus the order of the singularity at O is given by the degree, &, of the 
lowest terms in the point equation, and subtracting this from the number of 
points in which the tangent meets the singularity, we have the class, /. 

For our singularity we have now as minimum values for 6 and 4, k(&—1)/2 
and 7(/—1)/2. Let the first inverse contain, in all, A dps, these being deter- 
mined as already explained, so that d6=k(k—1)/2+h; write similarly 
a= 1(1 —1)/2+ A’; we have now to show that in every case h’ =h. 


13. The determination of the number of dls. really depends on our know- 
ledge of the general point nature of a singularity. We have a &-pt, from which 
proceed a certain number of strings of multiple points, in general of decreasing 
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order. Thus the singularity illustrated in Figs. 26, 27 (loc. cit.) gives a.sextic 
point; the dps 4, 5, 6 indicate three series of dps; in two of these we have 
only the one member, 5, 6, but in the remaining one we have a series of four 
consecutive dps. Some of these series may be closed altogether or in part, the 
branches uniting to form a cusp; and finally we have emerging 27 branches, 2 
for each superlinearity in the composite singularity. If now N is a &-pt con- 
secutive to O, # of the & tangents at O pass through N; in the example 
already chosen the six tangents at O are coincident in pairs, leading to 4, 5 
and 6; we have thus 3 dls. But also there are the emerging free arcs, which 
have contact of a certain order, and therefore yield a certain number of dls. So 
we have to take into account the dls that lead from O to the consecutive multiple 
points, those from the first rank of latent multiple points to the second, and so on. 

Now two free branches that have v consecutive points common have in 
general v double tangents; but if the branches have inflexions at O, this number 
is increased. Let the two branches, each of order 1, be of class 4,4. If we 
have two superlinearities of orders k,, k,, each of class 1, these lead on inver- 
sion to linear branches having /, and & points on the base; thus the number of 
dps in the inverse is the smaller of the two numbers h, k,; let this be h,; 
the total number of dps is therefore + —1)/2+%, of which 
k,—_1-+k,—1 are cusps. Reciprocally, for the number of dls in the case to be 
considered, if 7, 7, we have 


A= (+4), +h—1)/2+h. 


Now the singularity formed by the two branches is of order 2, class / 
(=4,+4); and if 7,<4, 4 is the number of latent dps, for the two branches 
have respectively 4, + 1 and /, + 1 points on the common tangent; thus 


A=1(1—1)/2 +h; 


but if 4 = 4, there are other latent dps, say v, in one direction from O, », in the 
other; but these, indicating a certain degree of contact between the curved 
branches, give respectively v, and v, dts, so that we have 


i, e. as before 


234 Scott: The Nature and Effect of 


If now we have any number of such branches, since the expression for a 
brings in the dls for the two branches separately, this part must not be repeated 
in adding up the numbers found for Ays Ay3 Avg, etc. We have 

= (4, + —1) + 2hy 
=4(4—1) +4(4—1) + 24 + 2hy, 
= 2h (4, — 1) + 2241 + 2ZWhy 
= + 224), + 2h, 
{>7,}? — + 25h, 
=P? 2h, 


and so we obtain finally A= 7(1—1)/2+h. 

Now the diagram for the penultimate form of a j-fold singularity of order 
contains £ —7 evanescent loops; if we remove the tips of f of these loops, so 
making the corresponding cusps into nodes, we obtain a diagram for the 
penultimate form of a (7+/)-fold singularity containing k—(j-+//) cusps; 
thus & and 6, and therefore h, are unaltered, but 7 and x, and therefore 4, are in 
general altered. It is easiest to trace the changes when we start with the free 
branches, and restore the tips, i. e. reintroduce the cusps, one at a time. We 
have then to show that if 

i. e. we have to show 
Now we shall find that in every case 
!—l=1 or 0; if then 
! we have to show —A=0 


and if —7=1, we have to show —A=l. 


The tangents at a cusp are (i) consecutive, (ii) coincident; if consecutive, 
the arcs in the vanishing angle turn their concavities towards one another; if 
coincident, the branches are on (a) the same, (b) opposite sides. Further, (iii) 
removing a cusp may remove intersections with other branches, so this must be 
considered in restoring the cusp. (Fig. 7.) 

In (i) and are unaltered ; 

in (ii, a), 7 is unaltered; a double tangent is changed into an inflexional 
tangent, but this leaves 4 unaltered ; 
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‘in (ii, b), 2 is increased by 1, « by 2, without any corresponding diminution 
in ¢, but with an actual increase. For OZ, which was an /line, becomes an 
(7+ 1)-line; thus is increased in all by $3(7 + 1)2 —7(7— i.e. by 7; 

in (iii), the joining of the free ends introduces one more dp N’; it does not 
additionally affect 7,1, but as NN’ is now a dt, A is increased by unity, corre- 
sponding to the increase of h by unity. 

Thus throughout the changes we have 


A=1(l—1)/2 +h; 


i, e. in any singularity with all the tangents coincident, the number of latent dps 
ts equal to the number of latent dis; and as the superposition of singularities with 
different tangents introduces no latent double elements, this relation is univer- 
sally true. We have then for a 7-fold singularity the equations 


db=k(k—1)/2 +h; 


x=k—yJ; c= 
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14. Examples of the four kinds of superlinearity, enumerated in §10, with 
the values of (4,7, h). (Fig. 8.) 
I. (y —2*)® = (3, 3,4); 6. 
Il. (y — 2°)? = (3,6, 9); ; 17. 
IV. (y? — 28)? = + ; (4, 2, 2); sem 2. 


III, 


8. 


The example chosen as an illustration of case IV is one of those given by 
. H. J. 8. Smith (loc. cit. p. 168). He regards the superlinearity as composite, 
| (& and / being even), and states that the two real branches 

y + 2, (PO) and. 

y= at —at, (QO) 

A “appertain to a real ramphoid cusp.” But as we are dealing with algebraic 
i curves, these two branches have no existence without their conjugates; geometri- 


I. II. 
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cally, these are needed for the transition from Oto O’. We therefore cannot 
regard the superlinearity as composite. 


15. This quantity 4, which has numerical analogies with the deficiency of a 
curve, may be conveniently called the excess of the singularity; and the relation 
proved in §13 shows that for any singularity the point excess and the line excess 
are equal. We have then a dualistic organic classification of superlinearities, by 
order, class, and excess, (&, /; h) corresponding to the (m, ; p) classification of 
curves; and just as in the case of curves, these characteristic numbers do not 
lead to a unique determination; for this, in the case of even a single super- 
linearity, we require to know the series of multiple points and their arrangement. 
The Pliickerian characteristics are expressed in terms of k7h by the equations 
given in §13, from which we obtain 


vy = (k—1) (k—2)/2+h, r=(J—1) (1—2)/2 +4; 


and we can derive a series of equations analogous to those given in Salmon’s 
Higher Plane Curves, p. 65; e. g. 


I? — 2v — 38x = P— — 31; 
2(¢ —v) = (I—k) (1+ 8) 
= — x) (« + x— 1) (cf. with H. J. 8S. Smith, p. 166); 
vy —(k— 1) (k— 2)/2=7—(1—1) 2)/2=h. 


Further, as to the analogy of the excess h with the deficiency p; when the 
singularity is resolved into a series of multiple points, the maximum number of 
such multiple points is h +1; for the maximum is plainly attained if all the 
latent multiple points are dps, and then there must be / of them, so that counting 
in the central k-pt we have h+ 1 multiple points. And again, we can deter- 
mine a minimum value for A. Let the smaller of the two numbers k, /=gq; 
if g >1, the point Z on the first inverse is a multiple point of order g, and 
therefore contains g(g— 1)/2 dps; thus h { g(g —1)/2. 


16. In certain cases when & and 7 are given, his known. For we start with 
a singularity O, of order & and class J, or say a point (k, 7+). Let the 
quotients and remainders in the process of finding the G. C. M. of k,/+& be 


l+k=fk+h, k= fk, + iy, ete. 
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Then f/ inversions along OZ lead to a point (%,, &); f, inversions along the new 
tangent (which was the base) lead to a point (&,, %,), andsoon. (Fig. 9.) This 
continues until we come to a point for which k,= 4,4, and then the tangent is 
neither of the lines with which we are dealing, so that we do not know in how 


ky 
ly 
( , +k) ky 
Fia. 9. 


many points the tangent meets the singularity, and therefore cannot say 4 priori 
how the series of multiple points continues. But if & is prime to J, the last 
remainder is unity, and so the series of multiple points terminates. We have 


then f k-pts, f, k,-pts,... .f, k,-pts; consequently we have 


&,(&,—1) 

= (1+ k—h) (b—1) + (b—&) (4—1) + + 

+(4,_1— 1) (&— 1) 
= (1+ (4 — 1) — kh, + hk, — hy + +h, 

=(1+k) (k—1)—k+1 

= (k—1) (I+k—1); 
now 26=k(k— 1) + 2h, 

2h = —1) (1+ k—1) —k&(k—1) 
=(k—1) (I—1); 


i.e. if 2 is prime to k, h=(k—1) (J—1)/2. (Cf. w. Brill, loc. cit., p. 355.) 


17. The considerations already presented as to the arrangement of the con- 
stituent multiple points in a superlinearity show that there is a twisting 
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backwards and forwards on a certain fundamental curve, with, it may be, at Oa 
‘rosette’ as in the point referred to in §13. In considering possible arrange- 
ments, it should be noted that if in a series of multiple points the order drops by 
unity, we have got to the end of that series. For the point before this one 
being (#, 7 +), certainly # is not unity, or we should have got to the end; 
now the next point is (#, 7), and we have therefore by the hypothesis 7 = / —1; 
i. e. we have now got to a point of order k’(=7) met by its tangent in 
hk’ +-1(=/) points; the inverse of this is then of order k’ +1—k’, i.e.1; 
e.g. y®=2"; here we have 3pt + 3pt + 3pt + 2pt; there are consequently no 
more multiple points. The converse of course does not hold. 


Fia. 10. 


18. Since every superlinear branch can be reduced by successive inversions 
to an ordinary branch, we might regard any one as so many degrees removed 
from an ordinary arc, or say as of such a rank, counting the ordinary arc as of 
the first rank. Now a singularity at Z yields different results at O according as 
(1) the base, (2) the invertor, or (3) some other line, is the tangent at Z. 
(Fig. 10.) Butif the arc at Z is a one-element, then inverting by process (3) 
gives no higher singularity at O; rejecting this, in the first rank we have one 
member; in the second we have two. (Fig. 10; (1) (2).) In the third we have 
32 
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3 X 2—1, since the inverse of (2) by the third process is to be rejected ; and in 
general in rank g there are ${37-'+1{ members. But it hardly seems 
advisable to adopt this classification, for if we attempt to enumerate singularities 
in this way we shall be taking account of insignificant differences. Thus, e. g. 
(y—a2’)?*=2' and (y—2’?—2z’)*=2' would be enumerated as distinct; now 
each has one cusp and two nodes, arranged as consecutive points on a curve of 
finite curvature; each has one inflexion and two double tangents; the only 
difference is that the foundation curve is in one y= 2’, and in the other, 


19. Since a composite singularity may be made by any combination of 
superlinearities, it hardly seems worth while attempting an organic classification. 
For even if we introduce 7 for the number of superlinearities, (§13) though the 
Plickerian characteristics are thus made to depend on the essential nature of the 
singularity, yet the four quantities &, 7, h, 7, do not even tell what the numbers 
are for the separate superlinearities; so there seems no special advantage in 


using them. 


20. The relations proved show that two singularities related by having the 
same inverse, but with the base and invertor interchanged, have their / and & 
interchanged, and are thus reciprocal as to their symbol. Are they in reality 
reciprocal? We know that (%, 7; h) do not uniquely determine the singularity, 
and thus there is room for asking this question. 

Take a proper conic, with OZQ a self-conjugate triangle. (Fig. 11.) Let QP’ 
be the polar of P, then OP meets QP’ in P’, the inverse of P. Let @ be the pole 
of OP; then if OP is the tangent at O, and therefore coincides with OZ, Q comes 
at ©, and OP’ is the tangent to the reciprocal. Thus the singularity at Z, when 
inverted with QZ as the invertor, gives at Q a singularity which, to a certain 
order of approximation, coincides with the reciprocal of O. As to the branches 
proceeding from the &-pt, we know that these reciprocate into branches having 
contact of the same order. Thus the central part of the singularities at O and Q 
will be reciprocal; and the number and general arrangement of the outlying 
multiple (reciprocal) elements will correspond ; but the two singularities will not 


necessarily be reciprocal. 


21. It is of interest to compare the formule here obtained with those given 
by Halphen in his ‘‘ Mémoire sur les points singuliers des courbes algébriques 
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planes ” (1874) for the behavior of the evolute. The generalised evolute is the 
envelope of the line OO in Fig. 11; this is the polar of Z. For parts of the 
curve in the immediate neighborhood of O, with OZ as tangent, the generalised 
evolute and the first inverse are reciprocal polars. If we take the base conic a 
circle, so that JJ are the circular points, the generalised evolute coincides with 
the ordinary evolute for parts of the curve in the immediate neighborhood of 0; 


(0) 
Fia. 11. 


and thus for these parts of the curve the first inverse coincides with the recip- 
rocal polar of the evolute. Now Halphen’s formule, expressed in terms of &, /, 
show that the order of the singularity on the evolute is k~/, and ifk</ this 
_ singularity is at infinity, and the tangent meets it in 7 points; if & >/, it is at 
O, and the tangent meets it in & points. As to the first inverse, our results show 
that if k<1 the order of the singularity is &, and the tangent meets it in / 
points; while if &>/ these numbers are interchanged, Thus the order and 


| 


# 
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class for the singularity on the evolute are in the two cases (/—k, k), (k—J, 2); 
and for the singularity on the inverse they are (&,7—hk), (J, k—i). Further, 
ifk<1, OZ is the tangent at Z, and the reciprocal is at 0; ifk>/, LJ is the 
tangent at Z, and the reciprocal is at O; and if &=/ (a case in which a priori 
formule do not present themselves, and which Halphen therefore does not con- 
sider), the tangent is a line through Z inclined at a finite angle to OZ, QZ, and 
the reciprocal is somewhere on OO, i. e. it is at a finite distance from O. 


22. We have now to show that the reduction in class due to the compound 
singularity is the same as the reduction due to the constituent elements (nodes 
and cusps) enumerated by this process. 

Let the total diminution due to the singularity of order k be D; when this 
singularity is inverted, we have a part of it presérved as a singularity on the 
inverse—let the effect of this on the class be D,, so that D— D, is the effect of 
the central /-point in the original singularity ; this central £-point is replaced by 
k points on the base, these giving x, proper contacts (improper contacts, that is 
cusps in the inverse singularity, are allowed for in D,); we have to show that 
D—D,=k(k—1)+%. 

Take the conic of inversion a proper conic, choosing it so that J, J, as also 
OI, OJ, IJ, may have no specialty of position with regard to the given curve. 
Let the order and class of the given curve be m, 7; and let the effect of all 
remaining singularities in diminishing the class be NV, so that 


n=m(m—1)—D—N. (1) 


The curve cuts OJ, OJ, JJ in m—k, m—k, m, distinct points; we have there- 
fore on the inverse, at J, an (m—k)-pt with distinct tangents; the same at J; 
and at O an m-pt with distinct tangents. On JJ we have also k points, and 
consequently m' = 2(m—k)+k, 

i.e. (2) 
hence 
n' = m' (m' — 1) — D, — N— m(m— 1) — 2(m — k)(m—k—1), (3) 


for the ordinary proof, which is legitimate when the tangents are separate, shows 
that the diminution in class due to an m-pt is m(m— 1). 

Now the 7’ tangents from J to the inverse are 

(1) the inverses of the original n J-tangents ; 
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(2) m—k tangents at J, each counting twice ; 
(3) the line JJ, counting x, times ; 
(4) 


Comparing (3) with (4), and making use of (1) and (2), we have 

(2m — k)(2m —k — 1) — D, —N—m(m — 1) — 2(m— k)'m—k—1) 

= m (m — 1) + 2(m— k) + x,—D—N, 
i.e. 


D— D, =x, + 2(m—k) + 2(m— k)(m—k—1) 
— (2m — k)(2m —k— 1) + 2m(m—1), 
1. @. 

(5) 


Now the central &-point gives in all &(4—1)/2 dps, of which we have supposed 
x, to be cusps; we have therefore », =k (k—1)/2—x,, and equation (5) becomes 


D— D, = 2, + 


that is, the v, nodes and x, cusps in composition have the same effect in reducing 
the class as when separate. We have therefore the equation 


n =m (m — 1) — — 33x; 
and from the reciprocal curve we have 
m = n(n —1)— 227 — 321; 


where the =x, =, refer to all consecutions, the =v, Sr, to all remaining coinci- 
dences. 


BRYN Mawr COLLEGE, BRYN Mawr, Pa., March, 1893. 
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The Elliptic Inequalities in the Lunar Theory. 


By Ernest W. Brown, Fellow of Christ’s College, Cambridge. 


The object of this paper is to give a general solution in series of the 
problem ‘“‘ A system of three bodies is in motion in one plane, the first is revolving 
about the second and is disturbed from its elliptic orbit by the third. The 
third body is supposed to be of infinite mass and to be moving in a circle of 
infinite radius with a finite angular velocity. Given the relative positions of the 
three bodies at any one time, to find their relative positions at any other time.” 
The differential equations which express the motion of the first body relative to 
the second have been given by Dr. Hill in Vol. I of this journal. The second 
body is taken as the origin, and the motion is referred to rectangular axes mov- 
ing with the angular velocity of the third body which always lies on the z-axis. 


The equations are 


+(5-—3n 
dy , da 


where u is the sum of the masses of the first and second bodies and n’ the angu- 


lar velocity of the third about the origin. 
One integral of these equations is immediately obtained. It is 


In chapter II of his memoir just referred to, Dr. Hill transforms these 


equations to the imaginary variables «+ y“—1, and by the use of this, the 
Jacobian Integral, brings them to two simultaneous differential equations of the 
second order and second degree. 
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A particular solution is then found which can be expressed by an infinite 
trigonometrical series with a single period, giving as an orbit relative to the 
moving axes, a closed symmetrical curve which, for small values of the ratio of 
the mean motions of the first and third body, is an oval. I have given the 
extension of this particular solution to the case where the third body is at a 
comparatively great but not infinite distance.* The orbit is still a closed curve, 
but it has lost its symmetry about the axis of x. This extension presented no 
special difficulties beyond the question of representing the series obtained in the 
most convergent form. 

When an attempt is made to obtain the general solution, it appears below 
that it will be necessary to represent it by an infinite series with two periods ; 
that is, by a doubly infinite trigonometrical series. The orbit is now no longer a 
closed curve, but it is one which re-enters its orbit after an infinite time, and the 
maxima and minima values of the coordinates lie between determinate limits. 
The chief difficulty lies in the fact that the equations of condition between the 
coefficients of the terms in the series require a relation between the two periods ; 
it is the finding of this relation that entails the trouble. 

Again, since the solution is expressed by an infinite series, it is necessary 
in order that it should have a meaning, that the series should be convergent, 
for this, two of the arbitrary constants must be confined within certain limits. 
We are thereby limited to consider only disturbing bodies whose mean motions 
have ratios to that of the revolving body which do not surpass a certain value, 
and also that the body when undisturbed shall have an eccentricity less than 
some given quantity. It does not seem easy to determine what these limits are 
or whether they exist at all. M. Poincaré’s remarkable researchest into the 
methods of the problem of three bodies have to a large extent opened the way 
to the determination of convergency. He has in fact proved that for small 
values of certain of the constants, there are periodic solutions which can be 
represented by convergent series. The convergence of the series obtained 
below will depend in a large measure on the value of c, the ratio of the two 
periods of the general solution. 

The principal part of the ratio c has been shown to be one of the roots of an 
equation expressed as an infinite determinant, and it was this peculiarity that 


* American Journal of Mathematics, Vol. XIV, p. 141. 
+ Acta Mathematica, Vol. XIII. Mécanique Celeste, Vol. I. 
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stimulated inquiry into the possibility of the existence of such forms. G. W. Hill, 
Poincaré and Helge von Koch have given investigations of their properties. In 
particular, Dr. Hill,* under the assumption that it was possible, actually obtained 
the principal part of c from the infinite determinant which arose in his method; 
later M. Poincaré} gave conditions which, when satisfied, allowed the determinant 
to possess a finite and determinate value, and also proved that it was possible to 
obtain c from it; and lastly, Dr. von Koch{ has shown under what circumstances 
the ordinary transformations used in determinants with a finite number of rows 
and columns can be extended when these latter are infinite in number. 

If we examine the series given by Delaunay in longitude and parallax for 
the coefficients of the several trigonometrical terms, it appears that at any rate 
in the case of the moon, slow convergence, whenever it occurs, proceeds in any 
coefficient along the series arranged in powers of the ratio of the mean motions ; 
also that in terms with actually small coefficients the convergence appears to be 
slower than in the larger coefficients. As pointed out by Dr. Hill, it becomes of 
interest to see how these can be improved either by taking new quantities in 
terms of which to make the expansions or by using numerical values from the 
start. He has examined this question in the case of the principal part of the 
Variational Inequalities, and I have attempted to give convenient expressions for 
the same purpose in that of the Parallactic Inequalities. When the equations 
for the Elliptic Inequalities are examined, it does not appear that there is any 
method of improving the expressions for the coefficients on the same lines 
beyond taking m= n'/(n — 7’) instead of n'/n in terms of which to make expan- 
sion. The quantity c, which is itself represented by a slowly converging series 
in powers of m, is involved in a complex manner, and even if it were not, we 
should simply be brought back to the difficulty of representing c by a quickly 
convergent series. Hence it seems better to use the numerical value of m from 
the outset, keeping all the other constants involved arbitrary; that is to say, in the 
case treated here the eccentricity is left arbitrary. 

Another consideration justifies this method of proceeding. Of all the con- 
stants used in the determination of the motion of the moon, the ratio of the 
mean motions is most exactly determined, and it is doubtful whether any future 
observations will change it to any appreciable extent. This is not the case with 


* Acta Math., Vol. VIII. Tt Bulletin de la Soc. Math. de France, Vol. XIV, p. 77. 
} Acta Math., Vol. XVI, p. 217. : 
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the other constants. As the slow convergence occurs in the series arranged in 
powers of this ratio, little will be lost by keeping the rest of the constants arbi- 
trary, and the extra trouble on the plan here adopted is very small. If then a 
complete theory of the moon were given on this principle, the coefficient of 
every term would appear as a quickly convergent series arranged in powers of 
the eccentricities, the ratio of the parallaxes, and the sine of the latitude, with 
numerical multipliers only. The coefficients in such a development would have 
a comparatively small number of terms with a high degree of accuracy. 

Another point may also be noted in connection with these methods. It 
appears generally that in proceeding to find the coefficients by successive approxi- 
mation, the second and higher approximations are due principally, not to the 
introduction of new terms in the series, but to the second and higher approxima- 
tions of the terms previously used, so that it is not generally necessary to find 
the first approximations of very many of the higher terms in order to get the 
large coefficients accurately. This fact abbreviates the calculations to a large 
extent. 

With respect to the numerical results obtained, no trouble has been spared 
to make them accurate. Equations of verification have been computed for each 
step and also for the final results. The various forms which the equations of 
motion can take enable this to be easily done. In the second portion of the 
paper (to be published hereafter) a value has been obtained for the part of the 
motion of the Lunar Perigee which depends on the square of the eccentricity. 
In order that this value should possess a degree of accuracy which can be relied 
on, it is absolutely necessary that the quantities obtained be verified by inde- 
pendent equations. I have not had the advantage of any assistance in carrying 
out the computations, and have consequently taken special pains to find out the 
best equations for verification, and have computed in certain cases two and even 
three of them to test the same results. 


I. 
The equations under discussion are 
dy 
— + (4 —3n")x =0, 
ay dx 


dé? + 2n dt =0, 


- 
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which admit of a general solution when 7’ is zero and a particular solution when 
nis not zero. In the first case the resulting orbit is an ellipse, and therefore, 
as is well known, x, y can be expressed in terms of the time by means of 


Bessel’s functions* 


x 


+0 
ade, cos pg — wo), 


sin pg — t), 


1 ; 
where — — 4 e, & =a*(1— &) and g is the mean motion. The four 


quantities, a, e, g, 4, involve three arbitrary constants, the fourth being used 
in making the major axis of the ellipse coincide with the z-axis. The particular 
solution of the equations involves only two arbitrary constants, and is of the 


formyt 
+2 


a a, cos + 1)(n — 4), 


+0 
y =a a, sin (27 + 1)(n— n')(t — 4), 
the arbitraries being (or a,) and ¢,(when i= 0,a,;=1). These two forms are 
distinct unless both e and m’ are zero, when they reduce to circular motion. The 
coefficients a; are functions of the ratio n’:n —n’. Since then we have these forms 
for zero values of n’ and e respectively, it is asswmed that for small values of e 
and n! there is a possible solution of the form 


y = » sin — 4) + pg(t—h)}, 


This solution involves the necessary four arbitrary constants and may be looked 
upon as a general solution of the equations except in so far as e and n'/(n —7n’) 
are limited in magnitude. This limitation is necessary in order that the series 
may be convergent, but it is to be understood that there is no guarantee that the 


* Tisserand, Méc. Cel. t. I, p. 226. 
Tt G. W. Hill, Researches in the Lunar Theory, Amer. Jour. Math., Vol. I, p. 130. Unless otherwise 
stated, the references to this memoir are given by the page of Vol. I of this journal. 
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series are convergent for even small values of these constants. At present all 
we know is that the solution with m’ zero converges for values of ¢ sufficiently 
small, and the particular solution for sufficiently small values of the ratio 
n'/(n—n’). 


The relation g:n — 7’ will involve some of the constants. Put then 


g=c(n—w’), 


a= 1)\(¢—4) + pe(t —&)}. 


Transform the equations of motion by putting w=a+yV/—1, s=ax—yV—1, 
and a/ d n! 


they become, with the help of the Jacobian Integral (Vol. I, p. 132), 


D* (us) — Du. Ds — 2m (uDs — sDu) + 4 m(ut+tsP=C, 


(1) 
D(uDs — sDu — 2mus) + = m? (u?— 8) = 0. 


We have —1)= + 1+ ep, 

"1 for all values of 7, p 

(except the continuation 1 = p = 0) will be equated to zero, the constants ¢ and ¢, 

will not enter into the equations of condition thus found. They may be therefore 

omitted in what follows, care being taken that they be inserted when the values 

of the coefficients and of ¢ have been found and the series written out in full. - 
Hence we can put 


and since the coefficients of the various powers of e¢ 


a= 1+ 


where dt =dt. Also-write 
— 


so that d 
D=6>>; 


and the assumed solutions become 


23,4, , ) 


2 


ks 
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Substitute these in the equations (1). For this purpose 


Du = (26 + 1+ ep) Ay 

Ds = 1 + ep) 

etc., 


where 7, 7, p, g take all integral values from + © to —o. Hquate to zero the 
coefficients of the various powers of ¢ for all values of 7, p, in order to obtain the 
requisite equations of condition between the coefficients. It is necessary that 
- cp should not be an integer for any value of p; otherwise a set of equations of 
condition would be lost and an indeterminateness would result. As far as can 
be seen, cp is not an integer for any finite values of ». With this proviso there 
results | 
(2+ 1+ — 2j — eq — 1) —2m (2i--ep — 44 —2eq —2) 
Ay, FE (Ay, p—a FAs, —p—a) =9; 


op) + ep—4j — 2cq—2— 2m] A, g—p 


(3) 


where in these equations 7 and qg take all values from + » to —o, and the 
equations are true for all values of a and p within the same range with a single 
exception—when 7 = p= 0, the right-hand side of the first equation is C, the 
constant of the Jacobian integral. 

It will be noticed, either from the way in which these equations are obtained 
or immediately from their form, that the coefficients in square brackets are 
directly deducible from those of Hill’s equations (Vol. I, p. 133) by putting in 
the latter 1+ cp for i and 7+ cy for 7. The process he gives for isolating the 
terms of principal importance in corresponding pairs of equations can therefore 
be employed here. 

Multiply the first equation by 2 and subtract the second multiplied by 3; 
we obtain 


where 


F (9; t, Py Q) = — (2 + cp)? + 4 (2+ ep) + 2+ + ep + 1)(27 + 
+ 2(27 + eg)? + 2m { 2t + cp + 4(27+ cg) + 4} + 9m’. 
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This single equation includes both equations by giving positive and negative 
values to 4 and p. The previous equations were sufficient if only positive or 
negative values were taken. A corresponding pair of equations is defined by 
the values i and p, —i and —p. The terms of principal importance for obtain- 
ing A,, and A_;_, are got by putting in the first of this pair of equations 
qg=p,j=i and g=0,j=0, and in the second g=0, j=0 and g=—p, 
j=—i. These terms are respectively then 


S(t ’ P; Pp) A, po, 0 +/( 0, P; 0) A_;, 0: 


Regard the equations as simultaneous ones to determine A, , and A_, _,, 
solve so as to obtain A, , and A_, _, separately. The common divisor is 


12 (2% + cp)’ [2(2¢ + cp + 1)(2¢ + cp — 1) —4m + m’], 
and either equation is included in 


where 
(2j + + (2+ 4m — m*) + (21+ ep)(2+2m)} 
4, p, +. (9 + + ep — 2 — 2m) 
(2% ep){ 2(2i — 2— 4m + 
(i, p)=— 8m? (21-++- cp — 2)( 21 + cp — 2— 2m) — 6 —12m — 
4 (20+ cp)’ 2 (21+ 2—4m + 
(i, p) = — 3m" _ (2410+ dep)(2é + ep—2—2m) + 6 + 12m + 9m! 
4 (20+ cp) 2(2i + +m? 


In this equation the multiplier of A, ,A,. or (i, 7%, p, p) is —1 and that of 
A_,_» Ap» or (0, 2%, p, 0) is 0. By making the substitutions mentioned above, 
this equation might also have been deduced directly (Vol. I, p. 135). It is evi- 
dent that all through the transformations cp is associated with 2¢ and cq with 27. 
The single equation (4) includes all the equations when 7 and p receive positive 
and negative values. When i= p= 0, the right-hand side is no longer zero, 
but depends on the constant of Jacobi’s integral and connects the latter with the 
other four constants introduced into the assumed solution. 

Let us look for a moment at the way in which the primary forms are 
obtained from this general form. For the first form take the set of equations 
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given by i=0 and p all integral values from + © to—o, and put in them 
m = 0; since they reduce to the given forms for the first solution, this entails 
j=0 only. In addition as and g=cn, n becomes equal to g and c= 1. 
The coefficients (¢, p) and [%, p] disappear, and we have for the determination 
of the Bessel’s functions 


q (p—q)(p— 2) 


(except when p= 0, when the right-hand side is C), and the assumed solution 
becomes, when the axis of the ellipse is made to coincide with the axis of x; that 
is, when 4, = 4, 
= cos (p + 1) g(t— bt), 
Y = Sin (p + 1) 9 (é—&). 
Comparing, we obtain 
Ap Ay, — AAy, _2= 5, 
and as a first approximation 


1, Ay 1=—fe, Agi:=e, 


and A, , is of the order e” at least. 

The particular solution is deduced by making p= 0 and g=0 ore= 0, 
when it reduces to that given by Dr. Hill. Hence a).A,; >= a,, in his nota- 
tion. As a, is of the order m” at least, it is evident that unless the denomina- 
tors contain powers of m as factors, A, , is of the order me? at least. 

The equations can then, provided m and e¢ be sufficiently small, be solved by 
successive approximation, and this method is used below. In certain cases a 
power of m will appear in the denominator, but this does not affect the principle, 
as even then each approximation carries us at least two orders higher in m; 
in the solution given above it is impossible for more than the first power of m 
to be contained as a factor in the denominator. 


Ta 


or 


II. 
The system of denominators 


(25 + 2 (98 + cp)?’ —3— 


deserves special examination. The value of c is discussed below. For the pur- 
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pose in view here, I assume that it is known and that it has the expression in 
series given by Delaunay* or the numerical value given by Dr. Hill for its prin- 
cipal part.t These are 


c= 1.071583...., 
c= 1+ m—jm’—43 m'>...., wherem=n'/(n—n’). 


Consider the algebraical expression of the two factors of this denominator- 
system when the second value of c has been substituted. The terms independent 
of m can only vanish in the first factor when p = — 22, and in the second factor 
when p=— 2i+1. Hence the coefficients A, _,,, A; 9:4, will have their orders 
lowered by at least one power of m due to this cause. Further, they cannot have 
their orders lowered by more than one power of m from these denominators, since 
the coefficient of m cannot vanish while that independent of m vanishes for any 
values except when i= 0, p= +1, a case which does not come in here. Owing 
to the fact, however, that any coefficient A, , will depend on those of lower orders, 
this rule does not give the lowest order. It can be easily seen from the equa- 
tions (4) what the order of any coefficient is. In particular, we have 


, of order em*-*, (t= 2,3....0) 
p= i= A_,,, of order em, 


and so on. These are well known, but the simplicity with which they are 
obtained seems worth mentioning. 
Returning to numerical values, the equations 


2i p X 1.071583.... = 0, 
2% +p xX 1.071583.... = V1 — 2m + 
= + 1.076803.... 


solved approximately in integers will give those coefficients whose expressions 
have small denominators. The set of values 


or (t=+o,...—o) 


* Comptes Rendus, t. LXXIV, p. 19. T Acta Math., Vol. VIII., p. 36. 
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will as before give a series of such coefficients, but the denominators increase 
with the value of 7. Again 
p=+15, += +8 


will be the smallest denominator of another series from the first equation and 


p=—+14, i= +8 


from the second equation. In this way it is possible to find those terms with 


comparatively large coefficients. 
If we had included the terms due to parallax, solar eccentricity and inclina- 


tion, the denominators would have been of the form 
(i+ ep + 9q+rm)[2(t + cp + gq +rm)— 2—4m + m’], 


where 7, p, g, 7 receive all positive and negative integral values, and where g is 
the relation of the motion of the node to the difference of the mean motions. 
The values for which the first factor becomes small are well known, since it 
occurs directly in integrating the equations used in the older methods. The 


equation. 


2m + m*/2 


will have approximate solutions in integers, and those solutions in which 


t, p,q, 7 are not very large will determine coefficients great in comparison with 


their apparent order. These trial solutions would be obtained by inserting the 
numerical valves of c, g, m. 

The terms obtained by making the first factor small are the well-known 
long-period terms; those obtained from the second factor have periods of nearly 
a month. This closer approximation than the value unity, usually taken instead 
of the expression / 1 —2m + m*/2, might reveal new terms hitherto neglected. 
The monthly differences between observation and the theoretical tables are still 
sufficiently large to justify an examination of these short-period inequalities. 


Determination of the Coefficients dependent on the First Power of the Eccentricity. 


It has been shown that A, is at least of the order ¢? in e. In order 
therefore to obtain the values of the coefficients depending on the first power of 
e only, p will have the values + 1 and — 1, while the corresponding values 


> 
| 
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| 
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which g can take are +1, 0 and 0,—1. Put for convenience 


A; »>=4,, A; A, 


the equations (4) giving «, and e_, will become 


(J; 1, 1) (9+ t, t, 1, 0) 
+2(i, 1] gas .}=0, | (5) 
+ — 1] ea,_;_, + 2(—2, — 1) ga_,_,_,|=0. 


Since the quantities a; are known, these equations will suffice to determine the 
relations of ¢, and e_; to «, or e,. There are in all as many equations as there 
are unknowns ¢,, e«_;- In order therefore that these equations may be consistent, 
some relation must hold between the quantities a, and the coefficients; it is 
from this relation that the value of ¢c is to be found. For the sake of the argu- 
ment which follows, the equations will be given another form. 

In (3) put p= 1, g=0, 1, add and subtract the results. We obtain 


+ (Hj, — Hja;4.) ¥;=0, 

+ (Hj, + | 


+ 


r (6) 


where 
=4 (24 + + (47 + + 2m) + Fm’, 
A, ;-=$(27 +1) 2m, Hj =3(%+ 1), 


Let denote the number of integers in the sequence 1, 2, 3....0, there 
are then 4Xo-+ 2 of these equations and the same number of unknowns 
X,and Y;. As these equations are linear, suppose the unknowns eliminated by 
a determinant, which may be looked upon as in equation in c having 4X + 2 
roots. It is immediately evident from its form that it involves only even powers 
of c, since the coefficients G, H, H’ do not contain c. 

The above equations are convergent series when |c’Y;|, |cX;| are not 
infinite for any value of 7, and the series >|a;| is absolutely convergent. 


* The coefficient here called a; is therefore the same as Dr. Hill’s a;/a). The change is convenient, 
since we are principally concerned with the ratios of the coefficients to a, ; a; will be a numerical quan- 
tity ultimately. 

34 


255 
| 
| 
i 
| 
t 


| 


256 Brown: The Elliptic Inequalities in the Lunar Theory. 


In order to find what values of ¢ will make these equations consistent, it is 
possible to proceed as follows. In either of equations (3) put c+ 2s for ¢ and 
i —s for 7, where s is an integer, the equation considered will remain unaltered. 
Hence the result of the first substitution causes the equation with suffix 7 to 
become that with suffix i+ s. Any such change therefore merely permutes the 
equations into one another. Hence if ¢ be any value of c which renders the 
equations consistent, any one of the set of values 


+o, +(q+2), +(—+8),.... 


will have the same effect. If we form a determinant by eliminating the 
X;and Y;, and if this determinantal equation for ¢ have one root ¢p, it will 
have as roots the set of values given above. This determines 2X +1 values 
of c? when q is known. As there are 4X + 2 values altogether, there are two 
values of c? which are both non-infinite and which do not differ by any even 
integer. It may be shown that there is one value of cj which is zero. Dr. Hill,* 
in obtaining the other value of cj, submitted equations (1) to a variation § and 
obtained two equations linear in dw, ds. A solution of these equations might 
have been obtained by putting 


and the corresponding value for és, that is the solution considered above when 
the second power of the eccentricity is neglected. He points out that 
du= Du, ds=Ds, 
where w, s represent the second particular solution is also a solution of the equa- 
tions. Now Du, Ds are odd power series in ¢, and therefore the above solution 


demands that c shall have an even integral value. We thus obtain the result 
that the roots of the determinant in ¢ are 


07, 2, 2%, 4, 42, .... (21),.... 
The second series of values does not appear in Dr. Hill’s determinant. He puts 


du=v.Du, bs=w.Ds 


* On the Part of the Motion of the Lunar Perigee, etc., Acta Math., Vol. VIII. 


if 
tq 
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and forms the equations in v, w; these are reduced so that v and w can both be 


expressed by a single equation 
Dw = Ow, 


where © is a known function. The determinant which is ultimately formed 
then consists of an equation in ¢@ which has only 2X © + 1 roots, comprising 
those of the first series above. 

It might seem that it was now possible to proceed to obtain the value of c, 
as Dr. Hill has done in the memoir just referred to. When this is attempted, 
however, we are met at the outset by the difficulty that the determinant is not 
convergent. The coefficient of the highest power of c’ in it is the square of 


a 
| 

| 


which does not satisfy the second condition given by M. Poincaré, namely, that 
the sum of the absolute values of the non-diagonal elements should be finite.* 
Also it does not seem possible to find any set of factors which would render this 
determinant at once finite and adapted to calculation. 

Let A (c) denote the determinant form obtained from equations (6). We have 


(cos — 1)(cos — cos = A’ (c) = 


where A’(c) has been deduced from A(c) by suitably multiplying the rows of this 
latter so as to make the coefficients of the highest power of c’ on each side of the 
identity the same. The determinants A’ (c) and v are not finite, and it does not 
seem possible to find any set of factors to make them both so. All that can be 
said at present is this: as c, is known to have a determinate and finite value (in 
the case of our moon), the ratio A’ (c)/Vv’ is not infinite for finite values of c and 
will not be zero unless the value given to c be one of the roots of the equation 


(cos — 1)(cos — cos = 0. 


For the calculation of c, this method appears to be of no use, but the algebraical 
forms which it brings forward are not devoid of interest. 


* Bulletin de la Société mathématique de France, t. XIV, pp. 77-90. 
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The value of ¢ can be calculated by continued approximation in connection 
with the coefficients ¢;, ¢ when we know a first approximation to it. It is easily 
seen that the value we want is nearly unity; from equations (5) this would give 
as a real first approximation 


e=ty/(1—2m+ 


Asa calculation by this method would involve recomputing the coefficients in (5) at 
each step, the method would be exceedingly laborious. I have therefore thought 
it best, instead of attempting to find c, to assume Dr. Hill’s value and calculate 
the corresponding values of ¢; and ¢/ in terms of g¢ and «&. There are then unused 
the two equations for ¢ and ¢, which by substitution of the values of ¢, and ¢, 
should give the same ratio ¢)/e, if the assumed value of ¢ is correct. Since the 
equations are all linear, this is not difficult, and such a proceeding will give a 
real verification of the value of c as far as the approximations are taken. 


IV. 


Calculation of the Coefficients e, and ¢. 


In order to calculate the coefficients in the equations (5), it is convenient 
to put them into that form which will render the labor as small as possible. Let 


(2¢ + (2+ 4m — m’) + + c)(2 + 2m) 
M,) _ + c— 2— 2m 

ut= (2¢ + c){2(2i + — 2—4m+ m’}’ 


where L;, UV, refer to the upper signs and Lj, M/ to the lower. We then have 


1, Q)= + Ge) Ly + (27 + 
—1, (9 + 90) Li + (4+ 
When we neglect all terms except those depending on the first power of the 


eccentricity, g takes the values 1, 0 in the first of these expressions and the values 
0, — 1 in the second; and the first terms in equations (5) take the forms 


i 

He 
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where 
Li OU. = + 477M. 


These forms are given in extenso because the same transformations have been 
used to obtain the whole set of coefficients A, , calculated. The quantities 
L;, M;, Lj, Mj are calculated once for all for each equation; it is then easy to 
obtain each coefficient P; ,, etc. Their values are verified by the known results 
P,,=Pi,,=—1. The coefficients once calculated, the work proceeds in the 
usual way by successive approximation, e, and ¢{ being found as linear functions 
of the unknowns and ¢). 

The coefficients a; are, as has been mentioned, the same as Dr. Hill’s a;/a,, 
and the numerical values of them are taken from his paper (Vol. I, p. 247). 

It is useful to have an equation of verification at each step. Hither of equa- 
tions (6) or the second of equations (2) answer this purpose. One of equations 
(6) with suffix ¢ enables us to verify ¢,, e_;, e_,; and «& at once; and since the 
result of substituting the values obtained ought to render it an identity, ¢ can 
be put equal to «, for this purpose. In this way the following table of results 
has been verified : 


/ 


é_} 
approx. +.01998 37455 +.20559 07151 —.01054 255404 —.07777 75955 
+.00001 51270 +.00008 82876'e, —.00000 42515 —.00001 79511 
" +.00000 00038 +.00000 00085 —.00000 00003 & +.00000 00036 


= +.01999 88763 +.20567 901126) 


/ 


1*t approx. +.00308 02608 —.00092 87880 —.00108 65604 —.00019 44186 
+.00000 00319 +.00000 07811 —.00000 00355 —.00000 15807 
“ +.00000 00000 e +.00000 00002 & —.00000 00001 ¢& —.00000 00006 gh 


—.01054 68058 —.07779 55430 


& = +.00308 02927 e —.00092 80067 —.00108 659606 —.00019 59999 


/ 


1* approx. +.00001 15195 +.00007 34781 —.00005 93615 —.00043 19502 
—+.00000 00010 —.00000 00090 —.00000 00261 —.00000 01280 


+.00001 15205, +.00007 346916, «= —.00005 93876 e —.00043 20782, 


— 
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approx. +.00001 47373 e,—.00000 854546) +.00000 01043 —.00000 08608 
24 —+.00000 00003 +.00000 00076 & +.00000 00000 —.00000 00010 


& = +.00001 47376 —.00000 85378 +.00000 01043 —.00000 08618 
€_3= —.00000 00193 —.00000 017346 e—=—.00000 04039 —.00000 29218 
= +.00000 00843 ¢,—.00000 00708 = +.00000 00024 & —.00000 00055 
€_4= —.00000 00001 —.00000 00012 «f= —.00000 00029 & —.00000 00212 


A second approximation produces no effect in the last three coefficients. 
The advantage in point of accuracy is easily seen by the speed with which the 
coefficients approximate. 

In equations (6) put = 0; they become 


(27 +14 2m)? + a; + $m*a_;_,] + 2m) a,Y;=0, 
>; 3m*a_;_1] Y; + cd; (27 + 2+ 2m) a,X;=0. 


Remembering that 


these give on substitution of the values just obtained for ¢,, ¢, 


2.01291 56632 7X, + 1.243388 41788 2 Y,=0, 
2.31465 02085 6 X, + 1.14989 92484 3 Y, =0, 


whence 
Xo = — 2.01291 56632 7 
Js = — 2.01291 56634 5 
Ao 


The difference is probably due to accumulated errors. Taking the mean of these 
two values, 


Y) 
2.01291 56633 6. 


Hence with an error not exceeding one unit in the last place given, 


+ = — .49679 18022. 
0 
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We may therefore say, from the way that c is involved in the equations given 
above, that the assumed value is certainly correct to the tenth place of decimals. 

As only one of the symbols ¢, e, X), Y) can be arbitrary, we must decide 
which is the most convenient. Below it is shown that if e be the value of the 
eccentricity which Delaunay has used, Y, differs very little indeed from 2e. In 
the case of our moon, Y, will therefore be just over .1, a convenient number to 
deal with. Hence Y, seems the best suited to be the arbitrary constant, and all 
the coefficients will be expressed in terms of it. 

From the ratio X,/ Y, we find the ratios «/Y), «&/Y>, and substituting in 
the table given above, we obtain as the final values of the coefficients the 
following : 


0 — 4 95160 40989, a = — .74839 59011, 
0 0 
/ 
—-14889 75297, + 05556 82459, 
0 0 
/ 
=+.00146 95307, =—.00012 67065, 
0 0 
/ 
= — 00005 20854, = + .00030 84234, 
0 0 
/ 
— 4 90001 00977, 06713, 
Y, 
/ 
= +.00000 01250, =+.00000 20851, 
0 0 
¥ = + .00000 00742, = + .00000 00048, 
/ 
4 99000 00009, +.00000 00243. 
Y, Y, 
Let D=(n—n'\(t— 


and let v denote the excess of the true over the mean longitude. 
The values just obtained give for the portion depending only on Yj, 


rcosv=ayY,[— .49679 18022 cos/ 

— .09332 92838 cos( 2D—1) + .00134 28242 cos (2D + J) 
.00025 63380 cos( 4D—/)+ .00001 07690 cos (4D + 2) 
.00000 22101 cos( 6D—/) + .00000 00790 cos (6D +1) 
00000 00252 cos ( 8D — 1) +.00000 00005 cos (8D + 2) 
.00000 00008 cos (10D — /)}, 


+ 
+ 


262 Brown: The Elliptic Inequalities in the Lunar Theory. 


r cos v = ay Yy[+ 1.00000 00000 sin 7 
+ .20446 57756 sin( 2D—J) + .00159 62372 sin (2D + J) 
+ .00036 05088 sin( 4D—1) + .00000 94264 sin (4D + 1) 
+ .00000 19601 sin( 6D —Z) +.00000 00694 sin (6D + 2) 
+ .00000 00234 sin ( 8D —Z) + .00000 00004 sin (8D + 2) 
+ .00000 00003 sin (10D — J)]. 


The coefficients of the terms with arguments 8D+/ and 10D—/ have been 
added by induction. 

Dr. Hill suggested (Vol. I, p. 145) that a, should play the part usually 
assigned to a in the Lunar Theory. In the same way it seems best that Y, 
should be regarded as the arbitrary constant of this solution. The above then is 
complete so far as the first power of Y, is concerned. 

It will be useful to compare these expressions with the corresponding ones 
obtained by Delaunay.* For this purpose the values found above must be 
transferred to polar coordinates. We have 


tan v = 


In y/ and a are included the terms depending on m only. Denote by the opera- 
tor 6 the aggregate of the new terms added, depending on the first power of Yj, 
a” + 

In this formula a’, y/ denote the values of rcosv, rsinv when Y, is neglected, 
and da’, dy’ the values when the terms depending only on Y, are taken into 
account. The value of dv is most easily found by giving to 2D the values 
0, 30, 90, 150, 180 successively and calculating the coefficients of sin 7 and cos / 
in the several cases. In this way are obtained the series of coefficients in longi- 
tude. That of sin 7 comes out to be 

.99972 87063 


Delaunay} fixes the coefficient of sin? as that which would be obtained in a 
purely elliptic motion. To the first power of the eccentricity this is 2e. Hence 
2e= .99972 87063 Y,, 

and, therefore Y,= 2.00054 2735 e. 


* Mémoires de 1’Académie des Sciences, t. XXIX, pp. 818, 821, etc. 
tT Delaunay, Mém. cit., p. 798. 
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Using Delaunay’s value of e, namely, 
e= .05489 930, 


we obtain the following series of coefficients in longitude : 


+ 4607".984 sin (2D — /) + 35”.2200 sin (4D — 1) 

+ 0.2906 sin (6D — + 0”.0027 sin (8D— 27) 
+ 174”.8610 sin (2D + /) + 1’.4460 sin (4D + 7) 

+ 0.0121 sin (6D + 7) + 0.0001 sin (8D + J). 


With the assumed value of e, these are correct to the last place of decimals given. 
The coefficient of sin (8D +7) is added by induction. Delaunay’s values for the 
corresponding parts are 


+ 4607.771 sin(2D — 1) + 35".1542 sin (4D — /) + 0.2174 sin (6D —. /) 
+ 174”.8660 sin (2D + l) + 1".4094 sin (4D + 0.0055 sin (6D +/). 
[To be continued. ] 

HAVERFORD COLLEGE, December, 1892. 
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On the Transformation of Linear Differential 
Equations of the Second Order with 
Linear Coefficients. 


By Osxar Bo.uza. 


The transformation and reduction to a canonical form of the linear differen- 
tial equation of the second order, 


d 
(Age + By) 55 + + By) + (Aye + =0 (A) 


has been studied by Weiler* and Schlémilch,f and again recently by Pochham- 
mer,{ in connection with his investigations on the integration of linear differ- 
ential equations by means of definite integrals. 

In the following pages I take up the problem anew, treating it, however, by 
methods of the Theory of Invariants. 

The first thing necessary is, then, to find a group of transformations which 
transforms the given differential equation into one of the same type. For this 
purpose it is preferable to substitute for the differential equation (A) the two 
differential equations,§ 


dy a dy 2g nis 

+ 2(a + + (f+ +ha*)y =0, (C) 


which, combined, comprise the differential equation (A) as a special case. 


* Crelle’s Journal, Vol. 51 (1856), p. 123. 

{+ Compendium der héheren Analysis: Braunschweig, 1879, Vol. II, p. 528. 
} Mathematische Annalen, Vol. 38 (1891), pp. 225, 241. 

¢ This is the form in which Weiler considers the problem. 
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For if A,+0, (A) can be reduced to the type (B) by the substitution 
Ayx + By=2'; and if A) = 0, (A) is of the type (C). 

The integrals of (A) are of a very different analytical character according as 
A, is +0 or =0; it seems, therefore, indeed more natural to separate the 
essentially different cases rather than to artificially unite them in one canonical 
form. 


§1. 
The Differential Equation (B). 


a). Group of Transformations. 


The differential equation (B) is transformed by the substitution 
(x +0) (1) 


into a differential equation of the same type, viz. 


dy! a’ dy! 
where 
bo =xb+u, 


f=Aa(a—1) + 
gf =xgt+xrAb+ wat 
= + 2xub + wu’. 


(2) 


— 


The entire system of all transformations of the form (1) constitute a group 
@; to every transformation of the group there exists an “inverse” transforma- 
tion in the group. Two differential equations (B) and (B’) will be said to be 
equivalent with respect to the group @, if they can be transformed into one 
another by transformations of the group. In order that (B) and (B’) shall be 
equivalent, it is necessary and sufficient that there exist values of the parame-. 
ters x, A, u which satisfy the system (2), and that moreover x + 0. 


b). Invariants. 


The elimination of 2, u between the equations (2) leads to the following 
result: . 


| 
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The Differential Equation (B) has, with respect to the group ©, an ABSOLUTE 
INVARIANT, 


A=f+a—da’ (3) 
and TWO INVARIANTS, 
(4) 
C=h—FB. 
Their invariant character is expressed by the equations 
A, 
B=xB, (5) 
C'=2#0, 


if A’, B’, C’ denote the same expressions formed with the coefficients of the 
transformed differential equation (B’). 


c). Canonical forms and conditions of equivalence. 


The transformation 
ces, (6) 


of our group reduces (B) to 


420) v=0. (7) 


Hence we obtain, by a proper choice of x, the following canonical forms: 


Gwe: 


+= +1)0=0, (8) 
where J denotes the absolute invariant 
C 
Iz B . (9) 
Il. Case: BO, C=0. 
A 2 
(10) 


III. Case: B=0, C40. 


(4+1)r=0. (11) 


. 


of the Second Order with Linear Coefficients. 


IV. Case: B=0, 


A 


Hence follows the theorem: 


In order that two differential equations (B) and (B') shall be equivalent, it is 
necessary and sufficient that 


a) 
and that b) a quantity x +0 
can be so determined that 
B= 2B, 


d). Other canonical forms, preferable for integration by series. 


From the general theory of linear differential equations it follows that (B) 
can be integrated by a permanently convergent power-series of the form 


= Scart, + 0), 
v=0 


where r is a root of the indicial equation,* 


fo (r) =r (r— 1) + 27a + f=0. (13) 
In passing, we notice that its discriminant is an absolute invariant, viz. 
1 
=— —A. 14 
(14) 


The coefficients c, are determined by the recurrent formulat 
3)= 0, (15) 
A(M)=29+5r), 


We propose to use the transformation (1) to reduce the relation (15) to only 
two terms. This can always be obtained by making hf’ = 0 by a proper choice 


where 


*** Determinierende Fundamentalgleichung (Fuchs) ; see Craig, A Treatise on Linear Differential 
Equations, p. 118. 


t Fuchs, Crelle’s Journal, Vol. 66 ; Frobenius, Crelle’s Journal, Vol. 76. 
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of uw; at the same time we can choose 4 so that //=0. This leads to the fol- 
lowing canonical forms: 
a). Case land III: C+0. 


=E—p) ge ton,* 


1 1 B 


b). Case Il: B40, C=0. 


iV: Boe, Usa. 


de 7 (18) 


n (17) and (18) p has the same value as in (16). 
The reduction of (15) to two terms may, however, be performed still in 
other ways which offer certain advantages. 
If C+ 0, we can determine 4 and u so that 


g =0 and /’=0, 
since the resultant obtained by eliminating yu is 


Hence the canonical form 
du — du VA" 
ae * ( ) 


= 


* This is, apart from the notation, Weiler’s canonical form ; see I. c., p. 127; also Schlémilch, 1. c., 
p- 581; and Pochhammer, Math. Ann., Vol. 36, p. 84. 
+t Pochhammer, Math. Ann., Vol. 88, p. 226. 


where 
| +p —n=0-+ (17) 
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This canonical form is symmetric with respect to the two fundamental inte- 
grals; they are, if A’ — 4” is not an integer, 


Uy = (A"; 1 +4" 2), 
where we denote, with Pochhammer,* by F(a; 7; ¢) the permanently convergent 
series 
a(a+1) 
1.27r(r + 1) 


F(a; r; 14+ (21) 
The two canonical forms (16) and (19) are transformable into one another by 
the substitution 
If, in particular, B=0, while as before C+ 0, the relation (13) may be 
reduced to two terms by making 


(r= =0. 
For, after having determined uw so that b’=0, it follows from B=0 that also 


1 
g =0. Moreover, the parameter ~ may be used to make a’ = 9 oF to make 


f'=0. Accordingly we obtain the two equivalent canonical forms 


1 d 
(22) 
(Bessel’s Equation.) 
or = 


In concluding we give the necessary and sufficient condition that our differ- 
ential equation (B) shall be reducible, by a transformation of our group, to the 
form 


in which case it is integrable by quadratures ; the condition is 


(AC— B+ BO=0. (25) 


*Math. Annalen, Vol. 36, p. 84. 
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§2. 
The Differential Equation (C). 


a). Group of transformations. 


The differential equation 
+ 2(a + bat) + (f+ + hat) y = 0 
is transformed by the transformation 
x= xa! +A, y, (x + 0) 


into + + ba) + = 0, 


where 


a’ =x (a+ ba) +u, 

(f + Qux (a + 0A) + (2) 
x8 (9g + Ah) + ur, 


= + Qvx*b + 


The transformations (1) form again a group, §, and the same conclusions 
can be applied as in §1. 


b). Invariants and covariants. 
The differential equation (C) has, with respect to the group 9%, two inva- 


riants, H=h— 6’, 
D= (h— — a’? — 6)—(g — ab)’, (3) 


characterized by 
Ds (4) 


But these covariants are not sufficient to distinguish between the non-equivalent 
cases. It seems necessary to resort to a covariant-criterion. If we denote 


F=f—d—b, F=f—a’—d, 
G=g—ab , —d (5) 
H=h—VP 
the function 

® (x) = F+ Hx 


(C) 
: (1) 
(C’) 
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has the characteristic property of a covariant, viz. 


Fi + + Ha" = 2 (F + + Hx’), 
or shorter, 


® = (7) 


as is seen from the following relations: 


+ 2°AG + 
G+ (8) 
P= 
c). Reduction to canonical forms and conditions of equivalence. 
By the transformation 
y y (9) 
(which is one of our group §), the differential equation (C) is reduced to 
dv 
dg + 2Gx + Hz')v=0. (10) 


This differential equation can be further reduced by a transformation a = xz +4. 
The following canonical forms are obtained : 


I. Case: H+ 0. 
d’v 
ae t+ (p+2#)v=0, (11) 
VI, 
if we denote by J the absolute invariant 


(12) 


3 
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Il, Case: H=0, D+O. 
It follows: G+ 0, hence we can make #’=0, = — 


: —g=—0, 


Scheri*-Lobatto ’st equation. 
q 


III. Case: H=0, D=0. 

It follows: G=0. 

1. Subcase: B(x) $0. 

It follows: # +0, hence we may make F’ = 1, 


(14) 
2. Subcase: @(x)=0; that is, F=0, G=0, H=0, hence 


(48) 


Hence the result: 

In order that two differential equations (C) and (C’) shall be equivalent, it is 
necessary and sufficient that 

a). A quantity x + 0 can so be determined that H'= x*H, D) = x'D. 

b). That the two covariants ®(x) and ®! (z’) are either both identically zero, 
or both not identically zero. 

In case I, a different canonical form is preferable for purposes of integration 
by series or by definite integrals. If H—0, x,%, uw, v can be so determined 
that 


i 


1 
a= 0, g=0, | 0, v=—— 


(use (8)). This leads to the canonical form 


* Crelle’s Journal, Vol. 10, p. 92. 
t Crelle’s Journal, Vol. 17, p. 863 ; see also Pochhammer, Math. Ann., Vol. 88, pp. 242, 247. 
t Weiler, 1. c., p. 128, and Pochhammer, Math. Ann., Vol. 88, p. 241. 


| 
| ( ) 
| 
5 n dy 
4 — ay 16 
de de ( ) 
1 1 


of the Second Order with Linear Coefficients. 


Finally we mention the following special cases: 
If H+0, D=0, (11) becomes 


(17) 


(Special case of Riccati’s equation.) 
I= — 1 is the necessary and sufficient condition that (C) shall be reducible 
to the form 
d 
FY + + ba!) =0. (18) 


UNIVERSITY OF CHICAGO, March, 1893. 
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On Certain Properties of Symmetric, Skew Symmetric, 
and Orthogonal Matrices. 


By W. H. MEeErz_er. 


§1.— INTRODUCTION. 


In the Proceedings of the London Mathematical Society (Vol. XXII, Nos. 
427, 428), Dr. Henry Taber has proved the following theorem: A real symmetric 
matrix less one of its multiple latent roots has a nullity equal to its vacuity. 
He also states and proves that this same property is characteristic of real skew 
symmetric and of real orthogonal matrices, that the latent roots of a real skew 
symmetric matrix are either zero or pure imaginary, and that the modulus of 
every latent root of a real orthogonal matrix is equal to unity. The method 
employed by Dr. Taber is an extension of that given by A. Buchheim in the 
Mess. Math. ((2), Vol. XIV). By employing a different method I shall prove 
the same properties of these matrices. 

In addition, I shall give a representation of an orthogonal matrix which 
admits of both +1 and —1 as latent roots, and which at the same time contains 
a number of arbitrary parameters. 

In what follows I shall consider only real matrices, so that when speaking 
of a matrix it will be understood that a real matrix is meant. 


§2.—Symmetric Matrices. 


It is a well-known theorem that the latent roots of a symmetric matrix are all 
real. Suppose the symmetric matrix ¢ has as latent roots g,, g.,....g, occurring 
Pi, Po, +++ p, times respectively, then it is also well known that every first minor 
of the content of has as roots g;, gs, +g, occurring p, —1, p,—1,....p,—1 
times respectively, and generally every 4 minor of the content of @ has as 
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roots 91, Jz, ++++9J, Occurring p;—A, p,—A,....p,—A times respectively.* 
The latent roots of the matrix (¢— g,) will then, according to the law of latency, 
be 0, OCCuTTing p,, p,,....p, times respectively; that is, 
(@ — g,) has a vacuity p,. Obviously every minor of the content of (@ — g,) up 
to the (p, — 1)* is vacuous and therefore (@ — g,) has a nullity p,. 


§3.—Shkew Symmetric Matrices. 


The latent function of a skew symmetric matrix of even order may be 
written in the form 


where the exponents are all even and the coefficients are all positive; conse- 
quently if A, +0, the roots of this function are all imaginary. If 4, =0, 
= 0, = 0..... 4, = 0, but £0, then the latent 
function becomes 


and therefore 24 of the roots are zero and the remainder are imaginary. If the 
order of the matrix is odd, then there is at least one latent root zero since its 
determinant vanishes, and as in the case of even order, the roots are either zero 
or imaginary. But the square of a skew symmetric matrix is a symmetric 
matrix, and since the latent roots of the square of a matrix are the squares of 
the latent roots of the matrix, we see that the latent roots of the skew sym- 
metric matrix must have been all pure imaginary to have their squares real. 
Consequently the latent roots of a skew symmetric matrix are either zero or 
pure imaginary. | 
Suppose the skew symmetric matrix ¢ has as latent roots 


gt Occurring p, times, 


— gt Pr 
gat 
etc., etc. 


* Vide Burnside and Panton, Theory of Equations, 2d ed., art. 129, examples 32 and 33. 
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Then (¢ — g,t) is a skew matrix whose latent roots are 


0 occurring p, times, 
— 
(J2— 9:1) 


— (9+ Ps 
etc., etc. 


Also (¢? + gj) is a symmetric matrix whose latent roots are 


0 occurring 2p, times, 


etc., etc. 


Again, N,[¢—g:t]<p,, where N,[o¢]<k means “@ has a nullity equal to 
or less than k”; gi] = 2p,, + 9%) being asymmetric matrix, and 
therefore, as we have shown, has a nullity equal to its vacuity ; 


N, nt] 
But + gi=(o — + M1), 
and therefore =p, 


since the product has a nullity 2p, and each of the factors a nullity at most equal 
to p,. The vacuity of (p —g,?) is p,, and therefore a skew symmetric matrix 
less one of its latent roots has a nullity equal to its vacuity. 


§4.— Orthogonal Matrices. 


If @ is an orthogonal matrix, then the content of @ is equal to plus or 
minus unity and of = ¢@ = 1, where ¢ is the transverse of 9; 


Let the latent roots of ¢, which are the same as the latent roots of @, be J, Joy +0 Js 
Occurring times respectively. The roots of will be 
Ja) ++++G, occurring p,, times respectively. But the equa- 
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tion @ = $~' shows that the latent roots of p~' are the same as the latent roots 
of , and consequently the same as the latent roots of >. 
Two possible cases present themselves, 


1). and g=+1, 
2). 


If then g, is a latent root p, times, gy’ will also be a latent root p, times. 
Since the product of all the latent roots of @ is equal to +1, we see that if 
the order of the matrix is odd, at least one of its latent roots must be +1. We 
may therefore take the roots of } to: be 
9: occurring p, times, 


92 
92° 
etc., etc., 


where g, may be equal to g;*.* 
The latent roots of the symmetric matrix (¢ + $) are 


1, = 91+ 9;' occurring 2p, times, 


etc., etc., 


all of which are real. 


The product 91)($ — 1) = + +91 + F) 


is a symmetric matrix whose latent roots are 


0 occurring 2p, times, 


1+ 9%") 2p, 


etc., etc. 


* That the orthogonal matrix ¢ is symmetric when its latent roots are all real (i. e. equal to + 1) 
may be shown as follows: 


The matrix (¢—9%) is skew symmetric, having as latent roots 


2p,, 2p., etc., times respectively. But if the latent roots of ¢ are real, ro all the latent roots of 
(¢—$) are zero. The sum of the products of the latent roots, two at a time, is equal to the sum of the 
principal minors of order two of the content of 9, and consequently we have = (¢,,—4%,,)? =0, where ¢,. 
is the constituent of ¢ in the rth row and sth column, : 


g , etc., occurring 


that is, ¢ is symmetric. 
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Again, 
N, 9) <P; 
but N, — — = 2p. 5* 
The vacuity of (@ — g,) is p,, and therefore an orthogonal matrix less one of its 
latent roots has a nullity equal to its vacuity. 


2 
The matrix (@ is skew symmetric, having as latent roots 2 : 
G2 


etc., which are either zero or pure imaginary. 


We have then 


where A, is real, therefore 


and 


s (4) + (3 = 1; that is, the modulus of g, is unity, and similarly the 


modulus of each of the g’s is unity. 


The Representation of an Orthogonal Matrix. 


The representation of an orthogonal matrix in terms of a arbitrary 


quantities was given by M. Hermit as follows: 


*The matrix 1-+-g?—g, (¢+3)=g.i{r, —(¢+9)}=¥y though symmetric, is not a real matrix 


unless g, is real. It is, however, obviously true that y less either of its latent roots has a nullity equal 


to its vacuity. 
¢+Camb. and Dub. Math. Jour., Vol. [X (1858), p. 63 ; vide Salmon, Higher Algebra, art. 44. 
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where (,,, (2, etc., are the minors of the arbitrary skew determinant 


A=| 1 Dig 
| — by 1 yg 
| — — bs 1 | 


( 0 bie 


eee eevee 


then we easily find that 
2/A{fY +} +1 if ¢ is of 34 order, 
+1, where 
= — + if is of 4 order, 
etc. 


Another representation of an orthogonal matrix in terms of an arbitrary 
skew symmetric matrix is the following: 


_1+4* 
I shall now show that these two representations are virtually the same. 


The matrix 
1 — by — ) 


Be 


ee 


* Prof. Cayley, Philosophical Trans., 1858. 
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and 


These representations fail for the case of an orthogonal matrix having both 
+ 1 and — 1 as latent roots. | 
If we take 


= 09 = 0/A( 28,—A 


we will obviously have a matrix satisfying the conditions of orthogonality, and 
which includes ¢ as a special case. 


by Bn Bw ) 
— by 1 || Ba Bre 
if —by 1 Boge 
| 
=(,6u-A Bw Bas 

Bar Bas | 

Bar — A 

28s 

where (bt; 0 0 and b= +1, 

bee 0 bys = = 1, 

| 0 0 bs = + 1, 

ete. 
# 
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Taking as an example a matrix of the 3° order, we have 


+ 1] = + — A)(28 — A) — 
+ A)(28n— A) — 
+ (281 — — A) — 48 Bat] 
+ A) + 28x — A) + — A)] +1 


1 
by + [ + by 1533 + +A’) 2A} (Boe + Bs) 
+ (Bu + Be») + (By + J 
1 
+ [2 n + + bs3(333) —A (6 + bye + bss) | + 1, 


and 
— 1] — [Cubes + + — 2A + Br 
+ + Boe) + (Bn + 
[2 + + — A (on + + —1- 


These results give 


lgi+1|=0 for = = 63 = —1 or b,;= —1 and by=b,;= 1,* 
“ by=by=bgs= 1% by = 1 “ by=b3=—1,* 
3 
for by, =b,—=—1 and 6,= 1, 
— 
by, = =—1 and 1, 


—= 1, 


*It is obvious that | ¢, +1 | —0 for b,, ——1 and b,, —b,, —1, and for b,, —=—1 and b,, —b,,=—1, 
as well as for the case given. Similarly in case of | ¢,—1]. 
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8b} 


A 


= bg = 1 and b,= 


bn = by = 1 and bys = 


The matrix ¢, is therefore such that both +1 and —1 are latent roots, 
provided one of the constituents of = vanish. 
Similarly for matrices of higher order. 


CLARK UNIVERSITY, June 1, 1892. 
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A Deduction and Demonstration of Taylor’s Formula. 


By W. H. Ecnots. 


The following method of deducing the formula for the expansion of f(x + h) 
in terms of ascending powers of h is of interest, because it does not require the 
assumption of the possibility of the series nor that it should be differentiable. 

The determinant 


fe, 
SIMs; An; ’ an 

vanishes for the n+ 1 values of x, a....a,. Its first derivative vanishes for 


n values of x between these values, by Rolle’s theorem, /x being a continuous 
function for the limits prescribed. Its second derivative vanishes for n— 1 
values of x between these values, and so on, until evidently its n™ derivative 
vanishes for some value u, of x, which lies between the greatest and least of 
the values a,....d,. 

Let Fx represent the above determinant, and for brevity write 


We then have 
Fa = + ox, (2) 


wherein $z is a rational integral function of the n™ degree. 
This being so, we have 


F(x +h) (x +h) + +h) 
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Differentiate (2) n times and multiply these equations through respectively 
by A’/r!, (r= 1....m), whence results 


= + hele, 


f(a +h) 


1 
= 


Since the a’s are arbitrary, we may shift them as we choose, so put a) =a and 
a,=«x+h, then Fx=0, also F(a+h)=0, and the second member of (4) 
becomes 
ia— i) ree 

which takes the indeterminate form 0/0 whenever a,,....,@,—1 =. 

To evaluate the true form of this ratio when a,,....,@,_,;= 2%, apply to 
the numerator and denominator the operator 


causes to vanish (r= 1....2—1), while 


Hence the true value of the ratio is zero and we have 


? 


The method of determining the ultimate ratio of an indeterminate form can 
be developed wholly independent of Taylor’s formula (Todhunter’s Diff. Calculus, 
p. 124); it seems, therefore, that the above analysis is free from objection. 


A” h” h” 
i Subtracting these equations from (3), member by member, we obtain 
i— n 
f 


Announcement by the Physico-Mathematicat Society of 
the University of Kasan. 


- The 22d of October, 1893, will be the one-hundredth anniversary of the 
birth of the famous Russian mathematician, Lobatcheffsky. This “Copernicus of 
geometry,” as Clifford has called him, belongs undoubtedly to that class of 
investigators who have not only enriched science by the contribution of impor- 
tant facts, but have revolutionized the very fundamental notions of science 
which their predecessors considered unassailable. 

From the time of Euclid no one had doubted the truth of his axioms and 
postulates ; all the efforts of mathematicians in this direction were toward the 
limiting of these to the fewest number possible. A great number of attempts, 
for example, were made to derive the last axiom from the others, while its truth 
was never questioned. Lobatcheffsky was the first to perceive that the question 
was one to be decided by experiment; he showed clearly that the assumption 
of this axiom is equivalent to endowing our space with certain qualities which it 
may or may not have; and finally, he showed the possibility of a more general 
geometry without making use of this axiom. Although these ideas gained 
ground slowly, many of the most distinguished geometers of recent times have 
testified to the great value of Lobatcheffsky’s work, and have shown that his 
geometry of two dimensions is the geometry of a surface of constant negative 
curvature, while the geometry of three dimensions introduces the new ideas of 
hyper-space and the curvature of ordinary space. 

The scientific value of Lobatcheffsky’s researches is scarcely greater than 
their philosophical importance. On the one hand, they conduct us to a new 
question as to the properties of space; on the other hand, they throw a new 
light upon the question of the origin of our geometrical axioms, and for that 
reason have a great importance in the theory of perception. 

It was the good fortune of the Imperial University of Kasan to count 
Lobatcheffsky as one of its pupils and members. Here he fulfilled the duties of 
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a professor from 1812 to 1846, and those of Rector from 1827 to 1846. He is 
dear to this institution, not only on account of his scientific attainments, but also 
because of hig activity as an instructor. The history of his life and works is 
inseparably bound up with the history of the University of Kasan; it owes to 
him the construction of its best buildings and the organization of its library. 

The Physico-Mathematical Society of the Imperial University of Kasan can- 
not neglect to call attention to the approaching centennial anniversary of the 
birth of the great Russian geometer. 

With Imperial sanction, the Physico-Mathematical Society addresses itself 
to the friends of science in all countries, asking them to contribute to a fund 
which shall bear the name of Lobatcheffisky. According to the contributions, the 
Society proposes to devote this fund, either to the establishment of a prize for 
mathematical researches, or to the erection of a bust in the buildings of the Uni- 
versity. It is hoped that the subscriptions will be sufficient to accomplish both 
of these objects. 

Subscriptions should be addressed to The Physico-Mathematical Society, 


Kasan, Russia. 
A. WassiuierFr, President. 


T. Souvororr, Vice-President. 


44 
‘a 
it 
io 
. 
i 
4 


On Toroidal Functions. 


By A. B. Basset, M. A., F.R.S. 


1. Every spherical surface harmonic of degree n can be expressed in the 
form of the series 
A, (v) cos (mp + an), 
where P™ is an associated function of the first kind of degree n and order m. 
This function satisfies the differential equation 
2 
In the theory of spherical harmonics » = cos 6, and therefore lies between 
the limits 1 and —1; but in developing the theory of associated functions there 
is no necessity whatever to impose this limitation on the value of y. In fact, in 
the theory of the potentials of ovary ellipsoids, associated functions occur in 
which the argument is never less than unity,*.and as one of my objects is to 
develop the theory of toroidal functions from a point of view which brings out 
their connection with ordinary associated functions, the argument will always 
be supposed to be not less than unity. Many of the results obtained will be 
found to be universally true for all real values of the argument, whilst other 
results, when the argument lies between 1 and —1, can easily be deduced 
therefrom. 
It is also known that if ube any solution of the equation to which (1) 
reduces when m= 0, a solution of (1) is 
m 
u=(v—1) 


* Prof. Hicks describes these functions (and also toroidal functions) as spherical harmonics of 
imaginary argument. See Phil. Trans., 1881, pp. 613 and 617. In order to understand this statement 
it must be borne in mind that he takes the argument to be 9, where 


v= cosh §= cos 26. 


38 
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The two kinds of associated functions are therefore defined by the equations 


pm = 1) 


(2) 


where P,,, Q, are the zonal harmonics of the first and second kinds respectively. 
Accordingly Q% is an associated function of the second kind of degree n and 
order m. In ordinary spherical harmonic analysis the factor must be changed 
into (1—»*)i™ in the first equation in order to avoid the unnecessary* introduc- 
tion of imaginary quantities. The corresponding change in the function Q” 
need not be considered, because it never occurs in physical investigations in 
which v lies between 1 and —1. 

It was shown by Laplace that P, can be expressed in the form of the defi- 


nite integral 


dp 
+ (v?>—1)* cosp}*F?’ (3) 


and it has been shown by Heine and myself} that Q, can be expressed in the 


form do 


From these equations combined with (2) it follows that P™ and Q” can also be 
expressed in the forms of definite integrals, in which case we shall havet 
(5) 


(—)"n! cosh 
(n —m) 1)* cosh (8) 


Qn = 


The advantages of these definite integrals are that they furnish concise 
expressions for associated functions by means of which many of their properties. 
may be easily investigated, and a variety of difference and mixed difference 
equations obtained connecting functions of different orders and degrees. 


* Those who have had occasion to employ Bessel’s functions in any investigation of considerable 
length can hardly fail to have appreciated the superiority of the notation Im (a), Km (a) in the place of 
Imi x), Ym(‘x). See Hydrodynamics, Chap. XII, and Brit. Assoc. Rep., 1889, p. 28. 

T Mess. Math., Vol. XIII, p. 147. tIbid., pp. 150, 152. 
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2. A toroidal function is an associated function of degree n — 4 and order 
m; and the notation which ought in strictness to be adopted for the two kinds 
of toroidal functions is P”_, and Q™_,; but as these functions rarely if ever 
occur in an investigation which also involves associated functions of integral 
degree n, it will be generally sufficient to employ the suffix n instead of n — }. 

Under these circumstances we should anticipate that the expressions for the 
two toroidal functions in terms of definite: integrals would be derived from (5) 
and (6) by changing n into n — }, so that we may write 


pn = +3) cos mode 


m + + — 1) cosg tt’ (7) 
(—)*T (n + 3) cosh mo@dp 


and we shall presently show that this is the case. 

The theory of toroidal functions was first investigated by Prof. W. M. Hicks 
as a means of discussing the motion of circular vortex rings. He has, however, 
(as frequently happens when a new branch of mathematics is being investigated 
for the first time), presented the subject in a somewhat complicated form. 
I therefore propose in the present paper to develop the subject by means of the 
two definite integrals (7) and (8), to correct some errors which Prof. Hicks has 
made, and also to extend his results. 


3. Putting n — 4 for v in (1), the differential equation for toroidal functions 
becomes 


where n is zero or any positive integer whatever, and m is zero or any positive 
integer which is not greater than n. 

Let A™ denote the coefficient of the definite integral in (7); also let 
D=yv-+(v*— 1) cos¢, then from (7) we get 
—1+ —1) cosh 


= — (n+ 4) cosmodp. (10) 
"41 ~pn—m+h 


whence 
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Again, from (10) we obtain 


dP; 


Integrating the last term by parts we obtain 


2 m 
1) FE = — — — ay 


"sin @ sin mod 
Integrating the last term of (12) by parts we finally obtain 
dv 


(»* — 1) + 


Again, from (11) we get 


Substituting the value of dP™/dy from (11), and that of dP%,,/dv from 
(13), the right-hand side becomes 
Pr 


— (n® —}) 


which shows that the function P™ as defined by (7) satisfies the differential 
equation (9). 

Eliminating dP” /dy between (11) and (13), we obtain the sequence equa- 
tion 


2 
(n— m-+ 3) — + (14) 


Equations (11), (13) and (14) are analogous to equations (55), (54) and (56) 
of §273 of my Hydrodynamics, to which they reduce when m=0. In fact the 
whole investigation is on all fours with that section, excepting that it is more 
general since m is not supposed to be zero; and the simplification which is 
obtained by first considering the case of m zero and afterwards proceeding to 
the more general case in which m is a positive integer, is so very slight that it 
is better to commence with the general case. 


1 
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4. Prof. Hicks has obtained equations corresponding to (11), (13) and (14), 
viz. equations (26) and (27) on page 631 of his paper, which I believe are 
erroneous. His notation is somewhat different from mine, and I shall there- 
fore explain it in order that the reader may be able to examine the question. 


He writes 
C= coshu=vr, 


S= sinh u = — 
and on page 636 he defines the toroidal function of the first kind by the equation 


_ £7 cos médé 
from which it follows that 


P3 = — APP, 


Also the accents denote differentiation with respect to w, so that 


mpl 


It therefore follows that equations (26) of his paper ought to be 
2SPi, a— (2n + IP... OP, 
4m? m, n—1 


and consequently his sequence equation (27) is also wrong. 


5. We shall now show that the expression for P® satisfies (2). 
If P” be any function of v which satisfies (2), it follows at once that 


Fe =(y 1) av n? 


and we have to show that if the given value of P® is substituted in the right- 
hand side, the result is equal to P"*’. 

Assuming the given value of P™, the value of the first term in (15) is deter- 
mined by (12). The second term gives 


my mv cos mo@dp 
0 Deri 
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Integrating by parts, the right-hand side is equal to 
sin @ sin mo@dp 


0 


Integrating the second term on the right-hand side by parts, it becomes 


__ mcosd cosm> — sing sin MP J 
0 


whence 


my "sin sin modp cos @ cos m@dp 
A” (v? — 1)! nS mJ, 


Accordingly by (12) the right-hand side of (15) becomes 


From the value of A” it follows that 
— A? (n—m — 3) = 


and therefore the right-hand side of (15) is equal to P™*+1, which shows that the 
expression (7) satisfies (2). We have therefore shown that the definite inte- 
gral (7) satisfies all the necessary conditions. 


6. Equations (11) and (13) furnish two equations which connect the differ- 
ential coefficient of a function of order m and degree n with the functions of 
order m and degrees n + 1, m and nm — 1, from which results the sequence equa- 
tion (14) connecting three functions of order m and degrees n + 1, n and n—1. 
We shall now establish three similar equations connecting functions of degree n 
and orders m+ 1, m and m—1. The first equation of the latter class is (15) ; 
to obtain a second equation we observe that (12) may be written in the form 

=$ 4 (16) 


Eliminating dP7/dv between (15) and (16), we get 


Prt Pts (n+ Pro (17) 


= 
4 bd 
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By: means of (17), equation (15) may be written 


(n+ m—4)(n—m + — 1)! P™—-!— mr P™, (18) 


whilst (15) is 


= (9? — + myP. (19) 


7. Equations (17), (18) and (19) connect three toroidal functions of degree 
mand orders m+ 1, m and m—1, and they are the analogues of (14), (13) 
and (11). The corresponding equations given by Prof. Hicks are (32) and (31) 
on p. 633 of his paper, and we shall now show that his equations are wrong. 

From (18), the equation corresponding to the second of his equations (31) 


ought to be 
— 2MCPw, — (2n + 2m — 1) a; 


whilst that corresponding to his first equation is 
= 2mCP,,, — 2m — 1) ns 


which shows that his sequence equation (32) is also wrong. 


8. In the theory of toroidal functions, n is any positive integer, and m is 
any positive integer which is not greater than n, the value zero being included. 
Now, if in §§ 3 to 6 we write n+4 for n, the whole of the preceding analysis 
will apply to associated functions of the first kind of degree m and order m. The 
definite integral expression (7) becomes equal to (5), and the three sequence 
equations (11), (18) and (14), connecting associated functions of order m and 
degrees n+ 1, and n— 1, become 


n—m+1,, 
iPS. 
2 Dm 
(n —(2n-+ 1) yP™ + 
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whilst the three equations (19), (18) and (17) connecting the associated func- 
tions degree n and orders m + 1, m and m — 1, become 


= (n + m)(n — m + — 1)! — mv 


(n+ m)(n—m + 1) 


These formuls can be proved directly from equation (5). 


9. The definite integral expression (8) for toroidal functions of the second 
kind can be shown by a precisely similar method to satisfy the same equations, 
but in deducing equations such as (13) or (14) it must be recollected that m 
must be supposed to be not greater than m—1. Similar observations apply to 
the ordinary associated functions of the second kind, which can be deduced by 
writing n + 4 for n. 

There is one result which is of considerable importance in physical investi- 
gations, viz. the value of the quantity 


Qr 


where the accents denote differentiation with respect tov. Calling this u”, sub- 
stitute the values of P/” and Q/” from (18) and we get 


“u = 


In (19) write m—1 for m, and then substitute in the last equation the 
values of Q7 and P™ and we get 


un = — (n+ m—3)\(n—m+}) ur; 


accordingly, 


Un = (—)"(n + 3)(n + (n-+m— 


The value of wu, is 2(v* — 1)~# (see Hydrodynamics, §278, equations (63)). 


| — (21 
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The corresponding result for ordinary associated functions is 


un = (—)™(n +1)(n+2).... (n+ m)n(n—1)....(n—m+1) uy. 


Here = —1)~', so that 
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(—)" (n-++m)! 


— 


(n—m)! (v? —1) 


10. Almost, if not all, the foregoing results are given in Prof. Hicks’ paper, 
although some of them are exhibited in an erroneous form. But in physical 
investigations relating to the potentials of anchor rings, y= coshy, where the 
equation 7 = const. represents a family of such surfaces, and in these investiga- 
tions 7 is usually a very large quantity, and consequently e~” is very small. 
Accordingly, if we put «~"=, we can expand these functions in series of 
powers of &, and these series furnish expressions which are of great convenience 
in discussing the motion of circular vortices. We shall therefore proceed to 
investigate the appropriate series for the two kinds of zonal toroidal functions. 


Putting m = 0 in (8) we obtain 


dp 


In this write 


y=4(k+k"), 
pk + — 1)! cosh @}—?, 


and the integral becomes 


‘dp 


rif (1—p)(1 


— 
(1 — # sin? 


if p = sin’ 9. 
From (22) it follows that 
Q = F (hk), 
= (F— &), 


where F'and £ are the first and second elliptic integrals to modulus k. 


39 
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whilst the three equations (19), (18) and (17) connecting the associated func- 
tions degree n and orders m + 1, m and m — 1, become 


(v® — 1) = — 1) pat} + my P™, 


1) (n+ m)(n—m 1)? — — mo Pr 
Patt + (nt m\n—m + 1) 


These formuls can be proved directly from equation (5). 


9. The definite integral expression (8) for toroidal functions of the second 
kind can be shown by a precisely similar method to satisfy the same equations, 
but in deducing equations such as (13) or (14) it must be recollected that m 
must be supposed to be not greater than n—1. Similar observations apply to 
the ordinary associated functions of the second kind, which can be deduced by 
writing n + 4 for n. 

There is one result which is of considerable importance in physical investi- 
gations, viz. the value of the quantity 


Qr Qn’ Pr, 


where the accents denote differentiation with respect tov. Calling this u”, sub- 
stitute the values of P;” and Q/” from (18) and we get 


In (19) write m—1 for m, and then substitute in the last equation the 
values of Q7 and P™ and we get 


un = — (n+m—3)(n—m+}4) 


accordingly, 


un = (—)"(n + )(n +8)... .(n+m— 


The value of w, is %(v* — 1)~# (see Hydrodynamics, §278, equations (63)). 
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The corresponding result for ordinary associated functions is 


un = m)n(n—1)....(n—m+1) uy. 


Here = (x? — so that 


— (—)" m)! 
On — Pa Qn" —1) 


10. Almost, if not all, the foregoing results are given in Prof. Hicks’ paper, 
although some of them are exhibited in an erroneous form. But in physical 
investigations relating to the potentials of anchor rings, y= coshy, where the 
equation 7 = const. represents a family of such surfaces, and in these investiga- 
tions 7 is usually a very large quantity, and consequently e~" is very small. 
Accordingly, if we put e~"=k, we can expand these functions in series of 
powers of k, and these series furnish expressions which are of great convenience 
in discussing the motion of circular vortices. We shall therefore proceed to 
investigate the appropriate series for the two kinds of zonal toroidal functions. 

Putting m = 0 in (8) we obtain 


dp 


In this write 
yv=4(k+k’), 
pk = jv + (v® — cosh 


and the integral becomes 
1 p"—*d 


sin?"9d6 


if p = sin? 6. 
From (22) it follows that 


Qo = (ke), 


Q, = (F— EB), (28) 


where F and £ are the first and second elliptic integrals to modulus k. 
39 
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Let H, denote the coefficient of «* in the expansion for (1 —)~', so that 


when s is not zero, 


1.3.5....(2s—1) 


whilst H,=1;then since 


f =47H,, 
This is the series for Q, in powers of kk. 


11. The function P,, is more difficult to deal with. From (7) we have 


dp 


and by means of a well-known transformation, this can be expressed in the form 
P, = + (2? — 1) cosg} "Hag. 


Putting = 4 (k + &~’), this becomes 


from which it follows that 
Pi = 2 F (Kk), (26) 
P,= 


From equation (25) it follows that P, is a species of generalized elliptic 
integral; and since the elliptic integrals of the first and second kinds, when X’ is 
nearly equal to unity, are known to be capable of expansion in a series of the 


form u log 4/k +», 


where wand » are series proceeding according to even powers of k’, we should 


' ‘ 
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anticipate that the definite integral in (25) is capable of being expressed in a 
similar manner.* This we shall now show to be the case. 
In (9) put m=0, v=3(&4 +4"), and it becomes 


2° du 


In this write u = 7k—"*?, and the equation for 7 is 
—{(2n —1) —(2n —3)# + (2n— (27) 
Assume n = >, (k) log 4/k +d, (28) 


Substituting in (27), it will be found that the equation will be satisfied, 
provided 9, satisfies an equation of the same form as (27), whilst ¥,, satisfies the 
equation 


(29) 


To find the value of @,, assume 


Pn = 2A,,k", 
and substitute in (27) and we get 
2s (2s — In) 
— {(2s-+1)(2s — In +1) A,, — (2s + 2)(2s + 2) Ay, 0. 


This equation will be satisfied provided the first term begins with s = 0 or s=n; 
but inasmuch as it is known that in the expression for H(#), the first term of 


* The neatest way that I have met with of proving the series for F(k’), when k’ is nearly equal to 
unity, is contained in a paper by Prof. Sylvester, Phil. Mag., XX (1860), p. 528. His method leads to 
the remarkable result that 
logcos¢do _ log 4 1+(1—k? cos?9)4 bdo 
0 (1—k? cos? 0 (1—k? cos? 6)? 
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the series by which log 4/é is multiplied is $7’, it follows that we must take 
s =n, so that the first term in the series for ?, is k*". Also 


_ (28 + 1)(2s— 2n+1) , 


= 2)(28 — In + 2) 
whence 
(2a +1)(2n + 3) .... (2n 42s —1) 
Asn = (Qn + 2)(Qn + 4) .... (Qn + Is) H, Ary 
and 


2n +1 1.3.(2n + 1)(2n + 3) 
On = 2.4.(2n + 2)(Qn + 4) 


(30) 


We shall now show that A,, = 2H,. Since ¢, satisfies the differential equa- 
tion (27), it follows that o,4-"*!? satisfies the differential equation for zonal 
toroidal functions, and accordingly if A,, be suitably chosen, the series (30) will 
satisfy the sequence equation (14). Putting m=0 and »=}3(k+47"), this 
equation becomes 


+ (n =0. (31) 


On substitution, this will be found to be satisfied provided A,, = 2H,; also 
if we put n= 0 and n=1, it will be found that the series for g) and @, are 
respectively the coefficients of log 4/% in the series for 2F'(#) and 2H(#). We 
therefore finally obtain for the portion of P, which involves log 4/k the 


expression 
2h" log HH, =(2/2) Q, log 4/k (32) 


by (24), whilst (33) 
12. To obtain the series for y, we must revert to the differential equation 


(29), and we must first arrange the last two terms in a series of powers of k. 
The series for @, may be written in the form 


$n = (1 + An, 


 (2n + 2)(2n + 4) .... (2n + 2s) 


; 
i 
| 
J 
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Substituting in the last two terms of (29), and rearranging according to 
powers of k, the differential equation becomes 


(1 — — fan — 1 — (an — 3) + (22 


+ 2H, [ — | + = 0. (35) 


The case of n= 0 would merely give us the series for F'(#’) which is con- 
sidered in all books on Elliptic Functions. When zis equal to unity, it is known 
from the series for H(z) that the series for Y begins with a term which is inde- 
pendent of &. We shall therefore assume that 

Substituting in (35) we get 

So {(27 + 1)(2n — 2r — 1) By, — (2r + 2)(2n — Br — 2) By 4 


(2n+2s+1 2s + 1 


If, therefore, r is not greater than n—1, which can only happen when x is 


not less than unity, we get 


(2r + 1)(2n — 2r —1) 
(2r + 2)(2n 2) B,,. (37) 
We therefore see that ~ consists of two parts, viz. a terminating series the 
law of whose coefficients is independent of @, and whose values are given by 
(37), and an infinite series which we shall presently investigate. Putting r=n—1 


in (36), we-see that 
= 2H, 


from which it follows that the terminating series is 


2 


2n 1.3.(2n — 1)(2n — 3) 


(2n — 1)(2n — 3) (38) 


+ — 2\ In —4).. . 6. 


4 


300 - Basset: On Toroidal Functions. 


To find the infinite series, put r= in (36), and recollecting the value of 
A,,, we get 


1 1 
— + (an 1)(2n + mt (39) 


and generally 


(28 + 1)(2n + 28 + 1) 
— (95 9)(In + 2s + 2) 


Bz, + 28 


1 1 


13. Equation (40) enables us to obtain all the coefficients in terms of B,, 
which is undetermined, and we shall now proceed to find its value. 

The portion of P,, which involves log 4/k is o,k~"*' log 4/k; and since by 
(32) and (33) this is equal to (2/7) Q, log 4/k, it follows that ¢,4~"*? satisfies the 
sequence equation (31), as can be readily verified by actual substitution ; whence 
y,k-"*# also satisfies (31), and consequently », satisfies the equation 


(2n +1) — +) + (2n— 1) = (41) 
In this write 


where the index n denotes the degree of the function to which B belongs, whilst 
the suffix 27 denotes the power of k of which it is the coefficient. The quantity 
which we require to determine is the coefficient of /*” in the series for y,, and 
in this notation it is represented by By,. 

Substituting the above value of ¥, in (41), and equating coefficients of hk’, 
we get 


(2n + 1) — In (By. + + (2n — 1) = (42) 
We have already shown that Bj,_,= 2H,_,, whence, writing 7 = n in (42), 
we get 2H, 
5, = 2n Bin—s 2n (2n — 1)° (43) 
Now = k-* (g, log 4/k + 


and consequently B), which is the coefficient of #’ in the expansion of y,, is 


§ 

4 

a 

H 
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equal to twice the coefficient of # in that portion of the series for E(#) which 
does not involve log 4/4; accordingly 

$, 
whence by (43) we obtain 


By, = — 2H, VEG +++ — anf (44) 


where 5S, denotes the above series. Going back to (40) and using this value of 
Be,, we see that we may write 


Bon 4-20 (S, + 


in which the symbols H, and S, must be interpreted as being respectively equal 
to unity and zero. 
The second part of the series for y, is therefore equal to 


and the value of P,, finally becomes 
P, = 2k log 


2 
14+ 
Qn — 3 oeee 7.6 2 —n+4 
2h" + Ans (S, + Sn+s) (45) 


This series holds good for all positive integral values of n, excluding zero. 
When n= 0, the value of P, may be deduced from the known series for F'(/’), 
and when n = 1, the series (45) reduces to the known series for 2k~*E (#’). 

The first few terms of the series for the first five zonal functions are given 
by Prof. Hicks,* but as he has obtained them by direct calculation from the 
sequence equation (31) combined with the series for F(#’) and £(/), his results 
do not show the law of formation of the coefficients. 


14. It is quite obvious that the definite integrals (7) and (8), which give 
the values of the functions of any order and degree, could be expressed by 


* Phil. Trans., 1884, pp. 171, 172. 
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series analogous to (45) and (24), but the results would be of little physical 
interest, as the utility of toroidal functions consists in their applications to the 
motion of circular vortex rings. The motion in most cases of practical interest 
can be obtained by means of Stokes’ current function ; and this function, as is 
well known, can be made to depend on a solution of Laplace’s equation which 
involves harmonics of degree n and order unity. We therefore require to 
investigate the functions P,, Q,. Putting m= 0 in (11) we obtain 


(v? — PL =(n + (46) 
with a similar equation for Q@. Now the functions which are most useful in 
investigating the motion of circular vortex rings are two functions R and 7 
(which are different from Prof. Hicks’ R and 7’), and satisfy the equations* 

so that from (46) we get 
R, =4(2n + 1){2kP,4,—(1 + 
= — (2n+ 1){ — (1 +B) 


Since only a few terms of the series for R and 7 are required in physical 


investigations, they may be easily calculated from the above formule by means 
of (45) and (24). 


*See my Treatise on Hydrodynamics, Chap. XII, equations (65) and (71). 
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Simple Groups as far as Order 660. 
By F. N. Cors, Pa. D. 


1. In an earlier paper* I have shown that the orders of simple groups 
between the limits 200 and 500 are restricted to two possibilities, 360 and 432. 
In the following it is shown that the latter of these two orders is inadmissible, 
and that the former furnishes only one type of a simple group. On continuing 
the census as far as order 660, two other simple groups present themselves, of 
orders 504 and 660 respectively. Of these the second is familiar from the theory 
of the elliptic modular functions. That of order 504, however, seems hardly to 
have been recognized hitherto. 

The list of simple groups of compound orders to order 660, as determined 
by Dr. Hélder and myself, consists of one type for each of the orders 60, 168, 
360, 504, and 660. 


I.—First Reduction of Possible Orders. 


2. A preliminary survey of the numbers from 500 to 660 shows that the 
orders of simple groups between these limits are restricted to the following 
13 possibilities : 

504 = 2.37.7, 540 = 2°. 3°.5, 612 = 2.3°.17, 

690= 7.5.13, 4.7.11, 

525 = 3.5”.7, 552= 2.3.23, 630 = 2.3°.5.7, 

528 = 243.11, 560=245.7, 660 = 2°.3.5.11. 
576 = 2°. 3%, 


To these we add the orders left unconsidered in the former paper, 


360 = 2°.3°.5, 482= 24.38. 


* Amer. Jour., Vol. XIV, pp. 378-88. 
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3. The following four cases are immediately rejected : 
520, 546, 552, 616, 


inasmuch as the subgroups indicated by Sylow’s theorem in each case would 
furnish a number of operations exceeding the order of the group. Thus a simple 
group of order 520: must contain 40 subgroups of order 13 and 26 of order 5; 
one of order 546 must contain 78 subgroups of order 7 and 14 of order 13; 
one of order 552 must contain 24 subgroups of order 23 and 46 of order 3; 
finally, one of order 616 must contain 56 subgroups of order 11 and 8 of order 7, 
leaving in this case only 8 operations remaining, from which only one subgroup 
of order 8 could be formed. 


4, Of the 11 remaining cases the following 5 also present no difficulty : 
525, 528, 540, 560, 576. 


A simple group of order 525 must contain 15 subgroups of order 7. The 
isomorphic substitution group of 15 letters would contain 15 subgroups of order 
35 affecting 14 letters each. But a group of order 35 is cyclical, and its gener- 
ating substitutions must here consist of one cycle of 5 letters with one cycle of 


7 letters. The group would therefore contain circular substitutions of 5 and of 
7 letters, which are here impossible. 

A simple group of order 528 must contain 12 subgroups of order 11. The 
isomorphic substitution group of 12 letters would contain 12 subgroups of order 
44 affecting 11 letters each. The latter contain each a self-conjugate subgroup 
of order 11, and being therefore transitive, each contains subgroups of order 4 
affecting 10 letters. The substitutions of the latter must be even, and none of 
— them affect less than 5 letters. Then it is readily seen that they all affect 8 
letters. But no such substitution can transform the circular substitutions of 
order 11 into any of their powers, as must here be the case. 

A simple group of order 540 must contain 36 subgroups of order 5. The 
isomorphic substitution group of 36 letters would contain 36 subgroups of order 
15 affecting 35 letters each. A group of order 15 is cyclical. Its substitutions of 
order 5 must here affect all the 35 letters, otherwise there would not be 36 dis- 
tinct subgroups of order 5. Consequently the substitutions of order 15 must 
here consist of cycles of 15 letters with cycles of 5 letters, and we may have 
either 1 cycle of 15 letters with 4 of 5 letters or 2 cycles of 15 letters with 1 


J 
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of 5 letters. But the group of order 15 contains only one subgroup of order 3, 
which will here affect 15 letters or 30 letters. The number of its conjugates 


would therefore be = or = , both of which are impossible. 


A simple group of order 560 must contain 8 subgroups of order 7. But a 
substitution group of order 560 and degree 8 would contain circular substitu- 
tions of order 5, and would accordingly be non-primitive or four-fold transitive, 
both of which possibilities are here excluded. 

A simple group of order 576 would contain 9 subgroups of order 64 which, 
in the isomorphic substitution group of 9 letters, would affect 8 letters each. The 
substitutions of these subgroups must all be of order 2 or 4, for a circular substi- 
tution of 8 letters is odd. Rejecting all odd substitutions and those which affect 
less than 5 letters, we have left only suck as affect each 8 letters. The 9 sub- 
groups of order 64 then furnish 9.63 = 567 distinct substitutions, leaving only 9, 
which can furnish only one subgroup of order 9. 


5. Fairly simple considerations also suffice to dispose of the orders 


432, 612, 630. 


A simple group of order 432 must contain 16 subgroups of order 27 which, 
in the isomorphic substitution group of 16 letters, would affect 15 letters each. 
These subgroups of order 27 again contain subgroups of order 9, which are 
always commutative with the 27 operations of the group in which they occur, 
and which are therefore commutative within the entire group with a multiple of 
27 operations. The number of conjugates within the entire group of such a 


subgroup of order 9 is therefore a divisor of = 16. The only possibility 


here is 16 itself, since 8! is not divisible by 432. Consequently every subgroup 
of order 9 is commutative with exactly 27 operations, and therefore occurs in 
only one group of order 27. Then any two groups of order 27 can have only 
1 or 3 operations in common, or, in other words, all but 1 or all but 3 of the 
substitutions of a group of order 27 affect all the 15 letters. In the former case 
the 16 subgroups of order 27 furnish 16.26 = 416 distinct operations, leaving 
only 16, which can give only one subgroup of order 16. In the latter case the 
3 substitutions of any group of order 27 which affect less than 15 letters form a 
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cyclical group affecting 3, 6, 9 or 12 letters, and having therefore 13° 7? 


or > conjugates in the entire group, all of which suppositions are here impossible. 


A simple group of order 612 must contain 18 subgroups of order 17._ The 
isomorphic substitution group of 18 letters would contain 18 subgroups of order 
34 affecting 17 letters each. The latter groups must here be non-cyclical; each 
of them contains 1 subgroup of order 17 and 17 subgroups of order 2, the latter 
affecting 16 letters each. There are no other substitutions of order 2 or of 
order 4 in the group. For if such were present they must affect 18 letters each. 
If of order 2 they would then be odd, and if of urder 4, their squares must affect 
16 letters, and they must consist therefore of 4 cycles of 4 letters with 1 cycle of 
two letters, being again odd. The operations of order 2 contained in the entire 


group are therefore all conjugate, and their number is = .17= 153. The cor- 


responding group of 612 substitutions of 153 letters would contain 153 subgroups 
of order 4 affecting 152 letterseach. The actual substitutions of the latter groups 
are taken entirely from the 153 conjugate substitutions of order 2. These must 
all leave the same number of letters unchanged. If this number is x, the total 
number of substitutions of order 2 would be — .3. Hence x= 3, and every 
substitution of order 2 would affect 150 letters, and would therefore be odd. 

A simple group of order 630 must contain either 21 or 126 subgroups of 
order 5. In the latter case the isomorphic substitution group of 126 letters 
would contain 126 subgroups of order 5 affecting 125 letters each, while all the 
other substitutions of the group would affect all the 126 letters. Among these 
there must be substitutions of order 2, which would then be odd. Accordingly 
a simple group of order 630 must contain exactly 21 subgroups of order 5. The 
isomorphic substitution group of 21 letters would then contain 21 subgroups of 
order 30 affecting 20 letters each. A group of order 30 contains a (cyclical) 
subgroup of order 15, the generating substitutions of which must here consist of 
1 cycle of 15 letters and 1 of 5 letters. But a group of order 30 contains only 
one subgroup of order 3, which in the present case would affect 15 letters and 


would therefore have in the entire group a conjugates. 
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II.— The Simple Group of Order 360. 


6. A simple group of order 360 must contain either 6 or 36 subgroups of 
order 5. The former number is at once excluded, since the alternating substitu- 
tion group of 6 letters contains 36 subgroups of order 5. Also the number of 
subgroups of order 9 is either 10 or 40. It will appear that only the former 
case actually occurs. 

If 40 subgroups of order 9 were present, these could not be cyclical, for 
then they would furnish 40.6 distinct operations of order 9 in addition to the 
36.4 operations of order 5 which are certainly present. 

The 40 subgroups of order 9 must therefore contain each 4 subgroups o¢ 
order 3. These 160 subgroups could not all be different, for then they would 
furnish 320 distinct operations. On being transformed by any one of the opera- 
tions of order 3, the 40 subgroups of order 9 would be permuted among them- 
selves, and 3x-+1 of them would be left unchanged. All those which contain 
the transforming operation of order 3 will certainly be left unchanged. And 
this is not the case with any of the others, for then the group of order 360 would 
contain subgroups of order 27. Accordingly some subgroup of order 3 is con- 
tained in 4, 7,10,.... of the subgroups of order 9, and as it is commutative 
with all the operations of the latter, it is commutative with a subgroup whose 
order is a multiple of 4.9, 7.9, 10.9,.... Then the number of its conjugates 


360 360 
°°" 


the first one. A subgroup of order 3 which occurs in more than one subgroup 
of order 9 occurs in exactly 4 of the latter, and has exactly 10 conjugates. It 
follows at once that 

A simple group of order 360 can always be expressed as a transitive substitu- 
tion group of 10 letters. 

This group of 10 letters contains 10 conjugate subgroups of order 36 affect- 
ing 9 letters each. These contain each 1 or 4 subgroups of order 9. If these 
are transitive, the groups of order 36 contain each 9 subgroups of order 4 affect- 
ing 8 letters each. The substitutions of the latter being even, it is readily seen 
that every one of them, except identity, affects 8 letters. The group of order 36 
would then contain 27 substitutions of order 2 and 4 and consequently only 1 
subgroup of order 9. 


in the entire group is a divisor of The only admissible case is 


307 


308 Cote: Simple Groups as far as Order 660. 


On the other hand, of intransitive groups of order 9 affecting 9 letters or 
less and not containing any circular substitution of 3 letters, there is only one 
type, its 4 subgroups of order 3 being, for example, 


{(abe)(def)}, {(abe)(ghi)}, j(def)(gih)}, {(abe)(dfe)(gih)}. 


Now, if the group of order 360 contained 40 subgroups of order 9, each 
subgroup of order 36 would contain 4 of these, and they must have, as shown 
above, one common subgroup of order 3. But it is immediately found on trial 
that it is impossible to construct more than 2 such groups of the preceding type. 
Also, if there were only 10 subgroups of order 9 in all, and if these were of the 
preceding type, the total number of subgroups of order 3 affecting 6 letters 


would be = .3. We have then the following result : 


A simple group of order 360 contains only 10 subgroups of order 9, and can be 
expressed as a doubly transitive substitution group of 10 letters. 

The transitive subgroups of order 36 which affect 9 letters contain, as just 
shown, 1 subgroup of order 9, all of whose substitutions except identity affect all 
the 9 letters, and 9 subgroups of order 4, all of whose substitutions except 
identity affect 8 letters. The subgroup of order 9 cannot be cyclical, for the 
3 substitutions affecting a particular set of 8 letters cannot all transform a cycle 
of 9 letters into its powers, as is readily seen. Consequently the subgroup of 
order 9 contains 4 subgroups of order 3; for example, 


{(abe)(def)(ght)}, {(adg)(beh)(oft)}, 


It will be clear, from an inspection of this group, that no substitution with 4 
cycles of 2 letters each can transform any one of the subgroups of order 3 into 
another, and the only substitution of order 2 which leaves 7, for example, 
unchanged and transforms each subgroup of order 3 into itself is 


(ae)(bd)(cf) (gh). 
Accordingly, the subgroups of order 4 which leave 2 letters unchanged are 


cyclical, and with the same notation as above, the group which leaves 7 and j 
unchanged may be assumed to be 


A simple group of order 360, as expressed in 10 letters, contains then 135 
substitutions affecting 8 letters and 80 affecting 9 letters. These with the 144 
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substitutions of order 5 and identity make up the entire group. It only remains 
to be shown that the group can be constructed in essentially only one way. 
There are 36 subgroups of order 5, and each of these is therefore trans- 
formed into itself by 10 substitutions. Of these, 5 must be selected from the 
substitutions of order 2. Moreover, the latter being all conjtigate, every one of 
them transforms some subgroup of order 5 into itself, and therefore transforms 
some substitution of order 5 into its 4 power. For the particular substitution 


of order 2, 
(ae)(bd)(ef)(gh), 


the corresponding substitution of order 5 must contain 7 and 7 in separate cycles. 
Moreover, if any of the letters a, b, e, d occur in the same cycle with 7, a trans- 
formation by a power of (abed)(chfg) will give a substitution of order 5 con- 
taining a and 7 in the same cycle and still transformed into its 4 power by 
(ae)(bd)(cf)(gh). Ina proper power of the substitution of order 5, a will follow 7. 
We have, therefore, as typical forms for the cycle containing 2 only, 


(iabde), (tahge), (tacfe), (icghf), 
(tadbe), (taghe), (tafce), (ichg/f). 


The first two and the last two cases are to be rejected. For these the cycle con- 
taining 2 is transformed into one of its powers by the substitution (abed)(ch/q). 
If the second cycle in each case is transformed at the same time into the same 
power, then the group of order 5 which the substitution of order 5 generates is 
transformed into itself by 20 substitutions, which is not permissible. And other- 
wise a proper combination of the substitution of order 5 with its transformed 
substitution would affect only 5 letters, which is also impossible. 

Again, if we multiply the 4 remaining types at the left by (ate)(bgf)(chd), 
we obtain substitutions which do not affect a or 7, and which therefore consist 
of 4 cycles of 2 letters or 2 cycles of 4 letters. For portions of these substitu- 


tions we have 
(bch -(gee.. Gf. ~~); 


and considering the various forms of the second cycle of 5 letters, we find only 
the following possibilities for the typical substitutions of order 5: 


(iahge)(jbefd), 
(iaghe)(jebdf), (iafce)(gdghb). 
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Of these, the first and the fourth cases lead to rejected types; for we have 


(ach) (dfe) (gth) .(tahge) (jbefd) = (afig) (bhe ), 
[(afig) (bhey ) (ae)(bd)(af)(gh) = (tedba)(jgefh) , 

and (agd)(bhe)(cif) . (tafce)(gdghb) = (ahic) (dfe7 ), 
[(ahic) (dfey) (ae)(bd) (of')(gh) = (iebda)(jeghf). 


The two remaining cases are identical. For 


(abc)(def) (ght) .(taghe)(jebdf) = thad .jege, 
[(thad)(jege)]?. (ae)(bd)(af)(gh) = (tefea)( jhbdg). 


There ts then only one simple group of order 360. This is therefore isomorphic 
with the alternating substitution group of 6 letters. 


IIl.—The Simple Group of Order 504. 


A simple group of order 504 must contain either 8 or 36 subgroups of 
order 7. In the former case the isomorphic substitution group of 8 letters 
would contain subgroups of order 68 affecting 7 letters. The latter would con- 
tain subgroups of order 9, which would here include circular substitutions of 3 
letters. There must, therefore, be 36 subgroups of order 7. 

The isomorphic substitution group of 36 letters contains 36 subgroups of 
order 14 affecting 35 letters each. These contain subgroups of order 7 which 
must affect all the 35 letters, since otherwise there would not be 36 distinct sub- 
groups of order 7. If the groups of order 14 were cyclical, their generating 
substitutions, being even, must consist of 2 cycles of 14 letters and 1 cycle of 7 
letters. Such a group would contain one substitution of order 2 affecting 28 


letters, and having therefore in the entire group as conjugates. Accordingly, 


the groups of order 14 are non-cyclical, and each of them contains, beside the 
subgroup of order 7, 7 conjugate substitutions of order 2, which transform the sub- 
stitutions of order 7 into their 6 powers. The substitutions of order 2 might leave 
one letter of each of the 5 cycles of a substitution of order 7 unchanged and permute 
the 4 remaining letters of each cycle in pairs, or they might interchange the 
letters of one or of two pairs of cycles. It appears that an even substitution of 
order 2 must leave exactly 4 letters unchanged. The total number of conjugate 


substitutions of this type is therefore a .7= 63. 


| 

: 

if 


Cote: Simple Groups as far as Order 660. 311 


Of subgroups of order 9 there must be either 7 or 28, and it appears at once 
that only the latter number is admissible. The isomorphic substitution group 
of 28 letters contains 28 subgroups of order 18 affecting 27 letters. Hach of 
these subgroups of order 18 contains a single subgroup of order 9. If all the 
substitutions of the latter, except identity, affect all the 27 letters, these groups 
would furnish 28.8 = 224 substitutions of order 3 or 9, and these with the 
36.6 = 216 of order 7, the 63 of order 2, and identity would make up the entire 
group. 

If any of the substitutions of a group of order 9 affect less than 27 letters, 
the group cannot be cyclical. For then the subgroup affecting less than 27 let- 
ters could only be of order 3 and affect 9 or 18 letters, and such a subgroup 
would have = or = conjugates in the entire group. Again, if the groups of 
order 9 were non-cyclical, a subgroup which affected less than 27 letters could 
affect only’ 24, 21, 18,.... letters. It would then occur in 4, 7, 10,.... of the 
groups of order 9, and would therefore be commutative with a multiple of 4.9, 
7.9, 10.9,.... substitutions of the entire group. Then its number of conju- 


gates in the latter would be a divisor of pe = ,e+e. The only admissible 


possibility is that it should occur in 4 groups of order 9 and have 14 conjugates. 

The isomorphic substitution group of 14 letters would contain 14 subgroups 
of order 36, each including 4 non-cyclical subgroups of order 3. The latter have 
a subgroup of order 3 in common, and furnish beside this 4.3 = 12 other sub- 
groups of order 3. Among the remaining substitutions of the groups of order 
36 must be contained the 63 conjugate substitutions of order 2. These, being 
even, must affect either 8 or 12 letters. If there are A of them in each group, 
the number of their conjugates is 68 = = es ; hence A = 27,9. Only the 
latter case is possible, and the groups of order 36 are then complete. 

From the preceding considerations we deduce the result that 


In a simple group of order 504 the operations of order 2 are all conjugate, and 
their number ts 63. 


The isomorphic substitution group of 63 letters contains 63 subgroups of 
order 8 affecting 62 letters each. These groups contain the 63 substitutions of 
order 2, the existence of which has just been demonstrated. If A of these occur 

41 
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in each group of order 8, and if each of them leaves & letters unchanged, their 


total number is 63 = 92° Consequently h=k. But as h< 8 and the substi- 


k 
tutions of order 2 are even, we can only take k= 8, 7. 

In the latter case the groups of order 8 are made up entirely from the sub- 
stitutions of order 2. These are all commutative with each other, and as each of 
them occurs in 7 of the groups of order 8, each is commutative with more than 
8 substitutions, and has therefore less than 63 conjugates, wnless the 7 growps in 
which it occurs all coincide, so that there are only 9 distinct groups of order 8. 

Again, if k = 3, each group of order 8 contains 4 as yet unidentified substi- 
tutions. These could only be of order 4, and as their squares, being of order 2, 
must affect 60 letters, they must consist of 15 cycles of 4 letters and 1 cycle of 2 
letters. But then they affect 62 letters, and the entire group would contain 
63.4 = 252 of them, which is impossible. 

Accordingly a simple group of order 504 contains exactly 9 subgroups of 
order 8. 

Expressed as a substitution group of 9 letters, the group contains circular 
substitutions of 7 letters, and is therefore triply transitive. The 9 doubly transi- 
tive subgroups which affect 8 letters each are of order 56, and each of them con- 


tains 8 circular subgroups of order 7 and a single subgroup of order 8. The 
latter, as already shown, contains, beside identity, 7 substitutions of order 2 
which here affect 8 letters each. The substitutions of order 7 transform the 7 
substitutions of order 2 in a cycle. 

For the group of order 8 we may take 


1, (ab)(cd)(ef)(gh), 
(ac)(bd)(eg)( fh), 
(ad)(be)(eh)( fg) 
(af)(be)(ch) (dg), 
(ag)(bh)(ce)(df) , 
(ah)(b9)(ef)(de) , 
and for one of the substitutions of order 7, 
o = (bcedgh/). 


The substitution o transforms the group of order 8 into itself, and in combination 


i 

4 

i 

¢ 


Cote: Simple Groups as far as Order 660, 313 


with the latter therefore generates one of the required groups of order 56 affect- 
ing 8 letters. As the latter can obviously be constructed in essentially only 
one way, it only remains to show that the substitutions of 9 letters can also be 
chosen in only one way, and that the result is actually a group. 

For this purpose it is convenient to recur to the fact that the group of order 
504 contains 36 subgroups of order 7, each of which is therefore transformed into 
itself by 14 substitutions. These form a non-cyclical group of this order which 
therefore contains 7 substitutions of order 2, which transform the corresponding 
substitution of order 7 into its 6 power. For the particular substitution 


o = (beedghf), 
one of the required substitutions of order 2 is 
t = (of )(eh)(dg)(a?), 
and the combination of this with w= (ac)(bd)(eg)(fh) gives 
tu = p = (atchgbdef). 


The last substitution combined with the group of order 56 above gives rise to 
a group the order of which is a multiple of 9.56 = 504. 
The group of order 56 being denoted by H, it can now be shown that for 


every a p°H = Hp’. 
The order of the group generated by p and Z is then exactly 504. Writing 


= (ab)(cd)(f)(gh), t= (ae)(Bf)(cg)(dh), (ah)(bg)(of) (de), 
= (ac)(bd)(eg)(Fh), (af)(be)(ch)(dg), o = (bcedghf), 
T= (ad)(be)(eh)(fg), (aichgbdef), 


and noticing that o and any Tf, as 73, suffice to generate H, we have only to show 
that for every a 
= Hp*, p’o = Hp’. 

But we have at once 

and a brief calculation furnishes 

po =otp’, , 

, 


— 8 
poorp, 


. 
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The existence of the group of order 504 having now been demonstrated, it 
is easy to show that this group is in reality simple. Those of its substitutions 
which affect less than 9 letters are already known. They.are 216 substitutions 
of order 7 and 63 of order 2, the latter affecting 8 letters each. The remaining 
224 substitutions affecting 9 letters must all be regular, and are therefore all of 
order 3 or order 9. They are all certainly contained in subgroups of order 9. 
But the number of these subgroups cannot exceed 28, and in this case they can 
furnish 224 substitutions only if they have no substitutions common to two of 
them. There are, therefore, in fact 28 subgroups of order 9. As one of these, 
{p}, is cyclical, they are all cyclical, and, as just shown, their substitutions are 
all different. 

If, now, the group contained a self-conjugate subgroup, the latter must be 
transitive. Then its order must be a multiple of 9, and accordingly it would 
contain a subgroup of order 9 and therefore all the subgroups of order 9. Its 


order, being a divisor of 504, and being as great as 224, must therefore be 252. 


But the 27 remaining substitutions could not be taken either from those of order 
2 or those of order 7; for if any one of either set occurs in a self-conjugate sub- 
group, all of the set must occur, There is, therefore, no self-conjugate subgroup. 
It appears then that 

There is one, and only one, simple group of order 504. This group can be 
expressed as a transitive substitution group of 9 letters, and in this form it can be 
generated by the substitutions 


(ab)(cd)(ef)(gh), (beedghf), (aichgbdef). 


It contains 28 cyclical subgroups of order 9, having no operatign except identity com- 
mon to any two of them; 36 subgroups of order 7; and 9 subgroups of order 8, 
each consisting of 7 substitutions of order 2 and identity. 


IV.—The Simple Group of Order 660. 


This group must contain exactly 12 subgroups of order 11. The isomorphic 
substitution group of 12 letters contains 12 subgroups of order 55 affecting 11 
letters each. Each of these subgroups contains 11 conjugate subgroups of order 
5 affecting 10 letters each. The total number of subgroups of order 5 in the 


entire group is therefore 3 .11 = 66, and each of these is transformed into itself 


by a group of 10 substitutions. 


i 
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These last groups cannot be cyclical, for there would be 66 of them, and 
they would furnish 66.4 new operations of order 10. There would then remain 
only 9 unidentified operations, and these could include at the most only 4 sub- 
groups of order 3. Accordingly, each of the subgroups of order 10 contains 5 sub- 
stitutions of order 2, which must here affect 12 letters each. These substitutions 
transform those of order 5 contained in the same group of order 10 into their 4™ 
powers. If, now, the substitution of order 5 is, for example, 


s==(12345)(6 789 10), 


the corresponding substitutions of order 2, which must affect 12 letters and trans- 
form s into its 4° power, can only be 


(1 6) (2 10) (3 9) (4 8) (5 7) (11 12), 
(1 7) (2 6) (3 10) (4 9) (5 8) (11 12), 
(1 8) (2 7) (3 6) (4 10) (5 9) (11 12), 
(1 9) (2 8) (3 7) (4 6) (5 10) (11 12), 
(1 10) (2 9) (3 8) (4 7) (5 6) (11 12). 


As soon, therefore, as a circular substitution of order 11 is assigned, one of order 
5 is fixed and with it 5 of order 2. These are sufficient to generate the entire 
group, and there can therefore be only one type of a simple group of this order. 
That such a type exists is well known (cf. for example Klein, Elliptische Modul- 
functionen, I, Chap. VIII). 

ANN ARBOR, May, 1893. 


On the Expansion of Functions in Infinite Series. 


By W. H. Ecuots. 


Cauchy’s methods leave little to be desired in the expansion of functions in 
infinite series, and have transferred all at once the treatment of the subject from 
the methods of the Differential to those of the Integral Calculus. This is justly 
so, on account of the increased rigor of the analysis applied and on account of 
the facilities which it offers for the study of the properties of functions. Yet it 
has seemed to me not uninteresting to seek generalization of the older methods 
and to question wherein they have failed to supply the demand made of them. 
The following is a brief outline sketch made along the lines of enquiry, and 
imperfect as it may appear here and there in points but lightly touched, it seems 
to throw a light upon this subject from a different source, and it would appear 
that there may be certain points of vantage in the serial coefficients over their 
integral forms in discussing certain properties of functions. 


1. Let fe and @2(r=1....2-—1) be monogenic functions of a complex 
variable z, which are holomorphous throughout a certain region containing the 
arbitrary closed path C. 

Let there be a function 


> A,9,2, 
r=0 


in which ¢,z=1 and ¢,z are functions whose law of successive formation with 
respect to 7 is known, and whose coefficients A,, independent of the variable z, 
are at present arbitrary, but whose law of formation is to be determined. 

Let R,,...., R, be the differences between the functions /z and S,,z at the 
points z,,....,.2,. We then have in 


Fin = Siem + Rn; 


i 
| 
i] 
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n relations connecting the n values A,(r =0....n—1). Let us so determine 
these n quantities A, that we shall have R,,=0. This condition, which assures 
the arithmetical coincidence of the functions fz and S,z at the points %..,, is 
expressed by* 


Let the n points z,,., be on the path C so that these points are at the ver- 
tices of an inscribed polygon of n sides w,....w,. We then have generally 


n 
% =w, and 4+ W, = %. 
1 


We suppose w,(7=1....m) to be such that mod w, vanishes along with - 
1/n. The condition that fz and §,z shall coincide at an infinite number of con- 
secutive points along C, that is, all along the path C, is that the coefficient A, 
shall have the limiting value of this ratio (1) when n=. This ratio takes the 
indeterminate form 0/0 when n=, since then w, is infinitesimal and z, and 
%,—» converge to z,. To remove this indetermination we apply to each term of 


the ratio the operator ae Peer 


[Dim 


Whence 


and its limit may be taken without indetermination. 

Let z be an arbitrary point taken anywhere on C at a finite distance 
from z,. The condition (3) ‘is independent of the route pursued in tracing the 
closed path C through z,.and z, since the intermediate points no longer appear 
and the derivatives of the monogenic functions at z, are independent of the direc- 
tion with which C passes through z,, and since the functions are supposed 
uniform, their values at z, and z are also independent of the path traced between 
z,andz. This being so, condition (3) expresses, therefore, also the more general 
condition that the functions fz and S,z shall coincide at all points throughout 


* The vertical space rule being used here to denote the umbral determinant notation and not the 
modulus of the complex quantity. The terms between the verticals being those of the principal 
diagonal. 
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the whole region of holomorphism. If, therefore, the condition (3) be found to 
be such that S,z is a convergent series, then the arithmetical equivalence of this 
series with the function /z at all points throughout the holomorphic region is 


assured. 
For example, if @,2=2"/r!, the value of S,z is readily seen to be 


> (2— 


the convergence of which is assured when the derivatives of finite order of fz 
at z, are not infinite, and after some fixed m* derivative the (m + p)" deriva- 
tive is not greater than the (m+ p)™ power of a finite quantity. If we may 
identify such properties to be those of a holomorphic function, then every holo- 
morphic function is expansible in Taylor’s series throughout its region of holo- 
morphism. Let us regard the functions with which we are going to deal as 
enjoying these properties, then all properties which may be deduced from Tay- 
lor’s series belong to them. 


2. If we stop this process at the n“ term we obtain an interpolation formula 
for fz along the chosen path C expressed in terms of the functions at the points 
%...., along C. 

The difference R between the function fz and the interpolation value S,z 
at any arbitrary running point z on C will be 

+++ 

We may, if we choose, regard the points %..., as being arbitrarily located 
isolated points about in the holomorphic region, and z as before a wandering 
point in that region. If we wish to evaluate this ratio when n=, we may 
remove the indetermination caused by the convergence of the 2’s to 4 by apply- 
ing the operator (2) to each term. Regarding the z’s as shrunk upon %, we have 
without indetermination the interpolation 


[Pit +++ 


i | 
{ 
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or 


n—1 
A= + R. 
0 


*3. Let yz be a function having the same properties with /z, and let us seek 
to compare their interpolative differences as obtained from (5), which we call 
R, and 

If Fz be a holomorphous function throughout a connected region containing 
the two points z and 2’, and if these points be zeros of Fz, then the derivative 
of Fz will have a zero somewhere on a finite path traced in this region between 
z and 2’, by the theorem of mean value 

Fd — Fe! 
mod A<1, S= length of path, and ¢ a point on this path between 2 and 2”. 

Let Z be the ratio of R, to R,, which is to be determined. Let z, be some 
arbitrarily chosen fixed point on C. Then we have 2,= R,/R,,. Consider 
the function 


This and its first m —1 derivatives have the zero z,. The function also has the 
zero 2%, therefore if the theorem of mean value holds good for it and its first 
nm—1 derivatives, its n'* derivative must have a zero ¢ somewhere on C. 


Whence De. = 0, 
and if the n™ derivative of R, does not vanish in the region considered we may 
divide by it and have 

y B,/R, Dp | 
since we may drop the subscript, z being an arbitrary point. If, therefore, we 
be examining the expansion of an unfamiliar function /z, we may investigate it 
through the aid of a more familiar one, yz. The remainder after the n™ term 
of the interpolation being p" 


(6) 


If Y~z be expansible to infinity, then R, vanishes with 1/n and we are con- 
cerned with the limit, when n = o, of the ratio of the n™ derivatives of 


n—1 n—l1 
Si— A,o,z and yz— A,o,2 


in the region under consideration. 


23 applies only to functions of a real variable. 4=1. 
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If we take Yz=9,z, then in the example given above of Taylor’s series 
we have (@—2)" 

= A" /n! 

Any number of apparently more general forms of this remainder can be 
made from the general theorem (6). Thus put A? and Rf for the remainders 
after n and p terms of expansion of fz and yz. Then 
p Ky, 

Let 9,2 = (2 —2,)’/r! and >p. Then 

4. It is one of the properties of a holomorphic function deducible from Tay- 
lor’s formula, that if such a function vanishes all along a line of finite length it 
vanishes throughout its holomorphic region. The limit (3) is this condition 
which, if fulfilled by the convergence of S,z, secures the coincidence of /z with 
this series throughout this region. 

The determination of the coefficients of S,,z involves the determination of 
the limit of the ratio of the first minor of a Wronskian to its major when the 
number of rows is infinite. This is easily evaluated in two general cases; first, 
when the elements of the Wronskian on either side of the principal diagonal 
vanish; second, when the Wronskian becomes a difference-product.* It is 


desirable to know what other forms admit of evaluation. 


5. A class of p, functions of importance, such as certain periodic functions, 
are holomorphic for finite values of 7, but cease to be so for infinite values of r. 
In general, if it be merely a question of arithmetical equivalence between /z 
and §..z, within a certain boundary, it will be sufficient to show that £ is infini- 
tesimal for the region considered. If we enquire further into the nature of the 
equivalence and the extent of the coincidence, it will be necessary to investigate 
the relation between the infinitesimals R and w, which, if of the orders i and j 
respectively, we say that the function fz and the series S..z have a coincidence 
of the order (¢ —j + 1) with contact of the order (t—7). 


CHARLOTTESVILLE, March, 1893. 
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The Elliptic Inequalities in the Lunar Theory. 


By Ernest W. Brown, Fellow of Christ's College, Cambridge. 


[Continued from page 263.] 


The coefficients depending on the first power of the eccentricity having 
been obtained with sufficient accuracy, it is possible to proceed and obtain those 
depending on the square and higher powers of the same quantity. It is to be 
remembered that the value of c, the ratio of the two periods, was only the first 
term of an infinite series arranged in powers of the square of the eccentricity. 
Hence in obtaining the coefficients depending on higher powers of the eccentricity, 
it may be found necessary to have more terms of this series calculated. 


In the system of equations (4) put p = 0, there results 
(Js 0, 9) Ay, g (4, 0) Ay, + 0] Ay, = 


for all integral values of 7, excepti=0. Now the suffix + q denotes that the 
term to which it is attached involves the eccentricity raised to the positive power 
qg, hence in this equation only even powers of the eccentricity will occur. 
Omitting terms which are of an order higher than Yj, we have, in accordance 
with the notation previously used, 


A,1=&, A; _,=&. 
We now put 


instead of a;, where da, denotes the new part depending on the eccentricity ; 
a; has the numerical value before assigned and da; is evidently of the order Yj. 


A; a; + da; 
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Hence gq will only take the values 0, +1. Performing these substitutions we 
obtain 


0, 0)(a; + + da; _ 4) + (J; 2, 0, 1) + (J; t, 0, 1) 
+ (i, 0) 3;{(a; + da;)(a;_;-1 + + 
+ 0] (a; + + + = 


If we omit the terms depending on Y? the equation becomes the same as that 
used by Dr. Hill to obtain a;,. 

It is necessary to see in what way c is involved in the coefficients (7, 2, 
0, 0), etc. Referring back to the general equations in Section I it was seen that 
e always occurred in one of the combinations 2i + cp, 27 -++cq. The coefficients 
(7, 7, 0, 0), (%, 0) and [%, 0] will therefore be independent of c, while the two 
coefficients (7, 7, 0, + 1) will only involve this letter in their numerators. As 
the last series of coefficients only multiply quantities which are themselves of the 
order Y%, it is sufficient for the purpose of obtaining a; + da, to this order to use 
the known part of the value of ¢ which is independent of the eccentricity. 

As the quantities a, retain their previous signification, we obtain for the 
determination of da; the set of equations 


2, 0, 0)(a;da;_; a; +: (J; 0, 1) ge;_; (J; 2, 1) 
+ 0)(a,_;_,da; + + 2[%, 0] + = 0 


omitting as before that fori =0. 

The labour of calculation is conducted in a way similar to that which was 
followed in the case of ¢,, ¢{. The amount seems greater on account of the larger 
number of terms to be calculated ; it is, however, not necessary to push the results 
to so many places of decimals. In addition, the coefficients (7,7, 0, 0), (i, 0) 
and [z, 0] are given by Dr. Hill in Vol. I, pp. 245-6; his notations for them are 
respectively (7,7), (¢) and [¢]-. The terms in ¢,, e; can be calculated exactly at 
the first approximation by using the values previously given for these quantities, 
and in obtaining the second approximation it is necessary only to find the 
changes in da,;. I recall that a, = 1 when ¢ = 0, and therefore for that value of 
4, oa; = 0. 

The values of da; are given below to eight places of decimals. The calcula- 
tions were made to nine places, and to that order a third approximation was 
found to be unnecessary. 


Brown: The Elliptic Inequalities in the Lunar Theory. 323 


da, = + .03938 170 Y2, da_, = + .01376- 519 Y32, 


da, = + .00046 113 Y?2, da_,—= + .00002 216 
daz = + .00000 473 Y?, da_3= +.00000 026 Y%, 
da,= + .00000 005 Y?, +.00000 000 Y%. 


For the sake of completeness the value of day, the part of a, which depends 
on the square of the Bini is obtained. We have (Vol. I, p. 131) 


= = 2mD)u + $m? (u + 8). 


Substitute in this equation 


u = day) + da; + + | 
s= (a+ day) + 436° + 


where a, has the numerical relation to (u/n’)* given by Dr. Hill. Since the result 
of such a substitution ought to be an identity for all powers of ¢, consider the set 
of terms independent of ¢+°. Those on the right-hand side to the order Yj are, 
after division by a) + dap, 
+ da;) { (22 +1-+m) + + $m? (a_4_1 + da_ 4-1) 
Put ¢ = 1 and let 
H= (2% + 1+ m)? + 
The right-hand side then becomes H + 5H when (¢=1. 
In the expressions for w, s just given, put ¢ = %, i. e. ¢ = 1 except where it 
occurs to the index +c: 
U = (ay + day) + da; + 
8 = (dy + bay) + da; + + 
and substitute in xw/(a) + da))(us)?. Taking out those terms as before inde- 
pendent of a we obtain as far as the order Y7, 


(a, + da)” (us == (Za, + dda; + + Se} (Sa, + + 


3 dda; 3 15 
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which gives 


(1 _ 3 (Se + + 
(2a,)° 2a; 4 (Sa,)" 


for the terms independent of ¢+*°. 
Let this expression be put equal to J+dJ where J=1/(2a;)*. Taking 


account of the value of x which is u (1+ m)*/n’, we obtain 


a, + 80, = (4) [St 


Dr. Hill has obtained (Vol. I, p. 144) 
+ 


— + 99909 31420 ( 


(Se, + + {(2i +1+ m)? + 
4 (Xa,)° 32a, +1+ m)? + 2m*} 


Reducing to numbers by means of the known results, 


__ 13311 98 
Ag 


and therefore the common factor for the series in uw, s to the order Yj is 


dy + = (+ .99909 31420 — 13299 21 ¥3)(4). 


VI. 


The next step forward requires us to obtain the series of coefficients (¢, + 2). 
In equation (4) put p= + 2 successively. It will be seen that the terms are all 
of the order Yj at least, and that to obtain them to this order we only need to 
know ¢;, ¢, and the values of a,; those of da; are not required. In this case g 
only takes the values 0, +1, +2, terms which involve a higher second suffix 


| 
Hence 

1 
2 dda; 
| | 
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than +2 being omitted. It is convenient to denote A,;, and A, _, by f, and f/ 
respectively on the same plan as before. The equations for the determination 
of f, and become 


2, 2) 1, 2, 0) a; + (J, 2, 1) 
+ (g—t, —t, —2, —1) &e/_, 
+2[— 2, &j + 2(— a, =0. 


The first line of the second equation has been transformed by putting 7 — i for 7 
in order to make it uniform for calculation with the first equation. The two 
differ now only in their coefficients and can be dealt with together. The coeffi- 
cients in the first line of each equation are transformed in the same way as in 
IV. It is evident that the known value of c is sufficient, all the terms being 
of the order Yj. The terms depending on ¢,, e; are fully calculated at the first 
approximation, and we proceed by methods like those used in obtaining the 
numerical values of da;. 
The results are as follows: 


/ 

= + 09402 355 = + .03180 170 
0 0 
/ 

= —-06517 276 = + .01564 642 
0 


/ 
= + .00132 915 = + .00428 597 


= + .00000174 = + .00004 843 


/ 
7] = + .00000 003 te = + .00000 049 
0 0 
et = + .00112 370 fA = + .00006 457 
0 0 
/ 
4 = + .00001 161 “Fz = + .00000 066 
0 0 
te = + .00000 011 fos = + .00000 001 


72 


0 
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The maximum number of approximations necessary to obtain these results 
was four. The common divisor of f_, and /j is 
(2— 2c)*{2(2 — 2c)? 2—4m+ 


Asc=1.07...., the factor (2 — 2c) causes this divisor to be small and f_,, // 
correspondingly large. As /_, and /{ are comparable in size with f and /}, the 
number of approximations necessary for a given accuracy is much increased. 
The extra labor involved is not, however, very great, as very few of the terms in 
the expressions are affected. 

When this divisor is expanded in powers of m, a series whose early terms 
(in the case of our moon) gradually increase, results. For 


accounting in some measure for the slow convergence of Delaunay’s coefficient of 
the term with argument 2D — 2/ (see Section IX). 


VIL. 


It is now necessary to determine the parts of A;, which depend on the 
cube of the eccentricity : there are none dependent on the square of that quantity, 
as has been pointed out. The chief difficulty here arises from the fact that it is 
necessary to obtain a further approximation to the value of c. This latter is, 
however, the principal object in view in this section, and it was necessary to push 
the computations thus far in order to achieve it. | 

In equation (4) put p= 1 and let g take in addition such additional values 
that the terms depending on Y$ may be included. Reference is made to Sections 
III and IV. Using the previous notation as far as it is available, the equation 
for p= 1 is 

(J; 2, 1 ’ —1)A, 1)(A,_;—-1, i+ A,;, 5-1, _1) 
+ 1] (A~i_ 5-1, 0Aj, + Aj, 24 -1) = 0. 


We now put as before 
A; »>=a,; + A, Ay 


| 
3 201 
—l=m— —-m’— —n'—.... 
|| 
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and now 
+ de, A, = &| + de;, 


so that «,, e; denote the values found in the first part of this paper of the order 
Y, and d¢,, de, denote the new parts to be found of the order Y3. Also let dc 
denote the new part of the ratio of the two periods of the order Y?, so that 
c + dc represents its full value to this order. Let us for a moment denote by 
F,, the divisor 


+ pe + pédc){2(2% + pe + — 2—4m + 


which is common to all the coefficients. The coefficients (7, p), [t, p] have in 
addition the divisor (2i + pe + pdc). Multiply the equation by F,; it will then 
be free from fractions involving c + dc in the denominators except as regards the 
coefficients just mentioned. The equation has been already solved when éc, de,, 
de;, da; and terms of higher order are put equal to zero. Hence taking the 
variations of c, ¢;, ¢;, a; and including such terms of higher orders as are required, 
we have, after division by F; (in which expression dc can be put zero), for p= 1 


Pj, 1) 885 + Gee + 1] ji} dey 
+4 Pj, + 1) + 8a; 45+ 1] 


+ (Ques + 1) Ft 


Here &; is to be understood to stand before each term. There will be a similar 
equation for p= — 1, de, and de!_; being a pair which are calculated together. 

The method of proceeding is by continued approximation as in the deter- 
mination of ¢,, ¢,. We obtain de,, de; for a sufficient number of values of i, 
excluding += 0, in terms of de), Yode, the results as is evident being 
linear functions of these quantities with numerical coefficients. The results are 
then substituted in the two equations given by i= 0 (or two equivalent equations) 
and we obtain two linear relations between the same four quantities. 

The number of terms to be computed is very large, but the following obser- 
43 
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vations will show that the amount of calculation is really smaller than at first 
sight appears. 

There are four sets of terms involving in combination (i) the letters a, de; 
_ (ii) the letters ¢, da; (iii) a, e, dc; (iv) e, f. These can be dealt with sepa- 
rately at the first approximation. 

In set (i) we are going to determine the parts of d¢,, de; which depend on 
dg, 6&- But the expressions are exactly the same as those given in IV for 
determining ¢,, ¢; in terms of &, e. The results are therefore to hand. 

In set (ii) the coefficients are the same as those in IV and are therefore 
known ; also as da,, ¢, ¢; are known, the set can be completely calculated at the 
first approximation in terms of Y7%. 

In set (iii) the new coefficients have to be found, a;, ¢, ¢; are known. 
These terms can also be completely obtained at the first approximation, ex- 
pressed in terms of Y,dc; as dc comes out approximately .0027 Y;', these terms 
are calculated to two fewer places of decimals than those involving Yj. 

Set (iv) can be calculated completely at the first approximation in terms of 
Y}, as all the quantities are known. In addition the coefficients (2, 1), [2, 1] 
have been found, while as 


(7, %, 1, g) = (27 + ge) (27 + ge) M, 


and that L;, M, have been calculated, these coefficients are soon obtained. 

Having calculated as far as possible all the terms at the first approximation, 
we use the values of d¢,, de; thus obtained for the second approximation. Set (i) 
will be the only one affected, and its coefficients have been found. These 
approximations will of course add to the coefficients of Y?3 and Y,dc, but not to 
those of de, and de}, as is evident from the remarks on set (i). 

The coefficients ¢;, ej have been expressed in terms of Y, or &,—. It now 
appears that Y, has an additional part de) — de, to be added to it. This really 
amounts to introducing a new arbitrary constant, or, in other words, to making 
&) — & + d& — de, the arbitrary constant instead of e,— «. This is inconvenient 
and causes unnecessary complications. Since we are at liberty to choose our 
arbitrary, it will be simplest to make it Y,, so that )¥,=0. Hence the coefii- 
cient of the principal elliptic term in the expression for the coordinate y will, in 


this theory, be 
Ao + day Yo, 


| 
| 
. 
4 
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where a, + da) has the value which is found above expressed in terms of (u/n*)! 
and Y?. We have then de} = dg). 
The values of de;, def found as above are given below. 


de_, = + .02435 517 
de, = —.00877 697 
dg; = + .02529 357 
= + .00322 634 
= + .00070 947 
d& = + .00526 427 
d& = + .00048 131 
de» = + .00002 534 
de_3 = + .00000 493 
= + .00009 895 
de; = +.00000 678 
= + .00000 031 
de_4 = + .00000 006 
de, = + .00000 137 


Y3 


3 
0 


3 


+ .22567 789 de, 
— .08834 235 de, 
+ .00215 229 de, 
— .00128 260 de, 
+ .00008 499 de, 
— .00049 147 de, 
+ .00000 620 de, 
— .00000 076 de, 
— .00000 019 de, 
— .00000 333 de, 
— .00000 001 de, 


+ .76306 1 ¥,0e, 
— .24185 2 Vide, 
— .00006 1 
+ .00079 8 
+ .00008 7 
— .00145 3 
— .00000 1 Vee, 


— .00001 0 Y,de, 


In order to obtain the numerical ratios of da, dc to Y3, we may use the two 
equations of the system just considered for i= 0. 
equation of verification was, however, computed,—in this case, the second of 
equations (6) in the first part of this paper, with the necessary terms of order Yj 
included. These three equations gave respectively 


+ .00425 226 Y3+ .02946 89 de, — 1.11898 7 Vode =0 
+ .00902 093 Y3+ .00129 30 de, — 3.33860 6 Yide = 0 
+ .18016 812 4.32005 66 de, + .987815 0. 


The first of these combined with the third gave 
dc = + .00268 561 


As will be stated below, an 


and the second with the third gave 2 instead of 1 for the last place of decimals. 
Whence 


= de, = — .04231 912 


Yu 
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Substituting in the table just given for the values of de,, we obtain as the final 
values for these 


/ 
=+.01685 40 =—.00568 79 =+.02520 23 = +.00328 28 
0 0 0 


/ 
=+.00070 60 =+.00528 12 = 4.00048 10 +.00002 54 
0 0 
4 90000 49 28 =+.00009 91 =+.00000 68 +.00000 03 
/ 


ys =-+.00000 14 
0 


It is not my intention to carry the calculation of the coefficients to any 
further extent. Enough has been given to show how they can be obtained to 
any desired accuracy ; and the methods outlined above for making the computa- 
tions can be arranged so that the assistance of a computer of ordinary intelli- 
gence can be largely made use of. One of the chief advantages of these methods 
is the ease with which equations of verification can be employed. Before com- 
paring some of the results with the corresponding ones of Delaunay, I shall give 
a short account of the methods of verification used. 


VIII. 


Verification of the Results. 


There appear to be two principal sources of error in the class of computa- 
tions here treated apart from that produced by the use of logarithms. The first is 
the common one of making an actual numerical mistake of any kind whatever ; the 
second arises from a term omitted altogether. It is therefore necessary to have 
such equations of verification as shall give some security that errors proceeding 
from both these sources may be eliminated... Owing to the interdependence of 
the various approximations and, in the case of the higher coefficients, to the 
large number of terms to be computed, it is advisable to have at each step a test 
for errors arising from the first and chief source. For this object the equation 
most useful, on account of its simplicity, is the. second of equations (3). It was 
used in all the calculations for coefficients depending on the square and cube of 
the eccentricity. In it the terms are arranged in the same way as those in the 
equations used for finding the results; that is to say, the suffixes proceed in 


5 
i 
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the same order, and the coefficients depending on m, c alone differ. An error 
therefore of a sensible term omitted altogether in finding any pair of coefficients 
would probably also occur in the equation of verification. Such a case occurred 
once in these computations. For the coefficients depending on the first power 
of the eccentricity, one of equations (6) was used, as the computations of the 
coefficients of its various terms were simple, and as it served at one calculation 
to verify the four quantities of the same order, ¢;, e_;, e{, e_;, while the second 
of equations (3) required two calculations, one for ¢;, e_, and another for é/, e_,;. 
It will be noticed, too, that the terms in equations (6) are arranged somewhat 
differently, a property which possesses some value in this connection. 

To detect an error of the second kind, reliance was placed on the computa- 
tion of an expression which has an entirely different form. In the equation 


2 
+ + Du. Ds — 2m (uDs — sDu) + (u 
substitute the values of wu, s, Du, etc., found and arrange the result in powers 
of Y, and @+*. The result will be of the form 
C 
(ay + dap) 


Here a, a’, 8, B’, y will be series in ¢* with known numerical coefficients. As 
this equation should be true for all values of ¢, we should have 


C 


to the degree of approximation used; moreover, since Y, is arbitrary, in addi- 
tion we have 

B=0, 
Again, as these equations ought to hold for all values of [, we can put ¢=1 in 


each of them; the verification depends on the results being identically zero. Its 
value arises from the fact that the expressions to be here calculated are all of 


such forms as 


(2+ 1)a,, etc, 


ann 
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they are therefore totally different from any of those previously used. The 
higher coefficients as de, /,, etc., are, however, multiplied by large numbers in 
some cases, and therefore unless these are carried to a higher degree of approxi- 
mation than was before found necessary, this method fails to test quite fully the 
results obtained. For practical purposes, since the coefficients have been com- 
puted to a large number of places of decimals, the test appears to be sufficient. 

The Jacobian constant is obtained by putting p = 0 in the first of equations 
(3). Let C now denote the initial value of this constant as found by Dr. Hill, and 
dC the new part depending on Yj. From the equation we obtain by means of the 
known values of da;, 


60 — + .34552 75 Y?2. 


ao 


The value of SC obtained from the equation of verification above where ¢ is put 
equal to unity, differs only by one unit in the last place. This therefore gives 
the required verification for the series of coefficients da,. The coefficients f,, /; 
are absent from these expressions. 

The case of these coefficients da, requires special mention. The two values 
of dC found from two entirely independent expressions differ only by one unit in 


the seventh figure. That is to say, they are the same within the limits of error. 
It seems very improbable that an error of one unit in the fourth significant 
figure of da, or da_,, or of the first significant figure in da, or da_,, should have 
been able to elude detection while running through two separate sets of equa- 
tions of verification. Yet this is roughly the amount of error required to make 
the results agree with those of Delaunay as shown in the next section. 

In order to verify the transformations from rectangular to polar coordinates, 
in which the method of ‘special values’ was adopted, an extra ‘special value’ 
was computed and the results were found to be accordant. 

All computations once made were gone through a second time. The average 
error made in the later portions of the work was about one in every four or five 
hundred figures. It did not seem to be confined to any particular class of 
operation. In using the new eight-figure tables of the French Government, 
extra care was exercised for the differences; and the chance of error thus 
diminished. 


a 
4 
| 
i 
i 
4 
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IX. 
Transformation to Polar Coordinates. 


Let v denote the difference between the true and mean longitudes. Gath- 
ering together the results of the previous sections and adding those given by 
Dr. Hill (Vol. I, p. 248), we have with Delaunay’s notation for the arguments ; 
that is, 2D for that of the ‘Variation’ and 7 for that of the principal elliptic 


term: 
tk 1 + (—.00718 00395 + .05314 689 Y?) cos 2D 
+ (+ .00000 60424 + .00048 328 Y%) cos 4D 
+ (+ .00000 00325 + .00000 499 Y?) cos 6D 
+ (+ .00000 00002 + .00000 005 Y%) cos 8D 
+ (— .49679 1802 Y,—.08463 82 Y%) cos/ 
+ (— .09332 9284 Y¥,+.01116 60 Y%) cos(2D—/J) 
+ (+ .00025 6338 Y,+ .00598 71 Y%) cos (4D—12) 
+ (+ .00000 2210 Y,+.00010 40 Y%) cos (6D —1) 
+ (+ .00000 0025 Y,+.00000 14 Y%) cos(8D— 12) 
+ (+ .00134 2824 Y,+ .02848 51 Y}) cos(2D +1) 
+(+ .00001 0769 Y,+.00050 64 Y%) cos(4D + J) 
+(+ .00000 0079 Y,+.00000 71. Y3) cos (6D + 2) 
+ .12582 524 Yicos 2/ 
— .04952 634 Y?cos (2D — 21) + .00118 827 Y% cos (2D + 2/) 
+ .00561 512 Y2cos (4D — 27) + .00001 227 Yi cos (4D + 2/) 
+ .00005 017 Y?cos(6D— 2/) + .00000 012 Y}cos (6D + 21) 
+ .00000 051 Y?cos (8D — 
+ (+ .01021 14544 + .02561 651 Y%) sin 2D 
Ay + day 


+ (+ .00000 57149 + .00043 897 Y%) sin 4D 
+ (+ .00000 00276 + .00000 447 Y3) sin 6D 
+ (+ .00000 00002 + .00000 005 Y2) sin 8D 


td 
4 
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+ (+ 1.00000 0000 ¥% ) sin 7 

4 (+ .20446 5776 Y,—.02254 19 Y%) sin (2D —J) 
+(+ .00036 0509 Y,+.00457 52 Y%) sin (4D —J) 
+ (+ .00000 1960 Y,+4+.00009 41 Y%) sin (6D 
+ (+ .00000 0023 .00000 13 Y%) sin(8D—1Z) 
+(+ .00159 6237 Y,+.02191 96 Y%) sin(2D +1) 
+(+ .00000 9426 Y,+.00045 57 Y3) sin(4D 
+(+ .00000 0069 Y,+.00000 65 Y3) sin (6D + J) 


+ .06222 185 Y% sin 2/ 

+ .08081 918 Y%sin(2D-—- 27) + .00105 914 Y% sin (2D + 2/) 
+ .00295 682 Y% sin (4D — 2/) + .00001 094 Y% sin (4D + 2/) 
+ .00004 669 Y2 sin (6D— 2/) + .00000 011 Y2sin (6D + 2) 
+ .00000 046 Y% sin (8D — 


To find the longitude we can proceed as follows. The difference of the true 
and mean longitudes is denoted by 


v= tan v 


Tan v is obtained from the above values and the terms are expanded in powers 
of Y,. To Y° are attached the sines of the arguments 2:D, to Yj} the sines of 
21D +1, and to Yj those of 22D, 20D + 21. The coefficients depending on Y} 
have already been obtained and discussed in the first part of this paper. As far 


as the order Y? let 
8 


rsinv= S8{/Y,+ 
where S,, S,, etc., denote the terms involving the respective powers of Yo, etc., 


in the expressions just given. Itis not difficult to prove that when these are 
substituted in the expansion for v, we obtain for the terms involving Y} in v 


— SoS; 4 SoSo (Si — — 87?) 
(83 + 82)? 


The arguments -+ 2/ only appear in the numerators. The coefficients in this 
expression of cos 2/, sin 2’, and that in which 27 does not appear, are quickly 


334 
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separated out and the results are series involving sines and cosines of the argu- 
ments 2.D. ‘To each of these three sets of terms the method of special values 
for 2D can then be applied and the required coefficients of the terms in longi- 
tude obtained. 

The results for these terms are : 


+ Y?[+.12015 93 sin 2D + .30993 73 sin 2/ +.08545 32 sin (2D — 22) 
+ .00209 70 sin 4D + .00532 16 sin(2D + 2/) +.01248 18 sin (4D — 2/) 
+ .00002 70 sin 6D + .00006 81 sin (4D + 2/7) +.00021 37 sin (6D — 21) 
+ .00000 03 sin 8D + .00000 07 sin (6D + 27) +.00000 27 sin (8D — 2/)]. 


The relation between Y, and Delaunay’s e has been found in Section IV. 
By means of it these coefficients expressed in seconds of arc become 


+ 298.959 sin 2D + 771/.132 sin 2/ + 212.610 sin (2D — 2/) 
+ 5/,217sin4D+ 18”, 240 sin(2D + 31”.055 sin (4D — 
+ 0”.067smn6D+ 0.169 sin(4D+ 2/)+ 0.532 sin(6D— 21) 
+ 0O”.001sin8D+ 0”.002 sin(6D + 2/)+ 0”.007 sin (8D — 20). 


The part of the motion of the Lunar Perigee which depends on Yj has been 


found above to be 
dc = + .00268 561 Y?; 


and the relation between Y, and Delaunay’s eccentricity, 
Y) = 2eX 1.00027 136. 


Also 1 doa 1 
(= 

hence 
00994 29 &. 


The series given by Delaunay for this quantity is* 


[= mi + mi + 512 

25291729 352038885 mi] 

16384 ° 41179648 


* Comptes Rendus, Tom. LXXTV, p. 19. 


44 


336 Brown: The Elliptic Inequalities in the Lunar Theory. 


where m,=n'/n. In numbers the portion within the brackets becomes 


00209 82 + .00441 42+ .00193 25+ .00084 82 
+ .00027 04— .00000 39= .00955 96, 


which is considerably less than the previous value, the difference being greater 
than the last term but one of this series. Moreover, Delaunay’s series seems to 
indicate that when estimation is made for the uncalculated portion, his value 
should be even less still. The results, therefore, can scarcely be considered 
accordant. The difference amounts to 0’.055 in the motion. 

The coefficients found above agree with what might have been expected 
from Delaunay’s series, with one exception, the part of the coefficient of the 
variation which depends on e*. Expressed in seconds of arc, Delaunay’s values 
for the terms e’m, e*m’, etc., in the coefficient are* 


217”.976 + 59”.839 +16”, 331+ 3”.852 + 0”.777 + 0”.137 — 0".049 = 298".863; 


and it would appear from this that the true value was somewhat less, say 


298".84 
the value obtained above is 298" .96 


a difference of 0”.12 


It should be pointed out that in Prof. Newcomb’s comparison of Delaunay’s and 
Hansen’s Lunar Theories,} there seems no reason to expect that the former’s 
value of the coefficient is erroneous by so much as one-tenth of a second. It 
may, however, have happened that there is an error in some other part of the 
long expression for this coefficient which may balance a possible error here, or, 
what is more likely, that the other terms if carried further would have given 
some considerable coefficient. The terms in e” converge very slowly up to the 
last given. 

It may be mentioned here, that in comparing the results for many of the 
coefficients with those given by Delaunay the differences are less than a hasty 
inspection would have caused us to estimate. If we examine the series arranged 
in powers of m, more carefully, and especially those which have a power of the 


*Meém. de l’Acad. des Sc., Tom. XXIX, p. 815. 
t Astron. Papers of Amer. Eph., Vol. I, p. 92. 
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eccentricity as a factor, it appears that in ‘most cases the terms have a tendency 
sooner or later to change sign and the term before the change of sign has a com- 
paratively small numerical multiplier. Delaunay sometimes stops at this term, 
thus giving a false idea of the accuracy of the total result. 

The most serious difference is that in the value of the part of the Lunar 
Perigee just obtained, depending on é and the ratio of the mean motions only, 
since, as Dr. Hill has pointed out,* the motion of the Perigee is capable of being 
found observationally with a high degree of accuracy. It is seen from the 
expansion reproduced above that Delaunay in this very slowly converging series 
has carried his terms beyond the change of sign, and another change of sign in 
the uncalculated portion, which would be necessary to make the two results 
accordant, seems hardly likely to occur early enough to produce the difference. 
In either theory the difference, just mentioned, in the coefficient of sin 2D would 
be sufficient to cause the discordance. As I have said in Section VIII, it seems 
hardly probable that a sufficient error has been made in the calculations under- 
taken to obtain da;. It might be surmised that the error arises from the set de,, 
de, The error required there would be several units in the third place of 
decimals, and again this seems improbable in view of the two sets of equations of 
verification. 

One other coefficient is worthy of special notice, namely that of sin (2D — 2/). 
Delaunay gets for this} 


130”.786 + 46”.089 + 22”.283 + 8”.131 + 3”.179 + 1”.308 + 0.542 
= 212”.318 


my coefficient being 212”.610 


so that the remainder of Delaunay’s series is +0’.29. The values of f,, fj not 
depending on those of da, and vice versa, an error in one set does not involve one 
in the other. 

In a similar way may the parts depending on Y3 be transformed to polar 
coordinates. The coefficient of sin / in longitude will be of the form 


a¥,+ 


* On the Part of the Motion of the Lunar Perigee, etc. Acta Math., Vol. VIII, p. 1. 
Tt Mem. cit., p. 828. 
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where a, @ are numerical coefficients. In Delaunay’s theory this coefficient is 


2e—}eé*, 


and therefore the second approximation to Y, in terms of e will be given by 


Sr, 


This must be applied to all terms with arguments 21D + / when it is desired to 
express them in Delaunay’s notation. 


HAVERFORD COLLEGE, June, 1893. 
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On the Multiplication of Semi-convergent Series. 


By Fiorian CaJori. 


In vol. 24, p. 44 of Math. Ann., A. Voss has given the necessary and suffi- 
cient conditions which must be satisfied in order that Cauchy’s rule for the mul- 
tiplication of series be applicable to semi-convergent series Sa, and 36,, in case 
that one of them, say >a,, becomes absolutely convergent when expressed in 
the form & (ay, + Gz,4;). The purpose of the present article is to extend Voss’s 
results. 

It is always possible to find a series converging toward the product of the 
sums of two semi-convergent series, when one of the factor-series can be made 
absolutely convergent on associating its terms into groups, each containing a 


finite number of terms. Thus, if U,= ) a, and V,= > hs are semi-con- 
0 0 


vergent, and if ey Jn is absolutely convergent (g, being the (mn + 1)™ 
0 
group in the first series), then by a theorem of Mertens, 


0 


If the product of and formed 
0 0 0 


according to Cauchy’s rule, is convergent, then by a theorem of Abel, it converges 
to UV. From this it follows that the necessary and sufficient condition for 
the convergence of the product-series is that 


0 0 


n n 
n n n 
co 
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Let us suppose that all the groups contain the same number p of terms, so 
that gn = Ayn + + Opn4p—1, then for the case n= pm, 


0 0 
= bo {Apm4.1 + Apm +2 + + p—1} 


= by (4pm41 + +»—1) 


i 1 

15 + Opi +8 (Apm—pi—2 + + 
i=0 

+ —p+l1 + Dom — pi—p +2 +- E. 


If pm = 2ps, then 


{ Dops—1 + + + 


If pm = 2ps + 1, then 


{ beps + bops—1 +2 } 
+ 9 + + 42} 


In either case a quantity @ and an infinitesimal quantity, €,, approaching 
zero as s increases indefinitely, can be so chosen that, for large values of s (let- 
ting |x| stand for the absolute value of z) , 


Since 3g, is absolutely convergent, it: follows that the second member of 
the inequality approaches the limit zero as s increases indefinitely. Therefore 
E approaches zero as a limit, and the condition that equation (I) be satisfied for 
n= pm, is 

i=m-—1 


+ (Gym —pi—p +1 + Apm—pi =0. 
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By a similar process of reasoning we obtain the condition that (I) be satis- 
fied, for the case n= pm + 7, viz. 
t=m—1 


+ p++ + Gym —pi—1)} = 0. (II) 


i=0 


If we agree to let r represent successively all integral values from 0 to 
p—1 (both inclusive), then expression (II) embodies p equations which constitute | 
together the necessary and sufficient conditions for the existence of equation (1) and 
Jor the applicability of Cauchy’s multiplication rule to Xa, and Xb,. 

Another set of necessary and sufficient conditions can be deduced from 
conditions (II), viz. 

Cauchy’s multiplication rule is applicable to Sa, and Xb,,, of the n™ term of the 
product-series always approaches the limit zero and if ONE of the p conditions in (II) 
is satisfied. 

We first prove that if the n* term of the product-series approaches zero as 
m increases indefinitely and if the (r + 1)™ condition in (II) is satisfied, then the 
r” condition in (II) is also satisfied. We have (disregarding, as we may, a finite 
number of terms a,,_,0, in which r+ 2 orz>pm-+r7), 


i=m—1 
i=0 
i Opt pte (Apm—pi—1 + —ip--p +1) } 
=m 
i=0 
r=p+r—2 
(Gym 4r4+100+ pm 4 + + ab m+r+1) 
r=r 
i=m 


In the first member of this equation we assume the (r + 1)™ condition of 
(II) to be satisfied and the sum of p — 1 successive terms in the product-series to 
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approach zero. Remembering. that >g, is absolutely convergent, it will be seen 
that the first member of the equation approaches the limit zero; hence the 
second member approaches zero. If in the second member we put m—1 in 
place of m, then the expression assumes the form of the 7" condition in (II). 
Hence if the (7+ 1)™ condition is satisfied, the r** condition is satisfied. But if 
the 7" condition is satisfied, then the (r — 1)™ is satisfied, etc., and the theorem 
is established. 

A set of sufficient conditions of convergence is obtained by taking the abso- 
lute values of all the a’s and all the 6’s in (II). In the light of the conditions 
thus obtained one may readily see the correctness of a condition established by 
A. Pringsheim (Math. Annalen, Vol. 21, p. 334), which asserts that the product- 


series is convergent and Cauchy’s rile applicable, if >. a,b, is absolutely con- 
0 


vergent and remains so when any number of factors a,,, b, is replaced by other 
factors of higher indices. Pringsheim proves that when his condition is satisfied, 


then the n term of the product-series approaches zero. Moreover, if ) a,Dp 
0 


co 


converges absolutely, then not only is ) a,b, = 0, but zero is also the limit of 


the sum of all the terms a,b, in the expression, after making substitutions of the 
kind above referred to, provided that x + y52n. But the values of the indices 
x and y may be so chosen that the absolute values of all the products ab involved 
in any one of the p conditions in expression (II) will be included. Hence 
Pringsheim’s sufficient condition is true, for whenever that condition is satisfied, 
then the necessary and sufficient conditions developed in this paper are satisfied. 
But observe that we have verified Pringsheim’s condition only for the case that 
>a, becomes absolutely convergent on associating its terms into groups contain- 
ing an equal number p of terms, while his condition is also applicable to cases 
in which the number of terms in the various groups is not the same. 

As an example, consider the product of the two semi-convergent series 
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The first of these becomes absolutely convergent when p= 3. Pringsheim’s 


test fails here, for ) a,b, 1s not absolutely convergent. Applying the second 
0 

test developed in this paper, we observe that the n™ term of the product-series 

approaches the limit zero as » increases indefinitely, no matter whether n equals 

3m, 3m +1 or3m-+ 2. The first condition in (II) is also satisfied, for 


log 5 38m—4 log8 8m—7 log11 38m—10 


1 2 
log (3m — 4)" 
1 1 2 1 1 2 
| log 3 log 6 (Giz —5 3m— i 


Hence the product-series converges and Cauchy’s multiplication rule is applicable. 
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On Certain Ruled Surfaces of the Fourth Order. 


By Tuomas F. Houcate. 


INTRODUCTION. 


The Ruled Surface of the Fourth Order has been studied to a considerable 
extent both by analytical and by synthetic processes. Perhaps the most im- 
portant and complete analytical treatment of the surface is by Cayley in his 
second and third ‘‘ Memoirs on Skew Surfaces, otherwise Scrolls” (Philosophical 
Transactions, 1864 and 1869, respectively). In these the surface is considered from 
a purely algebraic point of view, and the author is concerned chiefly with the 
determination of the possible different varieties of the surface. These are dis- 
tinguished by the nature of the double curve, and eight species are enumerated 
in the second memoir, to which two others are added in the third memoir. 

The principal synthetic treatment of the surface is by Cremona (Sulle 
superficie gobbe di quarto grado, Mem. della R. Istoria di Bologna, Serie II, T. 
VIII), who makes his first distinction between those surfaces which are of 
deficiency zero and those of deficiency unity. Of the former he finds ten species, 
of the latter, two, thus obtaining two surfaces not observed by Cayley. This 
enumeration of twelve species is, I believe, generally conceded to be complete. 
The surface has also been studied to a greater or less extent by Rohn, Salmon, 
Chasles, Reye and others. 

In the following paper I consider those species of the surface which may 
be generated by two projective sheaves of planes of the second order. These 
all admit a trinodal quartic section, and are consequently of deficiency zero. A 
direct demonstration was necessary at the outset that two such sheaves of planes 
generate in general a Ruled Surface of the Fourth Order, and after this follows a 
discussion of the different species in what appears to be the most natural order 
of succession. The reciprocal of each of these surfaces and the bitangent torse 
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accompanying each are pointed out, and an enumeration of the subforms of the 
different species is made which appears to be complete. In order to avoid fre- 
quent references it was deemed advisable to preface the treatment of the Ruled 
Surface with a brief statement of those properties of the line congruences of 
which constant use is made in the subsequent work. 


§1.—The Line Congruence of the First Order. 


‘1. Let there be given two collinear bundles of rays and planes, designated 
by their centres S and S’, which are neither concentric nor in perspective position, 
and which, in general, have no self-corresponding ray or plane. Corresponding 
forms in these bundles—for example, sheaves of lines which lie in corresponding 
planes, sheaves of planes whose axes are corresponding rays, corresponding 
cones or sheaves of planes of the second order—are projectively related to one 
another.* The line system, =, generated by the intersection of corresponding 
planes in the bundles Sand 8’, is a congruence of the first. order, since through 
every point in space there passes one, and in general but one, line of this con- 
gruence.t If in any point P two lines of the congruence intersect, then is P a 
‘singular point” with respect to the congruence, or more briefly, a singular 
point of the congruence. For in this point must also a pair of corresponding 
rays of the bundles intersect, and consequently an infinite number of lines of the 
congruence which lie on a cone of the second order, and which together pass 
through all possible singular points of the congruence.} 

If a and a’ be any two corresponding planes in the bundles § and 8’, the 
sheaves of lines of the first order lying in these planes, whose centres are the 
centres of the bundles, are projective to one another, and hence the line of inter- 
section of these planes contains two projective ranges of points which lie in one 
another. These have two self-corresponding points which may be either real 
and distinct, coincident or imaginary.|| These self-corresponding points are sin- 
gular points of the congruence, since in them corresponding rays of the bundles 
intersect. Every line of the system >, therefore, contains two singular points, 
and conversely, every straight line which passes through two singular points is a 
line of the congruence, since it is the intersection of a pair of corresponding 
planes in the bundles. No straight line contains more than two singular points, 


* Reye, Geometrie der Lage, Ab. II, S. 5. Tt Reye, G. d. L., If, S. 84. 
t Reye, G. d. L., II, 8. 85. || Reye, G. d. L., 1, S. 169. 
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for then would every point of this line be a singular point, and the bundles 
would contain at least one self-corresponding plane, namely, the planes deter- 
mined by the ray SS’ and its corresponding ray in each of the bundles would 
coincide, and would consequently be self-corresponding, which is contrary to 
supposition. 

It is readily seen that singular points of the congruence always exist, since 
the ray SS’ of the bundle S must meet its corresponding ray of S’ in the point 
S’, and hence S is a singular point. Similarly, S is a singular point of the con- 
gruence. The lines of the system > which pass through S lie, therefore, on a 
cone of the second order, K, which passes through all singular points of the 
congruence, in particular through the point 8’. Similarly, the lines of the system 
which pass through 8’ lie on a cone of the second order, A’, which passes through 
all singular points of the congruence, in particular through the point S. Hence 
all the singular points of the congruence lie on the curve of intersection of the 
cones K and K’. This curve, which we shall denote by #*, passes through both 
the points S and 8’, and is of the third order, since an arbitrary plane intercepts 
it in at least one, but in general and at most in three points.* Every point of 
k’ is a singular point of the congruence, since in each point of this curve two 
rays of the cones, i. e. two lines of the congruence intersect. The points S and 
S' are wholly arbitrary points of 4*,f and therefore out of any two points of 
this curve the lines of the congruence are projected by two collinear bundles, 
and the curve itself, by two projective cones of the second order whose rays are 
lines of the congruence. 

If y be any plane through S and »/ its corresponding plane through 8’, 
these will intersect in a line of the congruence which will contain two singular 
points, i. e. will intersect %* in two points, which, however, are real and distinct, 
coincident or imaginary, according as y and »’ contain two real and distinct, two 
coincident or two imaginary rays of the cones K and KX’ respectively. Every 
line of the congruence > may therefore be considered a chord of the curve /’. 
Those chords which meet %’ in two real and distinct points we shall denote as 
‘actual chords”; those which meet 4° in two consecutive points, as ‘“‘ tangents,” 
and those which meet the curve in two imaginary points, as “ideal chords” of 
this curve. No straight line can meet 4* in more than two points, and a line 
which meets /* in a single point does not belong to this congruence. 


* Reye, G. d. L., II, S. 88. + Reye, G. d. L., II, 8. 90. 
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Since those planes which contain two consecutive rays of a cone of the 
second order form a sheaf of planes of the second order,* it follows immediately 
that the tangent system of the twisted cubic curve /? is projected out of any two 
points of the curve, S and S’, by means of two projective sheaves of planes of the 
second order. 

It has been already observed that an arbitrary plane cuts h’, in general, and 
at most in three points, and it is evident that if these three points are all real and 
distinct, the plane will contain three actual chords of the curve. If two of these 
points approach indefinitely near to each other and finally coincide, i. e. if the 
plane meet %° in two points at one of which it touches the curve, two of the 
three chords lying in the plane will coincide and the third will become a tangent 
at the point of contact of the plane. If all three points of intersection coincide, 
i. e. if the plane osculate the curve at a certain point, then the three chords will 
fall together and will coincide with the tangent at the point of osculation. 
Finally, two of the points of intersection may become imaginary,.in which case 
the plane will contain but one real chord, and that an ideal chord. 

Thus the bundles S and S’ generate in the most general case a line con- 
gruence of the first order and third class, whose singular points lie on a non- 
degenerate twisted cubic curve passing through the centres of the bundles. 


2. Suppose now that the collinear bundles § and S’ have one self-correspond- 
ing plane, a, but no self-corresponding ray. The projective sheaves of lines 
lying in @ generate a curve of the second order, #*, passing through S and 8, 
each of whose points is a singular point of the congruence arising from these 
bundles. The remaining singular points lie in a straight line, &, which meets 
the singular conic, but which does not lie in a plane with it.+ This singular 
line, &, is itself a line of the congruence, being the intersection of a pair of cor- 
responding planes of S and 8’. 

Hach line of the congruence meets both # and k, since every plane of the 
bundles § and S’ must intercept the conic in some second point, and must also 
intercept the straight line. Conversely, every straight line which meets both %? 
and & is a line of the congruence. Those lines of the congruence which pass 
through any point of /* lie in a plane with /; in particular, the lines of the con- 
gruence which pass through O, the point of intersection of # and &, lie in that 


* Reye, G. d. L., I, 8. 87. T Reye, G. d. L., II, 8. 85. 
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plane through & which is tangent to’. The lines of the congruence which pass 
through any point of the singular line & lie on a cone of the second order of 
which & is always one ray, and which projects the conic /’; only for the point O 
does this cone break up into two planes, namely, the self-corresponding plane a 
and the plane through & tangent to /*. 

Out of any point of & the congruence is projected by a sheaf of planes of 
the first order, each plane of the sheaf containing an infinite number of lines of 
the system, while out of any two points of the conic /* the congruence is pro- 
jected by means of two collinear bundles,* so that S and S’ may be any points 
whatever of %’, the point O being the only exceptional point. 

Through every point in space there passes one, and in general but one, line 
of this congruence, while an arbitrary plane contains in general two of these 
lines, namely, the lines joining the point of intersection of the plane with & to its 
two points of intersection with the conic k*. Thus the congruence generated by 
the collinear bundles S and S’ which have a self-corresponding plane, but no 
other self-corresponding element, is of the first order and second class, its singu- 
lar points lying on a conic and a straight line which meet but which do not lie 
in the same plane. 


3. If the two bundles § and §’ be so situated as to have the ray joining 
their centres a self-corresponding ray, then must every plane through this ray 
correspond again to a plane through this ray. In general, there will be two 
self-corresponding planes, a, and a,, passing through the ray SS’, which, how- 
ever, may be either real and distinct, coincident or imaginary. 

Consider, first, the self-corresponding planes, a, and a,, to be real and dis- 
tinct. The pairs of projective sheaves of lines lying in these planes generate 
straight lines, 4, and &,, respectively, every point of which is a singular point of 
the congruence, and beside the points of these lines there is no singular point 
outside SS’, for if so, there ‘must be a third self-corresponding plane, in which 
case the bundles S and S’ would be in perspective positiont contrary to suppo- 
sition. 

Every line of the congruence generated by S§ and S’ meets both singular 
lines /, and /,, for any pair of corresponding planes must pass through the same 
points of these lines; and conversely, every line which meets both these singu- 


* Reye, G. d. L., II, 8. 86. Tt Reye, G. d. L., II, S. 15. 
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lar lines, the ray SS’ included, is a line of the congruence. Those lines belong- 

Ing to this congruence which pass through any point of & lie therefore in a 
plane with /,; and similarly, the lines of the congruence which pass through any 
point of /, lie in a plane with %,. Out of any point, therefore, of either /, or h, 
the congruence is projected by means of a sheaf of planes of the first order, 
while out of any two points in the line SS’ it is projected by two collinear 
bundles, of which SS’ is a self-corresponding ray. The centres of the bundles ~ 
generating the congruence may, consequently, be any two points of this ray, 
excepting only the points O, and O, in which the ray intersects k, and h, 
respectively. Out of these two points the congruence is projected in the same 
manner as out of any other points of the singular lines. 

The two singular lines /, and &, intersect SS’, but not in the same point, 
for then would all lines of the congruence lie in one plane and the bundles 
would again be in perspective position. 

The congruence is as before of the first order, but in this case, of the first 
class, since an arbitrary plane contains only one line of the congruence, namely, 
the line joining the points in which &, and /, respectively intersect this plane. 

If now the self-corresponding planes a, and a, approach indefinitely near 
to each other and finally coincide in a single plane aj,, the lines of singular 
points &, and &, will at the same time approach indefinitely near to each other, 
and will finally coincide in the line &,, which lies ina,. Every point of hy, is a 
singular point of the congruence, and besides the points of this line there is no 
singular point outside SS’. Every line of the congruence meets ky,, while 
those which pass through any one point of the singular line lie in a plane with this 
line, since they must lie in a plane which passes through all the singular points 
of the system. The points of the singular line 4,,, and the planes through this 
line, are projectively related to one another, each point corresponding to that 
plane in which lie the lines of the congruence passing through it, for the range 
of points and the sheaf of planes are both perspective to every regulus of the 
second order which belongs to the congruence. 

Finally, if the self-corresponding planes become imaginary, no real singu- 
lar point exists outside the line SS’, while out of any two points of this line 
the congruence is projected by means of two collinear bundles as before. 
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§2.—The most General Ruled Surface of the Fourth Order. 


4. In the two collinear bundles § and S’, respectively, which in the most 
general case generate a line congruence of the first order and third class, whose 
singular curve is a non-degenerate twisted cubic k’, select any pair of corres- 
ponding sheaves of planes of the second order, ®, and @;. These are related 
projectively to one another and generate by the intersections of corresponding 
planes a ruled surface, which shall be denoted by F}, each generator of which is 
a chord of &*. This ruled surface is of the fourth order, i. e. an arbitrary straight 
line meets in general four generators of this surface, and if any straight line 
meet more than four generators it must meet every generator and lie wholly 
on the surface. 

Let p be an arbitrary straight line and w an arbitrary plane through it, cut- 
ting the sheaves ®, and { in two projective sheaves of lines of the second — 
order, II and II’. The points where corresponding rays of II and II’ intersect 
are the points in-which the plane w cuts the generators of F/. We shall first 
show that either at most four of these points of intersection, or else an infinite 
number of them, lie on the arbitrary straight line p. 


5. Let a, b,c, d,e be any five rays of the sheaf II, and a’, b/, c, d’, e be 
the corresponding rays of the sheaf II’. Suppose that the points of intersection 
A, B, C, D, E of these five pairs of corresponding rays all lie in the straight 
line p. Project the two sheaves of lines, II and I’, out of any point O not lying 
in the plane 2, by means of two projective and concentric sheaves-of planes of 
the second order, © and ’, and out of the same point project the line p by 
means of the plane 2,. The planes a, 6, y, 6, ¢ of the sheaf Q, in which lie 
the lines a, 6, c,d, e of the sheaf II, will intersect the corresponding planes 
a’, 8’, y’, &, of the sheaf ©’ in rays a,, d,, which lie in the plane 7, and 
pass through the point O. Construct a regulus of the second order perspective 
to the sheaf Q.* This is cut by the plane 7, in a conic which is perspective to 
the sheaf Q, and consequently projectively related to the sheaf Q’. But since, 
by supposition, five pairs of corresponding planes of the two sheaves © and Q’ 
intersect in rays lying in the plane 7,, five points of the conic must lie in the 
planes corresponding to them of the sheaf Q’, to which it is projective, and 
therefore the conic is perspective also to the sheaf Q’+ Hence all pairs of 


* Reye, G. d. L., I, S. 182. t Reye, G.ed. L., I, S. 136. 
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corresponding planes in the two sheaves intersect in lines which lie in the plane 
m, and pass through the point O, since each pair has in common the point O and a 
point of the conic. In the plane 1, then, lie an infinite number of these lines 
of intersection, and consequently in the line p lie an infinite number of points of 
intersection of corresponding rays of the two sheaves II and II’. The line p, 
therefore, meets an infinite number, i. e. all of the generators of the surface F7, 
if in any case it meet more than four of them. 


6. Next, let r be an arbitrary straight line not meeting the twisted cubic 4°, 
and not a chord of &*. Project the line r out of S by means of the plane @, and 
find @/ the corresponding plane of the bundle 8S’. Also project r out of S’ by 
means of the plane 6’, and find @ the corresponding plane of the bundle 8S. 
Then ¢ and ¢’ intersect in a chord of %’ which meets the arbitrary line 7, as do 
also @ and @. In 7 choose at will three points Z, M, N. Project these out of 
S by the rays 7, m, n, and find in the bundle S’ the corresponding rays //, m’, n’. 
Similarly, project ZL, M, N out of S’ by the rays 7, m’, nv’, and find in the bundle 
S the corresponding rays /,, m,, n,. The plane 4 of the bundle §, determined 
by the rays 7 and /,, corresponds to the plane 4 of the bundle S’, determined by 
the rays 7 and So also the plane uw, determined by m and m,, corresponds 
to the plane uw’, determined by m’ and mj, and the plane v, determined by n 
and m,, corresponds to the plane »’ determined by n! and nj. The corresponding 
planes 4 and 4’ intersect in a chord of #* which meets the line 7, since both 
planes pass through the point Z of 7. Similarly uw and w’, and likewise » and 7’, 
intersect in chords of 4? which meet the arbitrary straight line r. 

Thus we have obtained five planes in each bundle, viz. 9, 0, 4, uw, v in NS, 
and ¢’, 6’, a’, uw’, v’ in 8’, which correspond two and two, corresponding pairs 
intersecting in chords of &* which meet the arbitrary straight line 7. These two 
sets of five planes each determine in the bundles § and S' two corresponding 
and hence projective sheaves of planes of the second order, ®, and ®;, such that 
the lines of intersection of five pairs of corresponding planes intercept the straight 
line r. But we have shown that if any straight line meet more than four such 
lines of intersection, it must meet every line of intersection of pairs of corres- 
ponding planes of the two sheaves. Moreover, through every point of 7 passes 
a pair of corresponding planes of these sheaves. For, since r lies in the plane @ 
and also in the plane @, it is cut by the planes of the two sheaves ®, and ®; in 
46 
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two projective ranges of points which lie in one another, and have three self- 
corresponding points, namely, the points Z, M and N. Hence every point of 
the line is a self-corresponding point, i. e. through every point of r goes a pair of 
corresponding planes of , and @;. Since no two chords of the twisted cubic /’ 
can intersect in a point of 7, every chord of #’ which meets the arbitrary line r 
must lie in a pair of corresponding planes ®, and @}. Therefore 

All the chords of a twisted cubic curve which meet an arbitrary straight line 
having no point in common with the cubic, are projected out of any two points of the 
curve by means of projective sheaves of planes of the second order. 


The arbitrarily chosen sheaves ©, and ®; may have, and in general will 
have, four planes in common with the sheaves ®, and ®; respectively without 
coinciding with them. Hence the ruled surface Ft may have, and in general 
will have, four generators which meet the arbitrary straight line r. 

Thus we have shown that the ruled surface which is generated by two pro- 
jective sheaves of planes of the second order is such that an arbitrary straight 
line may, and in general will, meet four of its generators, and if any straight 
line meet more than four generators it must meet every generator, and lies 
wholly on the surface. The surface is therefore of the fourth order. 


7. The sheaves of planes ®, and @; which generate the surface F} envelope 
cones of the second order, which we shall denote by A, and Kj, respectively, 
whose vertices are points of the twisted cubic &*. Hach generator of F} is tan- 
gent to both the cones A, and Kj, but since either of these cones is determined 
as soon as the sheaf which envelopes the other is chosen, the surface F} is com- 
pletely defined as ‘‘that surface whose generators are chords of a twisted cubic 
k®, and tangents to a cone of the second order K, whose vertex is a point of the 
cubic.” The surface thus defined we shall consider to be the most general 
Ruled Surface of the Fourth Order. 


8. Since the system of tangents to the curve /’ is projected out of § and S’ 
by means of two projective sheaves of planes of the second order, it forms the 
system of generators of a ruled surface of the fourth order F%, which, however, 
is a developable surface or torse, since each generator intersects its adjacent 
generators in points of the twisted cubic. The sheaves ® and ® which gene- 
rate the torse F* envelope the cones K and K’ which project the points of the 
cubic out of S and S’ respectively. 
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9. The projective sheaves of planes ®, and &j which are chosen arbitrarily 
in the bundles S§ and S’, have in general, and at most four planes in common 
with the sheaves ® and @ respectively, which project the tangents to #’, and 
consequently the surface F} has in general four generators which are tangents 
to k*. Also the cones A, and Kj have in general, and at most, four rays in 
common with the cones K and K’ respectively. If any ray of K, coincide with 
a ray of K, its corresponding ray in Kj will coincide with the corresponding ray 
of K', and hence these rays will intersect in a point of 4. Ifany ray of XK, lie 
either within or without XK, its corresponding ray in Kj will lie within or with- 
out K’, but these corresponding rays will not intersect. 

All planes of ©, and ®{ intersect the twisted cubic in the points S and 8’, 
respectively, but beside this, if any ray of K, lie within the cone KX, the plane of 
®, through this ray will contain two rays of K, and consequently will meet the 
cubic 4? in two points different from 8. The corresponding plane of ; will pass 
through these same two points, and hence these planes will intersect in a gene- 
rator of the surface Fj which is an actual chord of #’. If the sheaves ®, and { 
be so chosen that the cones K, and Kj enveloped by them lie wholly within the 
cones K and KX’ respectively, every generator of the surface F? will be an actual 
chord of the twisted cubic. 

The plane of ®, passing through a ray of J, which coincides with a ray of 
K in general contains a second ray of K, and hence will intersect the corres- 
ponding plane of ®{ in a generator of FY? which is an actual chord of #*. The 
two rays of K which lie in this plane may, however, coincide, as when the two 
cones are tangent to each other along this ray, in which case the generator 
becomes a tangent to /’. 

If the sheaf of planes ®, be so chosen that some of the rays of the cone K, 
lie outside the cone K, while others lie inside this cone, there must be at least 
two rays of K,, say a and 4, which coincide with rays of K. There will be at 
the same time at least two planes of the sheaf ®,, say uw and v, which coincide 
with planes of ®. These planes u and » separate the planes of ®, into two groups, 
in one of which lie the planes through the rays a and b. Every plane of this 
group will contain two rays of the cone K, and consequently will, with its cor- 
responding plane in ®{, give rise to a generator of F} which is an actual chord 
of the twisted cubic. Among the planes of the other group there may, and in 
general will, arise two other planes which are common to the sheaves ®, and ®. 
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If these do not appear, the planes of this group will, with their corresponding 
planes in @{, give rise to generators of Fj which are ideal chords of #’, since 
they meet the cubic only in the point VN. 

_ Ifthe four common planes of ®, and @ all appear, they divide the planes of 
the sheaf ®, into four groups; the planes in two of these groups, with their cor- 
responding planes in ®/, give rise to generators which are actual chords of /°, 
while the planes of the remaining two groups give rise to generators which are 
ideal chords of the cubic. The groups which give rise to actual-chord generators 
alternate between the groups which give rise to ideal-chord generators. Conse- 
quently the generators themselves are in general arranged in four groups, of 
which the four tangent generators already referred to form the boundaries, the 
two groups of actual-chord generators alternating between the two groups of 
ideal-chord generators. 


10. On the other hand, since the cone K on which the twisted cubic lies has 
in general four rays in common with the cone Kj, the curve /’ will in general 
meet the cone A, in four points different from S, and will lie partly within and 
partly without this cone. Any point of %*® which lies outside the cone K;, lies 
also outside the corresponding cone 4j, and similar conclusions are true for 
points of the curve which lie either on or inside the cone A,. Through every 
point of k® which lies outside the cone XK, will pass two real distinct planes of 
the sheaf @,, and likewise the corresponding two planes of the sheaf @/, so that, 
through every point of &’ which lies outside the cone A, will pass two real, dis- 
tinct generators of the surface F}. Through those points of %’ which lie inside 
kt, will pass no real plane of ®,, and consequently no real generator of F; 
while through each of the points in which # meets the cone pass two consecu- 
tive planes of @,, and consequently two consecutive generators of Fj. In other 
words, through any point of %’ which lies outside A, will pass two real, distinct 
generators of the surface F/. As this point moves along the curve toward the 
cone, the two generators tend toward each other and finally coincide for the 
point of the curve which lies on the cone; as the point moves inside the cone, 
the generators through it become imaginary. The twisted cubic is thus a double 
curve on the surface, and may lie either actwally or ideally upon the surface. 


11. Since the tangent plane to the surface at any point contains the gene- 
rator through that point, and since the tangent plane at any point along the 
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twisted cubic contains the tangent to the cubic at that point, there are at each 
point of the twisted cubic two tangent planes to the surface, namely, those 
planes determined by the tangent to the cubic and each of the two generators 
which meet the cubic at this point. If one of the generators at a point of the 
cubic coincide with the tangent at this point, the tangent plane through this 
generator becomes the osculating plane to the cubic, while the other tangent 
plane in general remains distinct; that is, one of the tangent planes to the sur- 
face at a point where a tangent generator meets the double cubic is the oscu- 
lating plane to the cubic at that point. 

At those points of the double curve in which the two generators coincide, 
namely, at those points of %* which lie on the cones K, and Kj, the two tangent 
planes to the surface must also coincide. Such points have been designated by 
Professor Cayley as pinch points, so that the ruled surface of the fourth order F} 
has in general four pinch points. These are distributed along the double curve 
in such a manner as to separate the segments of the curve which lie actually 
upon the surface from those segments which lie ideally upon the surface. For 
convenience, these latter segments may be referred to as the tsolated segments of 
the double curve. Thus, suppose A, B, C, D be the four points taken in order 
along the double cubic in which this curve meets the cones A, and Xj, and that 
the segment AB of the curve lies outside the cones. Then the segment BC will 
lie inside the cones, CD outside, and DA again inside. Through every point of 
the segments AB and CD will pass two real, distinct generators of the surface ; 
these segments will lie actually upon the surface, and at each point of them 
there will be two real and distinct tangent planes to the surface. The segments 
BC and DA of the double curve are isolated segments, and the tangent planes 
at the points of these segments are imaginary. Through each of the boundary 
points, A, B, C, D, there pass two consecutive generators, and consequently the 
two tangent planes at these points coincide. These are, therefore, the four 
pinch points on the surface. 

The four tangent generators which in general appear evidently meet /? in 
those segments which lie actually upon the surface, two in each segmeat. 
Denote these generators by r,s, ¢, v, and suppose that r and s meet &? in the 
segment AB, while ¢ and v meet the curve in the segment CD. If, now, the 
pinch points A and B move toward each other along the curve and finally coin- 
cide at a point P, that is, if the cones A, and K become tangent to each other 
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along the ray SP, and likewise the cones Kj and K’ become tangent to each 
other along the ray §’P, then the two tangent generators r and s fall together 
and become a single tangent generator at the pinch point P; and generally, 
whenever two pinch points fall together, the generator through this point 
becomes a tangent generator. 


12. As we consider the distribution of pinch points and tangent generators 
along the double curve, that is, as we consider the possible ways in which the 
sheaves ®, and @/, and the cones K, and Kj enveloped by them, may be chosen 
as related to the cones K and K’, several different varieties or subforms of the 
general surface F? arise. These may be conveniently arranged as follows: 


I.—Subforms in which the Four Pinch Points are all Real. 


(1). The pinch points A, B, C, D are all distinct ; the tangent generators 
r, 8, ¢, v appear on the surface and are also distinct. 

In this case the cones K, and Kj have four rays in common with the cones 
K and K’, respectively, namely, those rays which project the points A, B, C, D 
out of S and S’, respectively. The sheaves ®, and ®; likewise have four planes 
in common with the sheaves ® and ®’, respectively, these giving rise to the tan- 
gent generators 7,s,¢,v. The cubic curve / lies actually upon the surface 
throughout two segments, AB and CD, but the remaining two segments are 
isolated. There are two groups of actual-chord generators and two groups of 
ideal-chord generators. Each actual-chord generator meets the cubic twice in 
the same segment. 


(2). The pinch points A and B coincide at a point P; the tangent genera- 
tors r and s fall together and become a single tangent generator at P. The 
remaining two pinch points C and D, and the tangent generators ¢ and v, exist 
and remain distinct. 

The cones K and K, have two distinct rays in common, and are tangent to 
each other along a third ray SP, while the sheaves ® and ®, have three planes 
in common, one of which passes through the ray SP. Similar relations exist 
between the corresponding cones and sheaves in the bundle §’._ The cubic curve 
lies actually on the surface only throughout the segment CD and at the point P. 
One group of actual-chord generators reduces to the single tangent generator at 
the pinch point P. 
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(3). The pinch points A and B coincide at a point P; also C and D coin- 
cide at a point Q. The tangent generators x and s fall together and pass 
through P, while ¢ and v also fall together and pass through Q. 

This case arises when the cone X& lies within the cone Aj, the two being 
tangent to each other along the two rays SP and SQ. The cubic curve is 
wholly isolated except at the pinch points P and Q. The two groups of actual- 
chord generators reduce to the single tangent generators through the pinch 
points P and Q, respectively, all other generators being ideal chords of /. 


(4). The pinch points B and C coincide at a point Q; the tangent genera- 
tors s and ¢ also fall together and become a single tangent generator at @. The 
remaining pinch points A and D, and the tangent generators r and v, exist and 
remain distinct. 

The cubic curve lies actually on the surface throughout the double segment 
AQD. One group of ideal-chord generators disappears, and the two groups of 
actual-chord generators are only separated by the tangent generator through 
the pinch point Q. One tangent generator, 7, meets the cubic in a point of the 
segment AQ, while the remaining one, v, meets the cubic in the segment QD. 
Kach actual-chord generator meets the cubic twice in the same segment. 


(5). The four pinch points are all distinct, but the tangent generators all 
disappear or are imaginary. 

The cones K and , have four common rays, but the sheaves ® and 9, 
have no planes in common. The cubic curve lies actually on the surface in two 
segments, AB and CD, and is isolated in the remaining two segments. Every 
generator is an actual chord of the cubic, and meets the cubic once in a point of 
the segment AB and once in a point of the segment CD. 


(6). Two pinch points, B and C, of subform (5) coincide at a point Q, at 
which point there arises a tangent generator. The remaining two pinch points, 
A and D, are distinct, but there are no other real tangent generators. 

The cones K and K, are tangent to each other along the ray SQ, and inter- 
sect along the rays SA and SD. The sheaves ® and q, have only one plane in 
common, namely, the plane through the common ray SQ. The cubic curve 
lies actually on the surface throughout the double segment AQD. Every gene- 
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rator of the surface, beside the tangent generator, is an actual chord of the cubic, 
and meets this curve once in the segment AQ and once in the segment QD. 


(7). The pinch points B and C coincide at a point P, while D and A coin- 
cide at a point Q. Two tangent generators appear on the surface and pass 
through the pinch points P and Q, respectively. 

In this case the cones K and K, are tangent to each other along the rays 
SP and SQ, while through these rays pass planes common to the two sheaves 
® and @,. The cubic curve lies actually on the surface throughout, and all 
generators besides the two tangent generators are actual chords of the cubic. 

This variety admits of a subdivision according as it arises from the coinci- 
dence of pairs of pinch points in subform (1) or in subform (5); that is, accord- 
ing as a generator meets the double curve twice in the same segment PQ, or 
once in each segment. 


(8). Three of the pinch points, A, B and C, coincide at a point P, while 
the fourth, D, remains distinct. The three tangent generators, 7, s and ¢, fall 
together and become a single tangent generator through the pinch point P; the 
fourth tangent generator, v, must appear on the surface and remain distinct. 

The cones K and , have two rays SP and SD in common, and have con- 
tact of the second order along’ SP. The sheaves ® and Q, likewise have two 
distinct, planes in common, of which one is the plane through the common ray 
SP. The cubic curve lies actually on the surface throughout one of its segments 
PD, but is isolated in the other segment. There will be one group of actual- 
chord generators and one group of ideal-chord generators, these groups being 
separated by the two tangent generators. 


(9) and (10). The four pinch points coincide at a point P; the four tangent 
generators also coincide and pass through P. 

The cones K and K, have only one ray in common, the ray SP, but have 
contact of the third order along this ray. The sheaves ® and ®, have a common 
plane through SP. Two cases arise according as the cone Kj lies inside K, or 
K inside K,. In the first case (9) the cubic curve lies actually on the surface 
throughout, and every generator beside the tangent generator at P is an actual 
chord of &°. In the second case (10) the cubic curve lies actually on the sur- 
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face only at the pinch point P, while all generators except. the tangent gene- 
rator are ideal chords of the cubic. 


II.—Subforms in which Two of the Pinch Points are Real and Two Imaginary. 


(11). Any two adjacent pinch points, A and B, and the corresponding tan- 
gent generators, r and s, disappear or become imaginary, while the remaining 
two pinch points, C and D, and the remaining tangent generators, ¢ and »v, 
appear on the surface and are distinct. 

The cones K and K, have two rays in common, the sheaves ® and @, have 
two planes in common. The cubic curve lies actually on the surface at every 
point of the one segment CD, and is isolated throughout the other segment. 
There is one group of actual-chord generators in which the two tangent genera- 
tors appear, and one group of ideal-chord generators. 


(12) and (13). Two pinch points and two tangent generators disappear ; the 
remaining two pinch points coincide at a point P, while the remaining two 
tangent generators fall together and become a single tangent generator at the 
pinch point P. 

The cones A and K, have only one ray in common, namely, the ray SP, 
along which they are tangent to each other. The sheaves ® and ®, have but 
one common plane, the plane through the ray SP. Two different cases arise 
again according as the cone K;, lies within the cone K, or the cone & within the 
cone K,. In the first case (12) the cubic curve lies actually on the surface 
throughout, and all generators are actual chords except the tangent generator 
at the pinch point. In the second case (13) the cubic lies actually on the sur- 
face only at the pinch point P, and all generators except the tangent generator 
are ideal chords of the cubic. 


(14). Two pinch points coincide at a point P, the remaining two pinch 
points disappear. T'wo tangent generators fall together and pass through the 
pinch point P, the remaining two appear on the surface and are distinct. 

Hach of the cones XK and XK, lies outside the other, but they are tangent to 
one another along the ray SP. The cubic lies actually on the surface through- 
out, but does not meet all the generators. There is one group of actual-chord 
47 
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generators in which the tangent generator through the pinch point appears, and 
one group of ideal-chord generators, these groups being separated by the two 
remaining tangent generators. 


Ill.—Subforms in which the Four Pinch Points are all Imaginary. 


(15). The four pinch points disappear, but the four tangent generators all 
exist on the surface and are distinct. 

The cones K and K, have no ray in common, and each lies wholly outside 
the other. Of the sheaves ® and ®,, however, there are. four common planes 
which, together with their corresponding planes in ®’ and ®{, give rise to the 
four tangent generators. The cubic curve lies wholly on the surface, but does 
not meet all the generators. There are two groups of actual-chord generators 
and two groups of ideal-chord generators occurring alternately, each group of 
the one sort being separated from the two groups of the other sort by two tan- 
gent generators. The two generators which pass through any one point of the 
cubic always belong to different groups of actual-chord generators. 


(16) and (17). The four tangent generators as well as the four pinch points, 
disappear. | 

Neither the cones K and K;,, nor the sheaves of planes ® and ®,, have 
elements in common. Of the cones K and Kj, the one lies wholly inside the 
other. Two subforms of the surface arise according as K; lies inside K, or K 
inside K,. In the first case (16) the double curve lies actually on the surface 
at every point, and all generators are actual chords of the cubic. In the second 
case (17) the double curve is isolated throughout, and all generators are ideal 
chords of the cubic. 


13. It has already been shown that an arbitrary straight line meets in 
general, and at most, four generators of the surface FY}, consequently an arbi- 
trary plane a cuts the surface in a curve which possesses this same property of 
being met by an arbitrary straight line of its plane generally and at most in 
four points. Since a intercepts the double curve of the surface in general in 
three points, through each of which two generators pass, the curve of section in 
general has three double points; that is, the surface F} is cut by an arbitrary 
plane in general in a curve of the fourth order with three double points. 
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But this curve is generated by the two projective sheaves of lines of the 
second order in which the sheaves of planes ®, and ®j are cut by the arbitrary 
plane a. Hence two projective sheaves of lines of the second order which lie in the 
same plane, and which in general have no self-corresponding ray, generate a curve of 
the fourth order which has three double points. 


14. If the plane of section a contain one generator of the surface, the two 
projective sheaves of lines in which ®, and ®; are cut will have this generator 
as a self-corresponding ray, and will generate, in addition to this straight line, a 
curve which is intercepted by this generator as well as every other straight line 
of the plane generally and at most in three points. This curve must have one 
double point, since the plane a cuts the double curve of the surface in one point 
other than the intersections of the generator with the double curve; that is, 
any section of the surface Ff by a plane through one.generator consists of this 
generator and a curve of the third order with a double point. 

If the generator p through which the plane is passed be an actual chord of 
the double curve 4%’, in each point of intersection of this generator with # the 
plane will intercept a second generator, and consequently the curve of section 
will always pass through these two points. These points remain fixed for all 
planes through the generator. The third point of intersection of the generator 
with the curve of section is that point at which the plane cuts the two consecu- 
tive generators. The plane is said to be tangent to the surface at this point, for 
it not only contains the generator through the point but also a second line which 
here meets the surface in three consecutive points. Every plane through a 
generator is tangent to the surface at some point along this generator, since at 
some point it cuts the two consecutive generators; the point of tangency varies 
along the generator with each different plane of section. 

When the point of tangency of the plane coincides with either of the inter- 
sections of the generator p with #’, this point must be the double point on the 
cubic curve of section, since at this point the tangent plane cuts not only the 
generators consecutive to p, but also the second generator through this point of 
the double curve. The tangent to the double curve at this point also lies in 
this plane, as has already been stated. 

If the actual-chord generator lying in a plane of section pass through one 
of the four pinch points of the surface, the curve of section must be tangent to 
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this generator at the pinch point. In this point the plane cuts the generators 
consecutive to the given generator, and both on the same side, while the double 
point on the curve of section exists elsewhere. In a certain sense every plane 
through this generator is tangent to the surface at the pinch point, for at this 
point every plane cuts the consecutive generators. The curve of section of the 
plane containing the generator and the tangent to # at the pinch point consists 
of a cubic with a cusp at the pinch point, since for this plane the double point 
of the cubic falls into the pinch point. This is the true tangent plane at this 
point. 

If, however, a plane be passed through an ideal-chord generator, the curve 
of section will meet this generator only in the point at which the plane is tan- 
gent to the surface; for, if it meet in any other point, the plane must cut a 
second generator at this point, which is impossible, since no second generator 
meets an ideal-chord generator. 

If, now, a section of the surface be made by an arbitrary plane through one 
of the four tangent generators, for example, through the generator 7 which is 
tangent to the double curve at the point #, the cubic branch of the curve of 
section will cut this generator in the point at which the plane is tangent to the 
surface, and will be tangent to this generator at the point R. If the plane 
touch the surface at #, this point becomes the double point of the cubic curve 


of section. 


15. At every point in which the twisted cubic / lies actually on the surface 
F}, two real generators of the surface intersect. The curve of section of the 
plane of these generators consists of these two straight lines and a conic, since 
the plane cuts the two sheaves ®, and ®; in two projective sheaves of lines of 
the second order which have two self-corresponding rays, and which generate in 


addition to these rays a curve of the second order which is perspective to both 


sheaves of lines.* If the two generators through any point P meet the double 
curve a second time in the points Q and R, respectively, the conic of section 
must pass through these two points, since in each of them the plane of section 
cuts a second generator. The conic must also intersect each-of the generators 
PQ and PR in a second point, at which points the plane of section is tangent 


*Reye, G. d. L., I, S. 187. 
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to the surface, so that the plane of two generators is a bitangent plane to the 
surface. Every bitangent plane must contain two generators, and therefore cuts 
the surface along these generators and in a conic. 

If one of the generators, PQ, be a tangent generator, the conic will pass 
through the point P, while the point of tangency along the generator PR will 
coincide with P, but the point of tangency along the tangent generator will in 
general be different from P. Suppose one of the generators through P pass 
through a pinch point A, then must the conic be tangent to the generator PA 
at A. If, finally, the bitangent plane contain the two consecutive generators 
through a pinch point P, these generators meeting the double curve a second 
time at Q, then it also contains the tangent to /’ at Q, and the remaining part of 
the curve of section is a conic passing through Q. This plane is tangent to the 
surface all along the generator PQ except at the pinch point, the generator 
therefore being torsa/l. Through each point of the double curve # there pass in 
general three distinct bitangent planes. 


16. Let the two conics arising from the section of the surface Fy by two 
arbitrary bitangent planes, o and o’, be denoted by A and //, respectively. These 
are related projectively to one another, since each is perspective to both sheaves 
of planes which generate Fj, and determine completely a collinear relation 
between the planes in which they lie, and in such a manner that these planes 
have no self-corresponding point. For each point of the conic /, corresponds 
to one and but one point of the conic f,, namely, those points which lie in the 
same generator of Ff are corresponding points. Whenever two generators of 
the surface intersect, the four points in the conics f, and f{ arising from these 
must lie in one plane, the bitangent plane through the two generators. If, now, 
the planes o and o’ have a self-corresponding point C, any ray of o which 
passes through C and cuts the conic f, in two points, P and Q, corresponds to 
a ray of o’ which also passes through C, and which cuts the conic ff in two 
points P’ and @, corresponding to P and Q respectively. The generators PP’ 
and Q@ consequently lie in a plane determined by a pair of corresponding rays 
through C, and similarly, each pair of generators which intersect lies in a plane 
which passes through C; that is, all the bitangent planes of the surface Fy pass 
through one point, which is evidently impossible. Hence the planes o and o’ 
have no self-corresponding point, and therefore generate a sheaf of planes of the 
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third order to which the bitangent planes of the surface F} belong, since each 
bitangent plane intersects o and o’ in a pair of corresponding lines,* 


17. The generators of the surface F{ are not only the lines of intersection 
of corresponding planes in the sheaves of the second order ®, and ®/, but are at 
the same time lines joining corresponding points in the projective conics /, 
and /;, so that the surface may be generated as well by the projective conics as 
by the projective sheaves of planes. And since the collinear planes o and o’, in 
which f, and f{ are corresponding figures, have no self-corresponding element, 
the method of generating the surface by means of the projective conics is the 
exact reciprocal of the method by which the surface was originally generated ; 
that is, by means of the projective sheaves of planes. Hence the surface F{ is 
its own reciprocal.} 


18. It has been already shown that the conic in which the surface F} is cut 
by an arbitrary bitangent plane intersects the double curve of the surface in two 
points, through which pass the two generators lying in the plane of the conic, 
one generator through each point, and two other generators which are cut in 
these points by the bitangent plane. Through every other point of this conic . 
there passes one generator of the surface, and consequently no chord of the 
twisted cubic which is not a generator of the surface. From this it follows 
immediately that those chords of the twisted cubic curve k* which intercept a conic 
having two points in common with the cubic, form the system of generators of the 
most general ruled surface of the fourth order. Through each of the points of inter- 
section of the conic with the cubic there passes an infinite number of chords 
which project the points of the cubic, and which consequently lie on cones of the 
second order. Only two of the rays of each of these cones, however, belong to 
the surface 


19. That the chords of the twisted cubic curve /’ which meet an arbitrary 
conic 7* having two points, A and B, but no third point in common with the 


* Reye, G. d. L., II, S. 94. 

Tt This proof that the surface F} is of the same form as its reciprocal proceeds upon the supposition 
that two real bitangent planes to the surface exist. But this is not the case in some of the subforms, 
as for example in the subform (17). However, if we study the reciprocal method of generating the 
surface, it is readily seen that the generating conics may be so chosen in the collinear planes that these 
same subforms arise. 
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cubic form the system of generators of a ruled surface of the fourth order, may 
‘be shown directly in the following manner : 

Out of any point S§ of #, not lying in the plane of 7°, project: the points of 
this conic by means of the rays of a cone of the second order, P,, and find in 
the bundle S’, whose centre is likewise a point of # not lying in the plane of 2°, 
the corresponding cone P{. Two pairs of corresponding rays of these cones will 
intersect in the points A and B, namely, SA and S’A are corresponding rays, 
SB and S’B are corresponding rays. Also, out of S’ project the points of 7° by 
means of the rays of a cone of the second order, Pj, and find in the bundle § 
the corresponding cone P,. The rays SA and §’A, SB and S'B belong as well 
to these cones, P, and Pj, as to the cones P, and Pj. Thus we have in the 
bundle S two cones P, and P, which have two common rays SA and SB, and in 
the bundle’ §’ the two cones P{ and P; which correspond to these, and which 
also have two common rays, 8’A and §’B. 

Now the two cones P, and P; are both perspective to the conic 7’, and 
consequently we may establish a projective relation between them by correlating 
to one another those rays which pass through the same points of 7’. But the 
rays of the cones P, and P}, as also the rays of P, and P3, are related projec- 
tively to one another by virtue of their correspondence in the two bundles. By 
this means is established a projective relation between the rays of the cones 
P, and P,, as also between the rays of Pj and Pj}, and in such a manner that 
the rays SA and SB are self-corresponding rays of the cones P, and P,, and 
S’A and S’B are self-corresponding rays of the cones Pj and P3. 

The plane of the bundle § which is determined by two corresponding rays 
of the cones P, and P, corresponds to the plane of the bundle S' which is 
determined by the rays corresponding to these, and which also correspond to one 
another, in the cones P{ and P}. Therefore, these two planes intersect in a 
chord of &?, and this chord must meet the conic 7’, since the two planes pass 
through the same point of 7’. For example, let H be any point of the conic 
7, e, the ray of P, which passes through #, and ej the corresponding ray of P}; 
also, let e, be the ray of P; which passes through #, and e, the corresponding 
ray of P,. Then will e, and e, be corresponding rays of the cones P, and P,, 
ei and ¢; will be the rays corresponding to these, respectively, and to one another 
in the cones Pj and P;, and the plane of the bundle § determined by the rays 
e, and e, will correspond to the plane of the bundle §’ determined by the rays 
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e, and e. These planes will intersect in a chord of %° which passes through £, 
for in each plane there lies a ray which passes through that point. 

Since # is any point of the conic 7°, through every point of this conic there 
passes a chord of 4’ which is projected out of S by a plane containing a pair of 
corresponding rays of the cones P, and P,, and out of S’ by a plane which con- 
tains the rays of Pj and P; corresponding to these, and to one another. No 
chord of the cubic can meet the conic 7* which is not so projected out of 
Sand §’, since in no point of the conic can two chords intersect, the points 
A and B being exceptional points, through each of which there passes an infinite 
number of chords which lie, in each case, on a cone of the second order project- 
ing the cubic. 

Let 2 be an arbitrary plane which cuts the cones P, and P,, Pj and P; in the 
conics pj; and p}, pj’ and p,’, respectively. Of these conics, pj and p} are related 
projectively to one another and have two points of intersection ‘as self-corres- 
ponding points, namely, those points in which the two self-corresponding rays 
SA and SB of the cones are cut by the plane x. The system of straight lines 
joining pairs of corresponding points in these two conics forms a sheaf of lines of 
the second order perspective to both conics,* and hence the planes of the bundle S 
determined by pairs of corresponding rays of the cones P, and P, form a sheaf of 
planes of the second order, D,,, perspective to both cones. Similarly, the conics 
p; and pj’ generate a sheaf of lines of the second, and the cones P; and P}, of 
which these conics are sections, generate in the bundle S’ a sheaf of planes of 
the second order, ®{,, perspective to both cones P{ and Pj, and therefore pro- 
jectively related to the sheaf of planes ®,,. Corresponding planes in these two 
sheaves pass through the same point of 7’, and conversely, through every point 
of 7° goes a pair of corresponding planes of these sheaves. Hence the sheaves of 
planes ®, and @{, generate a ruled surface of the fourth order, each of whose 
generators is a chord of the cubic #4? which meets the conic 7’, while through 
every point of 7* there passes a generator of this surface. 

The conic 7* must lie entirely outside the cones Aj, and i,, which are 
enveloped by the sheaves of planes ®,, and ®/,, respectively, otherwise it would 
not be possible for a generator of the surface arising from these sheaves to pass 
through every point of 7°. Two planes of each sheaf pass through each point of 
7, only one pair of which are corresponding planes, however, except in the points 


* Reye, G. d. L., I, 8 187. 
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A and B, where both pairs are corresponding. The twisted cubic %* must lie 
actually upon this surface, at least in the points A and B and in the third 
point of intersection of the plane of the conic 7’ with the cubic, since through 
this third point two chords of the cubic pass which intercept the conic in A 
and B, respectively, and in two other points. 


§3.—The Surface with a Double Twisted Cubic and a Single Straight Line 
Director. 


20. It was shown in Art. 6 that all the chords of the twisted cubic /* which 
meet an arbitrary straight line r having no point in common with the cubic, are 
projected out of any two points of this curve, § and S’, by means of two projec- 
tive sheaves of planes of the second order; consequently these chords of the 
cubic form the system of generators of a ruled surface of the fourth order. Let 
this surface be denoted by Fj. Since an arbitrary plane through the straight 
line r cuts the curve %’ in general in three distinct points, and contains three 
chords of this curve, the generators of the surface F} in general lie by threes in 
planes through the straight line 7. The twisted cubic /’ is, as in the most gene- 
ral case, a double curve on the surface. 

On the other hand, if any plane section of the ruled surface generated by two 
projective sheaves of planes of the second order, chosen arbitrarily in the col- 
linear bundles § and S’, contain three generators of this surface, then must 
every generator of the surface meet some one straight line lying in this plane. 
For this plane of section cuts the sheaves generating the surface in two projective 
sheaves of lines of the second order, which have three self-corresponding rays. 
The straight line 7 joining the points of intersection of any two pairs of corres- 
ponding rays in these sheaves of lines also meets the three self-corresponding 
rays, and therefore contains five, and consequently all points of intersection of 
pairs of corresponding rays. Hence all generators of the surface will meet this 
one straight line 7. 

Since common rays of two sheaves of lines of the second order lying in the 
same plane occur in pairs, and the two sheaves of the preceding paragraph have 
three self-corresponding rays, there must be some fourth ray, d, which is common 
to both. This common ray, d, is cut by the remaining rays of the two sheaves 
in two projective ranges of points which, however, have three self-corresponding 
48 
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points, and which consequently coincide throughout. All pairs of corresponding 
rays in the two sheaves therefore intersect in the points of the straight line d ; 
but they also intersect in the points of 7, which is impossible unless d and r 
coincide. The common ray d cannot be a self-corresponding ray of the two 
sheaves, for then would four chords of the twisted cubic lie in one plane. The 
straight line 7, therefore, which is met by every generator of the surface, must 
be the line of intersection of two non-corresponding planes of the generating 
sheaves, and is consequently a.commom ray of those two sheaves of lines in 
which the generating sheaves of planes are cut by any plane through 7. Through 
every point of r there passes one and only one generator of the surface, since 
in every point of d, one and only one pair of corresponding rays of the sheaves 
of lines intersect. The line 7 is therefore a single director line on the surface, 
through every point of which there passes a generator. In no case can this line 
meet the twisted cubic, for if so, through the point of intersection would pase 
more than one generator of the surface. 

Thus it has been shown that those chords of a twisted cubic curve viaiah meet 
an arbitrary straight line having no point in common with this curve, form the 
system of generators of a Ruled Surface of the Fourth Order on which the twisted 
cubic les as a double curve, and which ts such that an arbitrary plane passed 
through the straight line director contains in general three generators of the surface ; 
and conversely, if any three generators of a Ruled Surface of the Fourth Order which 
has a twisted cubic for its double curve lie in one plane, then every generator of that 
surface will meet one straight line which has no point in common with the cubic. 


21. The sheaves of planes ®, and ©; which generate the surface F}{ occupy 

a wholly special position with respect to the cubic curve #. Each of the two 
generators, AB and AC, which pass through any point A of the double cubic, 
and which meet this curve a second time in the points B and C, respectively, 
is tangent to both cones K, and Kj which are enveloped by the sheaves ®, 
and ®;. In order that the chord BC, the only remaining chord of the cubic to 
be found in the plane of AB and AC, may also be a generator of the surface 
;, in which case, as was shown above, every generator of the surface will meet 
one straight line in this plane, the sheaves @, and ©; must be so chosen that this 
chord, as well as the chords AB and AC, is tangent to the cones K, and Kj; 
that is, this chord must also lie in a pair of corresponding planes of the sheaves 
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@, and @}. The sheaf of planes ®, is therefore so situated with respect to the 
cone K which projects the cubic curve out of S, and similarly, the sheaf ®; to 
the cone K’, that three planes of the sheaf intersect, two and two, in three rays 
of the cone. It is well known that when one such triplet of planes exists in the 
sheaf ®, there is necessarily an infinite number of such triplets;* consequently, 
if there be on the surface FZ one set of three generators which lie in the same 
plane, there will necessarily be an infinite number of such sets, and the planes 
in which these sets lie must all pass through that line which is met by every 
generator of the surface. 

If there be any ideal-chord generators on the surface Fi}, these will lie each 
in one plane through the straight line director. The planes through this director 
will thus be separated into groups, each of the planes in one group containing 
three actual-chord generators, those in the next consecutive group containing 
each one ideal-chord generator, there being at most two groups of each kind, 
and the groups being separated by planes which contain in general one tangent 
generator and one actual-chord generator, it being possible, however, for these 
to coincide as a single tangent generator. 

It is readily seen that when two of the generators lying in one plane 
through the straight line director approach indefinitely near to each other, as in 
the case of the boundary plane between two groups, these consecutive gene- 
rators pass through one of the pinch points on the surface, and that the third 
generator of this plane is tangent to the double curve. In the first place, when 
two consecutive generators intersect in a point of the double curve this point is 
always a pinch point, since the two tangent planes to the surface at this point 
are coincident. But aside from this, if two of the three generators lying in one 
plane through the straight line director approach indefinitely near to each other, 
two of the three planes of the sheaf ©, which give rise to this set of generators 
must also approach indefinitely near to each other, in which case the third plane 
of this triplet becomes tangent to the cone K. But this can only occur when 
the two consecutive planes of this triplet pass through a ray common to the 
cones Kand K,. Similar relations hold for the sheaf ®j and the cones K’ and Kj}. 
Hence the two consecutive generators pass through a pinch point while the third 
generator of the set to which these belong is a tangent generator. 


* Compare Cremona, Elem. of Proj. Geom., p. 244; Poncelet, Proj. Prop., art. 565. 
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22. Any plane through the straight line director of this surface F? is evi- 
dently tangent to the surface at every point. in which a generator lying in this 
plane intersects the director, and hence each plane through the straight line 
director is in general a tritangent plane to the surface. The points of tangency 
of a tritangent plane vary along the director as the plane rotates about this 
line. They remain distinct, or two, or all three of them coincide, or two of 
them become imaginary, according as the generators lying in the plane remain 
distinct, or two, or all three of them coincide, or two of them become imaginary. 
Every bitangent plane of the surface Ff is thus a tritangent plane, while the 
three bitangent planes which in the general surface FY pass through any one 
point of the double curve coincide in a single plane through7. The bitangent 
planes of this surface therefore form a triply counting sheaf of the first order 
whose axis is the straight line director. 


23. Unlike the general surface F}, this species F} differs in form from its 
reciprocal. The reciprocal surface which may be denoted by F must satisfy 
the conditions that through each point in which two generators intersect a 
third shall pass; these triple points all lie in one straight line; any plane 
through this straight line contains but one generator of the surface ; the planes 
containing two generators of the surface, i. e. the bitangent planes, form a sheaf 
of the third order. This surface F? is thus a triple line surface, and cannot be 
generated by means of two projective sheaves of planes of the second order. 


24. A ruled surface of the fourth order with a non-degenerate twisted 
cubic for its double curve cannot have more than one straight line director. 
For, if two, then any plane through one of them contains in general three gene- 
rators of the surface which meet the second director and which do not pass 
through one point. Hence the two directors must lie in one plane, and conse- 
quently all generators of the surface would lie in one plane, which is evidently 
impossible. 


§4.— The Surface with a Double Conic and a Double Straight Line which is 
not a Generator. 


25. Let us next consider the case in which the bundles § and S’ have one 
self-corresponding plane, but no other self-corresponding element. The line 
congruence arising from these bundles is, as we have seen, of the first order and 
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second class, while the curve of singular points consists of a conic # and a 
straight line & which meet in a point O, but which are not in the same plane. 

As before, select at will in the bundles § and S’ a pair of corresponding 
sheaves of planes of the second order, ®, and ®3. These are related projectively 
to each other.and generate, as in the general case, a ruled surface of the fourth 
order, Ff. Each generator of the surface is a line of the congruence, and is 
tangent to both the cones K, and Kj which are enveloped by the sheaves 
®, and ®;, respectively. But since any line of the congruence which is tangent 
to the one cone Kg, the lines through’the vertex being generally excluded from our 
consideration, is necessarily tangent to the other cone Kj, and all such lines of 
the congruence lie in pairs of corresponding planes of the sheaves ®, and @j, the 
surface F; is completely defined when we say that those lines of a congruence of the 
Jirst order and second class which are tangent to a cone of the second order whose 
vertec is a point of the singular conic of the congruence form the system of generators 
of a ruled surface of the fourth order. 

Kivery straight line which meets the conic # and the straight line & is a 
ray of the congruence, and consequently the surface Fj may be considered as 
generated by a straight line which constantly meets both 7? and k, and which 
moves so as to continually touch a cone of the second order whose vertex is a 
point of the conic /’. 


26. Through each point of % and of & in general pass two pairs of correspond- 
ing planes of the sheaves ®, and 3, and consequently two generators of the 
surface Fj. Hence the conic /’ and the straight line & are double curves on the 
surface, the two generators through any point of these curves being real and 
distinct, coincident or imaginary according as the point lies without, on or within 
the cones K, and Kj. These cones in general intercept the double conic %? and 
the double straight line & in four points, two of which are on the conic and two 
on the straight line. These four points of intersection are, as in the most gene- 
ral case, the pinch points of the surface. 


27. The two generators through any point of the nodal conic lie in a plane 
with the nodal straight line. The generators through O, the point of intersec- 
tion of # and &, meet neither branch of the double curve elsewhere, and lie in the 
plane determined by & and the tangent to # at this point O. The point O is 
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thus a ‘‘singular” point on the double curve. The pinch points on each branch 
of the double curve divide the branch into two segments, of which the one lies 
actually upon the surface, while the other segment is isolated. If the singular 
point O appears in that segment of the nodal conic which lies actually upon the 
surface, it must likewise appear in the segment of the nodal straight line which - 
lies actually upon the surface, since in this case it lies outside the cones 
K, and Kj, and similarly, if the singular point appears in the isolated segment 
of the one branch, then also in the isolated segment of the other branch. If a 
pinch point or one branch of the double curve coincide with the singular point 
O, so also must one of the pinch points on the other branch coincide with this 
singular point, and beside this point there will always exist one real pinch point 
on each branch of the double curve. 


28. There are then five subforms of the surface F} to be considered, as 
follows : 


(1). The pinch points are all real and distinct. The cones K, and Xj inter- 
cept #’ and k, each in two distinct points. Each branch of the double curve has 
one segment which lies actually upon the surface, and one isolated segment. 
This subform may be further subdivided according as the singular point O lies 
actually upon the surface, or appears in the isolated segments of the double 
curve. 


(2). The pinch points on the nodal conic are real and distinct, but on the 
nodal straight line are imaginary. The cones A; and Kj intercept the conic 
in two points, but do not intercept the straight line &. The nodal line lies 
actually upon the surface throughout, the conic has one segment which lies 
actually upon the surface, and one isolated segment. The singular point O must 
appear in that segment of the conic which lies actually upon the surface. 


(3). The pinch points on the nodal conic are imaginary, but on the nodal 
straight line are real and distinct. The cones K, and Kj intercept the straight 
line & in two points, but do not intercept the conic %*. The nodal conic lies 
actually upon the surface throughout, while of the nodal straight line there is 
one isolated segment and one segment which lies actually upon the surface, the 
singular point O always appearing in this latter segment. 
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(4). One pinch point on each branch of the double curve coincides with the 
singular point O; a second pinch point exists on each branch. The cones 
K, and K3 pass through the singular point O, and consequently intercept both 
k? and & in a second point. There is one isolated segment on each branch of 
the double curve, the singular point O forming one of the boundaries of each 
segment. 


(5). The pinch points are all imaginary. The cones K, and Kj are so situ- 
ated as not to intercept either # or k. Both nodal conic and nodal straight line 
lie actually upon the surface at every point. 


29. The section of the surface F} by an arbitrary plane is, as for the most 
general surface F{, a quartic curve which has in general three double points. 
The curve of section by a plane through a single arbitrary generator consists of 
this generator and a cubic with a double point, and since every generator of this 
surface meets both the nodal conic and the nodal straight line in real points, the 
cubic branch of the curve of section must intersect the generator in three real 
points, namely, in the points P and Q in which the generator meets /# and k, 
respectively, and in a third point # at which the plane is tangent to the surface. 
When the point of tangency falls in with the point P this point becomes the 
double point on the cubic, and the plane contains the tangent to the conic at this 
point. The tangent plane to the surface at any point of the nodal conic is thus 
determined by the tangent to the conic at that point and a generator passing 
through the point. At each point of the nodal conic there are in general two 
distinct tangent planes to the surface. Only at the pinch points and at the sin- 
gular point O do these two planes coincide, while for points in the isolated seg- 
ment the tangent planes are imaginary. 

When the point of tangency of the plane through a generator PQ coincides 
with the point Q in which the generator intersects the nodal line &, the plane 
must contain this nodal line, since it contains three consecutive points of the 
line. The curve of section in this case consists of the generator PQ, the second 
generator P@ through the point P of the conic, and the straight line & counting 
doubly, since in each point of & two generators in general are intercepted. 
Every plane through the nodal line & contains in general two generators which 
intersect in a point of the nodal conic, and is therefore tangent to the surface at 
two points on &, namely, the points of intersection of these generators with &, 
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these being in general distinct. Moreover, at every point of the nodal line & 
there are two planes which are tangent to the surface at this point; these may, 
however, coincide or be imaginary. 


30. The plane of the two generators through any point of the nodal conic 
is thus a bitangent plane to the surface passing through the nodal line &, the 
totality of such planes forming a sheaf of the first order whose axis isk. Since 
the two generators passing through a pinch point on the nodal conic coincide, 
the points of tangency of the plane determined by this doubly counting generator 
and the nodal line & also coincide and the plane is tangent to the surface all 
along this generator, which is consequently torsal. The tangent plane at the 
pinch point, however, is as usual the plane of the generator and the tangent to 
the conic at this point. 

The plane of the two generators through any point Q of the nodal line & cuts 
the nodal conic in two points P and FP’ in which the two generators meet the 
conic. This plane cuts the sheaves @, and ®j generating the surface in two pro- 
jective sheaves of lines of the second order which have two self-corresponding rays, 
and which consequently generate a curve of the second order perspective to 
both sheaves of planes. This conic is met by every generator of the surface and 
passes through the two points P and P’ of the nodal conic, since in these points 
generators not lying in the plane of section are intercepted by this plane. The 
conic of section also intersects the two generators of its plane in P and P’, and 
in two additional points at which the plane cuts the generators consecutive with 
these, that is, at which the plane is tangent to the surface. Every plane there- 
fore through two generators which intersect in a point of the nodal line & is a 
bitangent plane, and cuts the surface along these two generators and in a conic 
which passes through the points of tangency of the plane, and which meets the 
nodal conic in two points. 

The plane of the two coincident generators at a pinch point on the nodal 
line is tangent to the surface all along this generator except at the pinch point, 
and contains the tangent to the nodal conic at the point P in which this torsal 
generator meets the nodal conic. The curve of section of this plane consists of 
the torsal generator counting doubly, and a conic which meets the nodal conic 
i? in two consecutive points, and which consequently has a common tangent 
with 2? at this point. The plane of the two generators through the singular 
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point O cuts the surface along these two generators and along the nodal line &, 
which as a part of the curve of section counts doubly. The two points of tan- 
gency of this plane coincide at the singular point; the two tangent planes at the 
singular point likewise coincide in this plane. The singular point O is thus in a 
certain sense a pinch point, but differs from an ordinary pinch point in that the 
two generators through it do not in general coincide. The curve of section of 
the plane of the nodal conic consists simply of this conic counting doubly. 


31. The bitangent planes to this surface which are determined by pairs of 
generators intersecting in a point of & form a sheaf of planes of the second 
order. Let a and a be any two of these bitangent planes which meet & in the 
points @ and Q’, and contain the pairs of generators a, b and a’, J’, respectively. 
Denote the conics of section lying in these planes by a’ and a”, and let the gene- 
rators a and 6 meet the conic a’ of their plane in the points A and B, respec- 
tively, at which points the plane a is tangent to the surface; similarly, let the. 
generators a’ and b' meet the conic a” of their plane in Aj and Bj, respectively, 
at which points a’ is tangent to the surface. Now, the generators a and } must 
meet the conic a” in real points, but this can only occur in the points in which 
a” cuts the line of intersection, 7, of the planes a and a’. Denote these points 
of a” by A’ and B’. 

Since the conics a? and a” are both perspective to the sheaves ®, and ®}, 
they are projectively related to each other, those being corresponding points 
which lie on the same generator of the surface. Consequently A and 4’, 
B and B' are pairs of corresponding points of these projective conics. The 
conics determine a collinear relation between the planes a and a’ such that the 
line AB of a corresponds to the line A’B’, or /, of a’, and these lines are distinct, 
so that of the planes a and a’ there cannot be more than one self-corresponding 
point. An arbitrary plane through & contains in general two generators of the 
surface F}, and consequently two pairs of corresponding points of the conics a’ 
and a”, and therefore this plane cuts a and a’ in a pair of corresponding lines, 
and the lines AB and / in a pair of corresponding points. The point Z therefore 
in which AB and / intersect is a self-corresponding point of the planes a and a’. 

Through this self-corresponding point must pass each bitangent plane which 
contains two generators intersecting in a point of k; for, every such plane cuts 
a and a’ in a pair of corresponding lines which intersect in a point of /, but this 
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is only possible when the plane passes through the self-corresponding point L. 
The totality of such bitangent planes therefore cuts a and a’ in two projective 
sheaves of lines whose centres coincide at Z and which have no self-corresponding 
ray. Hence these bitangent planes form a sheaf of the second order whose 
centre is the point ZL. 

Thus the bitangent planes of the surface Fj lie in two distinct sheaves, one 
of the first order whose axis is &, and the other of the second order. 


32. Since every generator of the surface F} meets the conic of section lying 
in any bitangent plane, and through every point of this conic there passes a 
generator, the surface 7} may be defined as being formed from those rays of a con- 
gruence of the first order and second class which meet a conic having two points in 
common with the singular conic k’, the two points being distinct from the singular 
point O; or it may be defined as the surface generated by a straight line moving 
so as always to meet two conics # and m’, which lie in different planes and have 
two points in common, and a straight line & lying in a plane with neither conic 
but having a point in common with one of them. It is readily shown, con- 
versely, as in the most general case, that those rays of the congruence which 
intersect a conic having two points in common with / are projected out of 
S and S’ by means of two projective sheaves of planes of the second order, and 
consequently that these rays form the system of generators of a ruled surface of 
the fourth order. 


33. It has already been noticed that the two conics of section lying in two 
arbitrary bitangent planes which contain pairs of generators intersecting in 
points of & are projectively related to each other, and determine by their pro- 
jectivity the collinearity of the planes in which they lie in such a manner that 
these planes have one and but one self-corresponding point. The generators of 
the surface Fj, therefore, may be considered as the lines joining pairs of corres- 
ponding points in two corresponding conics chosen in collinear plane fields which 
have one self-corresponding point. But this method of generating the surface 
F} is the exact reciprocal of that by which the surface was originally generated. 
Hence the surface which is reciprocal to F} is of the same form as F%, or the 
surface F} is its own reciprocal. 
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34. The sheaves ®, and ©; must be so chosen as not to include the self- 
corresponding plane a of the bundles S and §’. For any line of this plane which 
passes through the singular point O might then be considered a generator of the 
surface Ff, and the plane would contain an infinite number of generators and 
would therefore belong wholly to the surface. An arbitrary straight line would 
always intercept a generator lying in the plane a, and beside this would meet 
in general three and only three generators of the surface. Hence, if the sheaves 
®, and ®; include the self-corresponding plane a, the surface F} breaks up into 
this plane and a ruled surface of the third order. 

Moreover, if the plane a belong to the sheaves ®, and ®; the singular line 
k will be a double line on the surface as in the general case, but through each 
point of the singular conic there will pass only one generator aside from the 
generators lying in the plane of the conic, that is, only one generator of the cubic 
surface. The plane y of any two generators which intersect in a point of the 
nodal line & will cut the sheaves ®, and @4 in two projective sheaves of lines of 
the second order which have three self-corresponding rays, namely, the two gen- 
erators lying in the plane and that line in which y cuts the plane a. Hence 
every generator of the surface arising from these sheaves meets some one straight 
line g lying in the plane y, which does not meet either k* ork. Conversely, if 
every generator of the surface Fj; meet some one straight line g different from 
the nodal line /, then must the sheaves of planes generating this surface include 
the self-corresponding plane a. For, through every point of this line there 
passes a generator, in particular through the point P where g meets the plane a. 
The ray projecting this point out of S is a ray of a and corresponds to some ray 
of §’ which also lies in a. Similarly, the ray projecting the point P out of S’ 
corresponds to some ray of S lying in a. Hence the generator through P must 
be the line of intersection of the plane a with itself; that is, the plane a is a self- 
corresponding plane of the two sheaves generating the surface. Therefore that 
variety of the surface F} which has a single straight line director in addition to 
the nodal conic # and the nodal straight line & degenerates into a ruled surface 
of the third order and a plane, namely, the plane of the nodal conic. 

It will be observed that this latter is the case which arises when the two 
pinch points on the nodal conic of the surface Fj coincide, for then must the 
cones K, and KK; be tangent to the conic #’, and hence the plane of the conic 
becomes a plane of the sheaves ®, and @; generating the surface. 
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§5.—The Surface with a Double Conic and a Generator which intersects every - 
other Generator. 


35. If now the generating sheaves of the last section be so chosen as to 
avoid the self-corresponding plane a, but so that one of planes of ®, contains the 
singular line &, then the corresponding plane of ; will also pass through this 
line, and hence & will be a generator of the surface. This gives rise to what 
may be considered a distinct variety of the surface which we shall designate by 
Fi, and the sheaves of planes generating it by ®, and ®j, respectively ; that is, 
the ruled surface F} is of the fourth order, and has a nodal conic # and a nodal 
straight line & which is also a generator of the surface. 

Through each point of the nodal conic there pass in general two distinct 
generators of the surface which meet the nodal line &. One of these two gene- 
rators which pass through the singular point O, however, coincides with the line 
k, while the other remains distinct, and lies in that plane through & which is 
tangent to #*. Through each point of the nodal line & there pass two generators 
of this surface, the line & itself and a second generator which meets the nodal 
conic. In one single point of this line there is but one generator, the line & 
itself. In other words, at one single point of the line & the second generator 
coincides with &; this point is therefore a pinch point of the surface. Thus every 
plane through & contains in general three generators of the surface, namely, the 
line & and the two generators through that second point of the nodal conic which 
lies in the plane 


36. The curve of section of the surface Fi} by an arbitrary plane through 
the nodal line & consists of the three generators lying in the plane, the generator 
k counting doubly, since in the points of this line the remaining generators are 
cut by the plane of section. The section of the surface by that plane through & 
which is tangent to the nodal conic consists of the line & counting triply and the 
second generator through O. This plane is tangent to the surface all along the 
line &, this line being a torsal generator. At every point along the line &, 
except at the pinch point and at the singular point O, there is a second tangent 
plane, namely, the plane of & and the second generator through the point. But 
every such plane contains also a third generator, and is cénsequently a tritan- 
gent plane to the surface, the points of tangency being the pinch point on & and 
those two points of & in which the remaining two generators of the plane inter- 
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sect this line. Every bitangent plane of this surface is therefore a tritangent, 
the points of tangency all lying on &, and the totality of such planes forming a 
sheaf of the first order whose axis is k. 


37. This variety of the surface arises when the two pinch points of the 
more general surface Fj which lie in the nodal line & coincide, for then is this 
line tangent to the cones K; and Kj, and hence lies in a pair of corresponding 
planes of @, and @;. The surface F} has then always one real pinch point on 
the nodal line &, as we have already seen, and may have either two or none on 
the nodal conic. A special case arises when one of the pinch points on the nodal 
conic coincides with the singular point O, in which case the pinch point on the 
nodal line also coincides with this point. 


38. This surface, like the surface F}, differs in form from its reciprocal. 
The reciprocal surface, which may be denoted by F, must be such that through 
each point of intersection of two generators a third will pass, and always the 
same third generator ; that is, the surface Fj is a triple line surface, the triple 
line being a generator through each point of which two other distinct generators 
pass. Hach plane through the triple line contains but one other generator. 


§6.— The Surface with two Double Straight Line Directors and a Double Generator. 


39. Let us next consider the case in which the ray SS’ of the bundles 
Sand S’ is a self-corresponding ray. As has been already observed (Art. 7), 
these bundles generate a congruence of the first order and first class, whose sin- 
gular points lie on two straight lines /, and &,, which are gauche to one another 
and meet the ray SS’ in the points O, and O,, respectively, every line of the 
congruence meeting both these singular lines, and conversely, every line which 
meets both hk, and #, being a line of the congruence. The singular lines or axes 
i, and k, are in general distinct, but may coincide or become imaginary. We 
shall first consider the case in which the axes are real and distinct. 


40. In Sand S’ select at will a pair of corresponding sheaves of the second 
order ®, and ®, and denote the corresponding cones enveloped by these sheaves 
by K, and Kj. These sheaves of planes generate a ruled surface of the fourth 
order, F}, whose generators are lines of the congruence. 
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Through each point of %, and &, in general pass two pairs of planes of 
®, and ®,, and hence two generators of the surface F}, so that these lines are 
double or nodal lines on the surface. The two generators through any point of 
either nodal line are as usual real and distinct, coincident or imaginary according 
as the point lies without, on, or within the cones A, and Kj, it having been 
shown in the most general case, and is equally true in this, that any singular 
point which lies without, on, or within one of these cones has a similar position 
with respect to the other. The cones A, and {in general intercept each of the 
singular lines in two points, thus dividing these lines each into two segments, of 
which the one lies actually on the surface at every point, while the other is 
isolated. The four points in which the cones meet #, and #, are as usual pinch 
points on the surface. Thus the surface Ff has in general four pinch points, of 
which two lie on each nodal line. 

If the point O, in which SS’ meets the nodal line &, lies outside the cones 
K, and Kj, then also does the point O, in which SS’ meets the line &,, and if 
O, lie either on or inside these cones, so also does O,. Any plane of ®, which 
intercepts /, in the point O, contains the line SS’, and consequently intercepts 
k, in O,. Its corresponding plane in ®; also passes through the line SS’, so that 
SS' is a generator. In general, two pairs of corresponding planes in ®, and ®; 
pass through O, and O,, hence SS’ is in general a double generator of the sur- 
face F}. This double generator is real or imaginary according as O, and QO, lie 
outside or inside the cones K,; and Aj. If the pinch points on either nodal line 
k, or k, be imaginary, that is if the sheaves ®, and ®j be so chosen that the 
cones K, and Kj do not intercept one of these lines, two pairs of corresponding 
planes of the sheaves must always pass through O, and O,, and consequently the 
double generator must in this case be real. 


41. The surface F# admits then the following subforms : . 

(1). The pinch points are all real, the double generator is real. In this 
case the cones K; and Kj intercept both &, and &,, so that on each nodal line 
there is one segment which lies actually on the surface and one isolated segment, 
the points O, and O, appearing in those segments of the nodal lines which lie 
actually on the surface. 

(2). The pinch points are all real, the double generator is imaginary. This 
subform differs from the preceding one only in that the points O, and O, appear 
in the isolated segments of /, and k,, respectively. 
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(3). The pinch points are all real, while the double generator becomes 
torsal. Here the cones KA, and Kj cut the nodal lines in the points O, and O,, 
respectively, and each of them in one other point. Thus two of the pinch points 
lie on the double generator, the remaining two being also real. 


(4). The two pinch points on one nodal line are real, on the other imagi- 
nary, the double generator being necessarily real. In this case the cones inter- 
cept one nodal line in two points which must be different from O, and O,, but 
do not intercept the other line. The nodal line on which the two real pinch 
points lie has one segment which lies actually on the surface and one isolated 
segment, the point O, or O,, as the case may be, which lies on this line always 
appearing in the former segment. The other nodal line lies actually on the 
surface throughout. 


(5). All four pinch points are imaginary, the double generator being 
necessarily real. The sheaves ®, and @; are so chosen that the cones A; and K; 
cut neither nodal line. Both these lines lie actually on the surface throughout, 
and the double generator is real. 


42. If the sheaves ®, and ®{ which generate this surface be so chosen as to 

include either a, or a, as self-corresponding plane, in other words, be so cltosen 
that the cones AK; and Kj are tangent to either of the singular lines &, or hy, 
and hence so that the two pinch points on this line coincide, then will the surface 
F} degenerate into this self-corresponding plane and a ruled surface of the third 
order. For suppose, for example, that the sheaves include the plane a,; then 
any line in this plane which passes through O, may be considered a generator of 
the surface, and hence the plane belongs wholly to the surface. An arbitrary 
straight line will always meet one generator of the surface in this plane, and can 
therefore meet at most three other generators without meeting every generator 
of the surface. 

Under these circumstances the line /, is cut by the planes of the sheaves 
®, and @{ in two coincident ranges of points which are perspective to these 
sheaves. Through each point of &, passes one and only one generator of the sur- 
face of the third order, since through each point of this line there passes one and 
but one pair of corresponding planes of the sheaves, aside from the self-corres- . 
ponding plane a,, while in general through each point of /, will pass two gene- 
rators of this surface. 


ti 


382 Houeate: On Certain Ruled Surfaces of the Fourth Order. 


An arbitrary plane p through one of the generators which intersect the line 
k, in any point & cuts the sheaves ®, and ®; in projective sheaves of lines of the 
second order which have two self-corresponding rays, namely, the generator 
lying in the plane and that line in which the plane p cuts a,. Hence these 
sheaves generate.a conic 7? which is met by every generator of the surface, and 
which consequently passes through the point R. This conic is perspective to 
both sheaves ®, and j, and is therefore projectively related to the line &,. 
Hence the surface of the third order arising from ‘the sheaves ®, and ®; may be 
considered as having been generated by the conic 7* and the straight line /,; 
which are related projectively to each other, and lie in different planes, the line 
k, meeting the conic and appearing as a double director on the surface. 

On the other hand, if the sheaves ®, and ®; be so chosen that both a, and a, 
are included as self-corresponding planes, then the cones K, and K{ are tangent 
to both k, and &,, so that the pinch points on each line coincide, and the surface 
generated by these sheaves breaks up into these two self-corresponding planes 
and a ruled quadric. The lines /, and & are in this case both perspective to the 
sheaves ®, and ®/, and are therefore projectively related to each other. These 
generate the ruled quadric, which is such that the line SS’ cannot be a genera- 
tor, since the point O, of &, corresponds to the point of contact of the cones 


K, and Kj with &,, and similarly, the point O, of 4 corresponds to the point of 
contact of these cones with &,. Moreover, it is evident that the surface F# can 
have no straight line director other than the two nodal lines without degene- 


rating. 


43. An arbitrary plane through a generator PQ of the non-degenerate sur- 
face F} cuts the surface along this generator and in a curve of the third order 
which has a double point at the intersection of the plane with the double gene- 
rator. This cubic curve meets the generator lying in its plane in three real 
points, namely, in the points of intersection, P and Q, of the plane and generator 
with ‘the nodal lines %, and /,, respectively, and in a third point at which the 
plane cuts the consecutive generators and is tangent to the surface. If this point 
of tangency move along the generator till it coincide with the point P, the plane 
at the same time rotates about the generator till it contains the nodal line /,. 
In this position the plane also contains the second generator through Q, and is 
tangent to the surface at the points of intersection of these two generators with 
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the nodal line &,. The curve of section of this plane consists of the two genera- 
tors lying in it and the nodal line &, counting doubly, since in each point of this 
line two generators are intercepted by the plane. 


44, Every plane through a nodal line is a bitangent plane to the surface, 
since it contains two generators which intersect in a point of the other nodal 
line, and conversely, the plane of the two generators which meet in any point of 
one nodal line contains the other nodal line, and is tangent to the surface at the 
two points along this second line in which the two generators intersect it. The 
two points of tangency of the plane determined by either nodal line and the two 
consecutive generators which intersect in a pinch point on the other nodal line 
coincide, while the plane is tangent to the surface all along these generators 
except at the pinch point. At this point the tangent plane is determined by this 
torsal generator and the nodal line on which the pinch point lies. 

On the other hand, at every point of either nodal line two tangent planes 
exist which are in general distinct, namely, the planes determined by the nodal 
line and each of the two generators passing through the point. Only at the 
pinch points and at the singular points O, and O, do these two tangent planes 
coincide. Although the two generators through the singular points O, and O, of 
this surface coincide, these points still differ from ordinary pinch points, since the 
two generators through them are not in general consecutive generators. 

Since in general two pairs of corresponding planes of ®, and ®; intersect in 
the line SS’, an arbitrary straight line which meets SS’ can meet at most two 
other generators of the surface, hence an arbitrary plane y through SS’ cuts the 
surface F# in this doubly counting generator and in a conic g*® which meets this 
generator in two points, and which is perspective to both sheaves ®, and ®. 
The plane of the conic is tangent to the surface at the two points in which the 
conic and double generator SS’ intersect, for at each of these points the plane 
intercepts generators which are consecutive to the double generator. Only when 
the arbitrary plane coincides with either of the singular planes a, or a, does the 
conic degenerate, in which case the curve of section consists of the double gene- 
rator and the nodal line which lies in the plane, while the two points of tangency 
coincide at the intersection of these lines. 

Thus the bitangent planes of the surface F# form three sheaves of the first 
order, whose axes are the nodal lines #, and &, and the double generator SS’. 

50 
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_ to the points in which the other conic cuts this line. But this method of gene- 
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45. Since each generator of the surface Ff meets both straight lines /, and &, 
and the conic g’, this surface may be generated by a straight line which moves 
so as always to meet two straight lines not lying in the same plane and a conic 
which neither meets nor lies in the same plane with either line. The double 
generator appears as the line joining the points in which the plane of the conic 
cuts the two arbitrary lines, and is real or imaginary according as the conic cuts 
this line in real or imaginary points. 


46. Two arbitrary planes through the line SS’ cut the surface F$ in conics 
which are both perspective to the sheaves ®, and @{, and which are conse- 
quently projectively related to each other, and in such a manner that the points 
in which the one conic intersects the double generator correspond respectively 
to the points in which the other conic intercepts this line. Hence the surface FY 
may be generated by two projectively related conics which lie in different planes 
and have no point in common, but which are so situated that the points in which 
the one conic cuts the line of intersection of their planes correspond respectively 


rating the surface is the reciprocal of that by which the surface was originally 
generated, the two projective conics determining the collinearity of the planes in 
which they lie in such a manner that their line of intersection is a self-corres- 
ponding line, but not every point of it a self-corresponding point. Hence the 
surface F} also is its own reciprocal. 


§7.— The Surface with One Double Straight Line Director and a Double Generator. 


47. Suppose now that the two self-corresponding planes in the bundles 
S and S’ approach indefinitely near to each other and finally coincide in a single 
plane a,,. Then, as we have seen, the two singular lines 4, and / also coincide 
and lie in the plane a, as one single line &, containing all the singular points of 
the congruence outside the ray SS’. Through each point of 4, there passes an 
infinite number of lines of the congruence which lie in a plane with ky. 

Under these conditions a surface Fj} generated by a pair of corresponding 
sheaves of planes of the second order, ®, and ;, lying in the bundles § and 8S’ 
is as before of the fourth order, and has the line &, as a nodal line, while in 
general the line SS’ joining the centres of the sheaves lies on the surface as a 
double generator. The cones K, and Aj which are enveloped by the sheaves 
®, and ®;, respectively, intercept the line %,, in general in two points, both cones 
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passing through the same points of the line. These two points are the pinch 
points on the surface Fj, and may be either real or imaginary. The pinch 
points as usual divide the nodal line into two segments, of which the one lies 
actually on the surface at every point while the other is isolated. The double 
generator SS’ is real or imaginary according as the point O,. in which SS’ 
meets the nodal line /,, lies actually or ideally upon the surface. 

If one of the two pinch points coincides with O, then.is SS’ a doubly count- 
ing torsal generator. When the two pinch points on the surface are imaginary, 
that is, when the cones K, and Kj do not intercept the line &, in real points, 
then must the line SS’ be a real double generator. If, finally, the two pinch 
points coincide, which happens when the cones K, and Kj are tangent to the 
line /,,, then is the plane ay a self-corresponding plane of the generating sheaves, 
and hence the surface breaks up into this plane and a ruled surface of the third 
order. 


48. Every plane through the nodal line &, contains two generators which 
intersect in a point of this nodal line; that is, every plane through the nodal 
line is a bitangent plane to the surface, the two points of tangency coinciding in 
a point of the nodal line. Conversely, since the two generators which pass 
through any point of the nodal line lie in one plane through this line, the two 
planes which are tangent to the surface at this point coincide. Every point 
along the nodal line /,, is therefore a cuspidal point of the surface, but it is only 
at the pinch points and at the singular point Q,, that the two generators through 
the point coincide. Here again the singular point O,, differs from an ordinary 
pinch point, as the generators through it are not in general consecutive genera- 
tors. The curve of section of any plane through the nodal line consists of the 
two generators lying in that plane and of the nodal line counting doubly. 


49. As in the surface F#, any plane through the double generator cuts the 
surface along this generator and in a conic perspective to both the generating 
sheaves ®, and @;, and which meets the double generator in two points at which 
the plane is tangent to the surface. The bitangent planes of the surface F} thus 
form two ordinary sheaves of the first order whose axes are the nodal line /,, 
and the double generator SS’. It readily follows, as in the surface last con- 
sidered, that the surface F} is likewise of the same form as its reciprocal. 
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50. Of the remaining four species of the Ruled Surface of the Fourth Order 
enumerated by Cremona, none can be generated by means of projective sheaves 
of planes of the second order, or by the reciprocal method of projective conics. 
Two of these, Cremona’s ninth and tenth, Cayley’s third and sixth, are self-recip- 
rocal, triple-line surfaces, the ninth having a distinct single straight line director, 
the tenth without such a director. Both these surfaces admit trinodal quartic 
sections, the nodes, however, being coincident, forming a triple point. The 
former surface may be generated by means of a straight line and a plane cubic 
with a double point which are projectively related to each other, on condition 
that the point of the straight line which lies in the plane.of the cubic corresponds 
to that third point of the cubic which lies in the plane determined by the gene- 
rating line and the double point of the cubic; the latter surface, on condition 
that the generating line pass through the double point of the cubic. 

The remaining two surfaces, Cremona’s eleventh and twelfth, Cayley’s first 
and fourth, do not admit a trinodal quartic section. They differ from the surfaces 
denoted by F} and Fj, respectively, in that they have no double generator, but 
have in general four pinch points on each nodal line. 


CLarK University, Worcester, Mass., March 15th, 1898. 
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Note on the so-called Quotient G/H in the Theory of 
Groups. 


By Pror. CAYLey. 


The notion (see Hélder, ‘Zur Reduction der algebraischen Gleichungen,” 
Math. Ann., t. XXXIV (1887), §4, p. 31) is a very important one, and it is 
extensively made use of in Mr. Young’s paper, ‘‘ On the Determination of Groups 
whose Order is the Power of a Prime,’’ Amer. Math. Jour., t. XV (1893), pp. 
124-178; but it seems to me that the meaning is explained with hardly suffi- 
cient clearness, and that a more suitable algorithm might be adopted, viz. instead 
of G, = G/T, I would rather write G=T,. QG, or QG,.T;. 

We are concerned with a group @ containing as part of itself a group TI, 
such that each element of I’, is commutative with each element of G. This 
being so, we may write 


G= QG,.T,, 
where QG, is not a group but a mere array of elements, viz. if fj=(1, A,,.... A,), 
and QG,=(1, B,,....B,), then the formula is 
G=(1, By...» By A,), 


where it is to be noticed that the elements B are not determinate; in fact, if A, 
be any element of [',, we may, in place of an element B, write BA,, for 
B(1, A,,....A,) and BA,(1, A,,....A,) are, in different orders, the same 
elements of G. 

But, G being a group, the product of any two elements of G is an element 
of G; viz. we thus have in general 


B,A,. = B,A,; that is, B,B;= (i, 7, unequal or equal), 


where the B, is a determinate element of the series 1, B,,....B,, depending 
only on the elements B; and B; into the product of which it enters; and it is in 
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nowise affected by the before-mentioned indeterminateness of the elements B: 
say B;, B; being any two elements of the series 1, B,,....B,, we have the last 
preceding equation wherein B, is a determinate element of the same series. 

We may imagine a set of elements 1, B,,....B, for which, B,, B; being 
any two of them and B, a third element determined as above, we have always 
B,B,= B,, that is these elements 1, B,,....B, now form a group, say the 
group G,; the original elements 1, B,,....B,, (which are subject to a different 
law of combination B;B;= B,A,A;'A;', and do not form a group) are re- 
garded as a mere array connected with this group, and so represented as above 
by QG; and the relation of the original group G to the group I’, (consisting 
of elements commutative with those of G) and to the new group G;, is expressed 
as above by the equation G=T,. QG,, = QG,.T;. 


CAMBRIDGE, 2nd June, 1893. 
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